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Abstract

The computation of a Grobner basis over a field F is characterized by
a space complexity which grows doubly exponentially with the number
of variables. Existing proofs of this fact use nonelementary results from
commutative algebra and algebraic geometry. In this paper we use an
elementary argument to show that, when char(F) = 2, and the number
of variables is nnbounded, the problem of computing a Grobner basis
18 NP-hard.

1 Introduction

Let fi,...,fr polynomials in the polynomial ring F[zi,...,z,], over an
arbitrary field F. Let (f1,..., fr) denote the ideal generated by fi,..., fi
— we recall that it consists of all the linear combinations of fy,..., fi with
coeficients in Flzy,...,uy]:

k
(fioee s i) = {3 fihi | hi € Flay,...,z,]}

=71

A well known algorithm, due to Buchberger [3, 2], allows one to coustruct a
standard basis for the ideal I generated by fi,..., fx in Flzy,...,z,]. This
basis is known as a Grébner basis for the ideal, and, wmong other things, it
allows us to answer in polynomial time the following decision problem [3]:

ideal membership: does g € Flz1,...,z,] belong to I?
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Unfortunately, the space requirement for the computation of a Grébner basis
grows, in the worst case, doubly exponentially in n, the number of variables
(2, pp. 511-514].

The existing complexity analyses — for fields of -haracteristic 0 or p -
use methods from algebraic geometry and commutat ve algebra.

We shall show below that, when F'is a field of characteristic 2, a very
simple argument can be given to prove that the ideal membership problem is
NP-hard, and hence that the computation of Grobner bases is also NP-hard.

2 The result

We recall some concepts from the theory of Boolean algebras.

A ring (R, +,") is called a Boolean ringif, for all a € R : a® = a; that is,
each element of R is an idempotent. It can be shown that any finite boolean
ring is commutative, has characteristic 2, and is isomorphic to Z¥, for some
positive integer k, where Z; denotes the ring of residue classes modulo 2.

A distributive lattice (R, V, A) is called a Boolean algebra if it has a zero
element, denoted by 0, a unity element, denoted by 1, and every element of
R has a complement. It can be shown [4, p.192] that:

LEMMA 1 Given a Boolean algebra (R, V, A) we can associate to it a Boolean
ring (R,+,-) by letting a + b := (a Ab)V (@AD) anda-b:=aAb, forall
a,b € R. Conversely, to any Boolean ring (R, +,-) it is possible to associate
a Boolean algebra (R,V,A) by lettingaVb:=a+b+a-bandaAb:=a-b.

The previous lemma easily implies that 0 = a A @ corresponds to 0, and
1 = a vV @ corresponds to 1.

A Boolean algebra (B, V,A) is said to be free of rank n if it contains n
elements ¥1,..., Y, and each element of B can be written in one and only
one way in disjunctive normal form:

(yi’l/\.../\y;,l)v...V(y;,m/\...ﬁ Yn.m)

where m = 2" and, for each i and j, either yj; = g, or ¢/, = %. In
particular, |B| = 2%".

An expression 5(y1,...,Yn) obtained by recursively applying the oper-
ations V,A and " to the free generators yi,...,yy is called a Boolean ez-
pression in the variables y1,...,yr. Two Boolean expression are considered
equal if they can be represented in the same disjunctive normal form.



When we let V stand for logical or, A stand for logical and, and ~ stand
for logical negation we obtain the familiar algebra of propositions.
Let S3(y1,...,yn) € B be an expression of the form:

Sg(yl, ey yn) = (’01,1 Vv ’01’2 \Y ’01,3) A A ('Um,l vV ’Um’g \ Umyg)

where v;; € {y1,-..,Yn;¥1s---,Tn}- The 3-Satisfability Problem (3-SAT)
asks for an assignment of truth values to the boolean variables yi, ..., yn
which makes S3(y1, ..., y,) true. It is well known that 3-SAT is NP-complete
[1, p. 384].

Using Lemma 1 and the embedding y; — x;, we can associate to
S3(y1,-..,Yn) @ polynomial f(zy,...,2,) over GF(2), the Galois field of
2 elements. '

It is easy to see that Ss(y1,...,yn) is satisfiable if and only i
f(z1,...,2,) = 1 is solvable in GF(2), since the element associated to 1
the tautology of B, is 1, the identity of GF(2), and 1he element associated
to 0, the contradiction of B, is 0, the zero element of GF(2).

We need now a standard result from commutative algebra [6, p.157]:

LEMMA 2 Let fi,..., fx € Flz1,...,2,], Thenl € (f1,..., fx) fand only ¢~
the system of polynomial equations {f; = 0,..., fi = 0} admits no solutio
in F, the algebraic closure of F.

On the other hand f(zy,...,2,) =1 is solvable GF(2) if and only if:

f(@1,eoyzn) =122 —2q,...,22 — 2,

has solution in GF(2), since
(a € GF(2) and o = a) = a € GF(2)

Therefore, by Lemma 2, the equation f(z1,...,2,) = 1 is solvable GF(2) if
and only if:

1 (f(21,..0,8n) = 1,27 — 21,...,22 — z,) (1)

that is, the ideal generated by:
f(z1,...,en) = 1,23 —2y,...,22 — 2, (2)
is not the full ring F{z1,...,z,]. Since the Boolean expression S3 can be

mapped to the string (2) in linear time and space, we have provad that:
3-SAT is reducible to ideal membership in characteristic 2

Therefore the ideal membership problem in characteristic 2 is NP-hard.



3 Conclusion

How does the result of the previous Section relate to the complexity of
Buchberger’s algorithm? To test if (1) holds we apply the Grébner basis
algorithm, giving as input the string (2). The basis returned consists of the
element 1 alone if and only if the original formula is not satisfiable. This
proves the reduction:

3-SAT is reducible to Grobner Bases in characteristic 2

and therefore shows that, for an unbounded number of variables, the com-
putation of Grébner bases in characteristic 2 is NP-hard.
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