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MEAN : THE TWO ACTION CASE
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ABSTRACT

Learning automata which update their actionAprobabilities on
the basis of the'responses they get from an enQironment are
considered in this paper. The automata update the probabilities
whether the envirohment responds with a reward or a penalty. An
automaton is said to possess Ergodicity of the Mean (EM) if the
mean action probability is the total state probability of aﬁ
ergodic Markov chain. The only known algorithm which is Ergodic
in the Mean (EM) is the Linear Reward-Penalty (Lgrp) scheme. For
the 2-action case necessary and sufficient conditions have been
derived for nonlinear updating schemes to be Ergodic in the Mean
(EM). The method of controlling‘the raté of convergence of this
scheme has been presented. In particular a generalized linear
algorithm has been proposed whicﬁ is superior to the Linear
Reward-Penalty (LRP) scheme., The expression fof the variance of
the limiting’action probabilities of this scheme has been
derived. The technique éf dgsigning the optimal linear automaton
in this family has also been considered. Methods to decrease the
variance for the general nonlinear scheme have been discuésed.

It has been shown that the set of absolutely expedient
schemes and the set of schemes which posSess ergodicity of the

mean are mutually disjoint.

* Department of Electrical Engineering, Indian Institute of
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I. INTRODUCTION

Learning automata which interact with an environment have
been used to model biological learning systems and have a variety
of applications such as parameter optimization, statistical
decision making, adaptive control of systems and the routing of
telephone calls[6]. The environment offers the automatoh a finite
set of actions, and it is constrained to choose one of them.
Depending on the choice of the automaton the envirop@ent either
penalizes or rewards it. A learning automaton is one which learns
the "most favourable" action as time proceeds and which chooses
this action "more frequently" in some sense as it learns.

Learning autémata can be broadly classified into three
families : deterministic, Fixed Structure Sﬁoghastic (FSS) and
Variable Structure Stochastic (VSS). Deterministic learning
automata, such as the Tsetlin and the Krinsky[1,2] automata, are
those in which both the transitién matrix and the output matrix
are deterministic. Fixed Structure Stochastic (FSS) automata are
those which have time invariant stochastic matrices determining
their transitions; for, with no loss of generality the output
matrix can be assumed to be deterministic[3]. The Krylov
automaton is one such automaton([Z2].

Whereas deterministic and FSS automata are easy to iﬁplement
they have the disadvantage that if they choose a particular
action at a certain time, they will choose the same action at the
next time instant irrespectivé of the response of the automaton
except when they are in their end states. This is not desirable

especially when the number of states is large or the penalty

probabilities associated with the actions are close to each



other. To overcome this drawback the notion of a Variable
Structure Stochastic (VSS) automaton was introduced [4]. Automata
of this type have stochastic transition matrices whose elements
are updated as the learning process evolves. It is interesting to
note that V3S automata can be constructed by merely formulating
a scheme by which the action probabilities can be updated.

Action probability updating schemes studied in the
literature fall into two maJjor classes -=- those which have
absorbing barriers, and those which are ergodic. Whereas in the
former class the value of the limiting probability vectér depends
on the initial action probabilities,. in the latter the
distribution of the limiting probabilities are independent of the
distribution of the initial action probabilities. The latter is a
desirable feature especially since automata of this type do not
get "locked" into any one action -- which is particularly
undesirable when the penalty probabilities are time varying --
that is, the environment is nonstationary.

The simplest ergodic scheme known is probably the Linear
Reward-Penalty (Lgpp) scheme. In this case the action probability
decrements are made linearly proportional to the probabilities
themselves and‘are made for reward as well as penalty responses
of the environment. The limiting probability vector converges in
distribution, and the parameters of this distribuﬁion have been
known for the symmetric version of the Lgp Scheme which is a one
parameter probability updating algorithm(9]. Ergodic schemes
using the concept of stochastic apprcximation have been proposed

and investigated by Lakshmivarahan{11l, Flerov[12], Tsypkin and



.

Poznyak[13,14]1 and El1 Fattah[15,16]1.

‘To help introduce the contributions of this paper we need

the following definition.

Definition I : A learning scheme is said to be Ergodic in the

Mean (EM) or equivalently possess Ergodicity of the Mean (EM) if
the mean action probability is the state probability* of an
ergodic Markov chain.

Remark : The concept of ergodicity of the mean appears important
to us because it is one of the simple ways in whiech the mean of
the action probability vector'can'be made to possess certain
desirable characterstics. All the well studied properties of an
ergodic Markov chain such as limiting distribution, rate of
convergence etc. can be now caried over to the learning automaton
possessing this property. The literature reports of only one
scheme that is known to be EM and this is the symmetric Lgp
scheme. We thus refer to the latter as the Lpy scheme.

In this paper we consider the general problem of the two
action probability updating scheme pbsséssing ergodicity of the
mean. The updating algorithm is given in terms of two nonlinear
functions @(.) and ©(.). Two conditions involving these functions
necessary and sufficient for EM have been dérivem Whereas the
first of these conditions resembles the one proven to be
necessary and sufficient for absolute expediency [5,6,81, the
second is a linear constraint involving the functions and a

constant. The latter constant is the only parameter which

* Also called "absolute probability" or "unconditional

probability".
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controls the rate of convergence of the scheme, Further, the
other parameters in the scheme can be used to control the
varience of the limiting action probabilities. The process of
designing a nonlinear EM automaton superior to the correspnding
LRP automaton has also been suggested.

In particular we have studied a Generalized Linear scheme
which is EM. The latter is referred to as the'GLEM scheme. This
scheme has two parameters and it differs from the symmetric Lpgp
scheme in that the probability decrement is a linear functien of

the probabilities themselves and is not mereiy grbpor;ional to

them. Expressions for the mean and the variance of the limiting
vector have been obtained. This scheme has one parameter more
than the Lgp scheme, and this new parameter solely controls the
rate of convergence of the probabilities., Using the two
parameters the variance of the limiting probabilities can be
minimized for a desirable rate of convergence.

The organization of the paper is as follows. We first
introduce the terminology used in the literature and explain the
Linear Reward-Penalty (Lpp) automaton. We then present the
conditions for the general nonlinear updating algorithm to be EM.
The Generalized Linear EM (GLgy) scheme is then studied and its
variance and convergence properties investigated. We finall&
present simulation results which demonstrate the learning

capabilities of the automata discussed.

I.1 ‘Fundamentals
The automaton selects an action a(n) at a time instant 'n’'.

a(n) is any one of a finite set {aq, ... ag! and is selected on
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the basis of a R X 1 probability vector p(n) where
R

pi(n) = Pr [ a(n) = ajy 1 with 3 pj (n) = 1

, : - i=1

The selected action interacts with a random environment which
gives out a response b(n) at the same time instant. b(n) is

either 0 or 1, the latter being called the penalty. The quantity

C; 1s defined below is referred to as the penalty probability.

¢c; = Pr [ b(n)=11a(n)=a; | (i =1 to R)
Thus the environment is characterized by the set of penalty
probabilities. The automaton updates the vector p(n) on the basis
of b(n) and then a new action is chosen at (n+1).

The {cj! are unknown initially‘anq it is,desired that as a
result of the feedback received from the envirﬁnmént, the
automaton will ultimately choose the action with the minimum cj
more frequently in the expected sense,

The average penalty received at the nth time instant is
R

M(n) = :E: Pij(n) ¢y
i=1
With no apriori information the automaton chooses the
actions with equal probability. The expected penalty is thus
initially Mgs
R
Mg = 2. pi(0)cy = 1 ¢y (since pj(0) = 1/R)
i=1 R i=1

An automaton is said to learn expediently if, as time tends

towards infinity, the expected penalty is less than Mg-

The automaton is absolutely expedient if

E [ M(n+1) | p(n) 1 < M(n)
Note that in this case M(n) is a supermartingale [81.
Throughout this paper we shall be considering 2-action

automata, i.e., with R=2. The properties of the general R-action



EM scheme are currently being investigated.

L.2 The Lpy Scheme
The Linear Reward-Penalty (Lgpp) scheme which ié a

probability updating algorithm having two parameters a,b < 1 is

given below.

Pi(n+1) = a pijln) if a(n) = aj and b(n) = 1
= bpji(n) if a(n) = aj and b(n) = 0
= (1=b) + b py(n) if a(n) = aj and b(n) =0
= (1-a) + a py(n) if a(n) = aj and b(n) = 1

To simplify the notation, unless explicitly stated we use p; to
refer to the probability pj(n). In this form‘of the Lgpp scheme
Elpij(n+1)ipj] has the expression |

E[pi(n+1)lpi] = p% (a-b)(cj-cj) +.pi{1-ci(1-b)-0j(1+b-2a)}+0j(1—a)
where i,j=1,2 and i#j.

Opserve that E[p%(n+1)] is dependent on E[p§(n+1)] for some
rxk for all k > 1. Because of this the form of the limiting
distribution of the general Lgp scheme is unknown. However, if
b=za, the term containing p% disappears from the above expression
and renders it EM. Using distance diminshing operators[9,101 it
can be shown that when b=za the limiting distribution of pj has

the following mean and variance:

E[p (QG)] = cs / (cs + ¢c3) i:j=1’2
1 J 1

3 I

' cq cp (1-a)
Var [ py (@) 1 =

(cq + cp)2 [(1-a) + 2alcq + cp)]
We refer to the symmetric Lgp scheme with b=a as the Lgpm
scheme (for Linear scheme possessing Ergodicity of the Mean).

This is the only known probability updating algorithm which is



EM. It is expedient. Further, the parameter 'a' controls both the
rate of convergence and the variance of the limiting
distribution, both of which increase with 'a'. In a later section
we shall present a Generalized Linear EM (GLEM) scheme that has
two parameters and which provides greater flexibility with regard

to controlling the rate of convergence and the limiting variance.

II NONLINEAR SCHEMES ERGODIC IN THE MEAN

We shall first consider the general problem of designing
nonlinear EM learning schemes. Two conditions necessary and
Sufficient for probability updéting schemes to be EM have been
derived. The conditions involve two arbitary functions @(.) and @
(.). The first of these conditions is similar to the conditions
required to guarantee absolute expediency [5,6,8]. The second
condition constrains the two arbitary functions introduced to be
linearly dependent.

The general form of the nonlinear probability updating
algorithm is given below. As in the previous section, i,j=1,2

with 1#2 Throughout this section except when explicitly stated,

T ,;1{ prr ;;/;& & *’fﬁ' LA il
pi refers to pl(,ii%ﬁ B ; J
Pi(n+1) = il . if a(n) = aj and b(n) = 1
* - g/*lvy if a(n) = aj and b(n) = O
= 1 - @(P ) if a(n) = aj and b(n) = 1
= 1 - G(p ) & if a(n) = aj and b(n) =0
L,‘e/v\;fm

The above equations Specify that if the automaton chose action ajy
and it. was penalized, then thé probability P; is updated to
@(pj). Further, if it selected action aj and was rewarded then
the probability p; is updated to g(pi), thus changing pj from its

current value to 1—é(piL Note that the scheme is symmetric with

(1)



respect to the actions, i.e., if the scheme updated Pi in any
circumstance which involved pj (pj), it should update D j
identically when the situation involved Pj (pj). To ensure order
that pj(n+1) and pj(n+1) remain to be prof%ilities and that the

scheme is of a reward-penalty nature the most obvious constraint

.1 uwﬁ‘é% [zps = Bl é} =0
on @(.) and 8(.) is : i % ) 1> piz g ip) 20
It A pi=o

1> py > @(py), O(pjy) 20 8(0) =0,

R

The conditions for ergodicity for the above scheméutb be EM are

: '}‘)ﬁ,«/’\%}‘
now derived. o > G, ) 20

=> ¢ > 600)30
= 6)=0
The Necessary and Sufficient conditions for the nonlinear

Theorem 1

updating algorithm scheme defined by (1) to be EM in all

stationary random environments are :

6(pj) /Py =8(py) /pj = wipirpy) —Li”"z%fﬁm = wipop)
& Py
2(py) + 8(py) = d Bp)t 6(p) = d (2)

where, i,j=1,2 and i#j, and d < 1.

Proof : Since p(n+1) has the following distribution

pi(n+1) = @(pj) with prob. pj cj  « penalgst
= 8(p;) ‘ with. prob. pj (1-Cj o Te
= 1 - 2(pj) with prob. pj cj 4 Spunaliged sl
= 1 - Q(Pj) with prob. pj (Q-ci)%g%»xwiw

Elps(n+1)! p; 1 = pscs { @(py) +.6(ps) } = pscy { @(p;)+6(py)}
i i ici i j i 3
+ { pj - pjey +c5 -cypy b+ { pj6(py) - pi 8(pj) }
(3)

On taking expectations again we observe that if Etg(n+1)] is to
be the state probability vector of a Markov chain the right hand
side of the above equation must be a linear function in pj and
Pj. Since the first two terms involve cj and cj (which could be

arbitary) and the nonlinear functions @(.) and 8¢(.) the
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sufficient and necessary condition for these terms to be linear
in p; and pj is @(pi)+9(pj)=d, where 1i,j=1,2 with i#j.

We investigate the conditions on @(,) and 6(.) for the last
 term in (3) to be of the form

Pj e(p;) - Pj Q(pj) = apy + bpj (4)
Since pi+pj=1 any constant added to the right hand side of (4)
can be absorbed into the coefficients of p; and Pje Thus this is
the most general form of a linear function in pj and Dj-

The boundary conditions p;j=0 and pj:O require that the
coefficients a and b must be equal to + 6(0) which is 0. Hence,

8(p;) / p; = 8(py) / pj n s ﬁgﬁﬂﬁVZZf%élz ,,,,,
i Pi = °iPj Pj Wi\ﬂsq5%~éfﬂ%% 5 = s - ﬁ%)

is a necessary and sufficient condition for the scheme to be EM. P ﬁ?

Hence the theorem.

Theorem II
Nonlinear EM schemes defined by (1) are always expedient.
Proof : Substituting the necessary and sufficient conditions

for a nonlinear scheme to be EM into (3), we get,
o %%}
Pi {1 - Y(1=d) } +(1=d) cjxﬁyhﬂ
px S - c-d) 3 %{5’“&}‘« F;
Since p; + pj = 1, we multlply the last term by Pi+Pj. Taking

Elpy(n+1) | pg !

()

expectations again yields,

Elpj(n+1)]1 = Elpij(n)] { 1 - ci(1=d) } + E[pj(n)] {(1-d) cj}
Thus Elp(n+1)] = ol Elp(n)], where,

1-cq(1-d) cq(1=d)
Q =
' co(1-d) 1-co(1=d) | |
The above defines an ergodic Markov process if d < 1 [7]. The

limiting value of Elp;(ee)] is obtained by solving

Elpws1 = QT Elpe)]
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7

s 2l P
s o §AA f&

s

This final value of Elp;(e8)] is ¢j / (cy + cj). Thus every scheme

which is EM is expedient.

Corollary I
.Thé rate of convergence of every EM scheme is controlled
entirely by the parameter ‘4.
Proof : The rate of convergence 6f'the above Markov process is
determined by the eigenvalue of Q which is of magnitude legs than
Gopotn, Gy Bnirifs B

unity[7]1. Since one eigenvalue is always unity, the trqge&of Q,

indicates that the second eigenvalue is 1-(cq+cp)(1-d), which is

Theorem III

e (] L1
fe (-

o (i-4

+H1"

The set of absolutely expedient schemes and the set of%'

schemes which are EM are disjoint.
Proof : Lakshmivarahan and Thathachar[(8] have proved the
necessary and sufficient conditions for absolute expediency.
These conditions do not permit the linear dependence of QL5 and
©(.) which is a necessary condition for the scheme to be EM.
Hence the theorem.
Remarks :

(1) The limiting value of E[g&m)l is exactly the same as
that of the symmetric Lgp Scheme.

(2) The Lgp scheme, which is the only EM scheme reported in

the literature is obtained by substituting d = w(.,.) =a.
(3) One scheme which is of particular importance is the
Generalized Linear EM (GLgy) scheme. This is obtained when w(...)

= a and d>a. We shall study this scheme more extensively in the

:‘y%;\.

only a function of 'd' and the penalty probabilities.

31
i

[

5
F
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next seétion and show how linear EM schemes can be designed to
have an optimal limiting variance for a desiréd rate of
convergence,
(4) Some examples of functions that can be used to design
nonlinear EM schemes are :
a)y w(pPqspo) = a + bpqpo
b)  w(pyspp) = a + bpkps
In the first of these cases, it can be shown that the parameter
'h' can be used to change the variance of the limiting
probabilities considerably for a fixed 'al,
IIT VARIANCE OF EM SCHEMES
In this section we shall study some prcoperties of thé
variance of scheﬁes which are EM. In particular we shall study
the class of EM schemes which are linear, and for which the
variancé can be mipimized for a desired rate of convergence.
The Generalized Linéar EM (GLgy) scheme is obtained by using
thé function w(.s.)=a in the updating scheme given in (1) and by
using d>a. The resulting probability updating algorithm is given

below for i,j=1,2 with i # J.

Pi(n+1) = d - a ps(n) if a(n) = a; and b(n) =1
e a = 1 - apiln) if a(n) = a; and b(n) =0
= 5p =P = (1-d) +%a p;i(n) © if a(n) = aj and b(n) = 1
o = a pj(n) if aln) = aj and b(n) = O

Observe thaghéﬁe scheme defined by (1) reduces to the Lpy

scheme if d = a. By studying the constraints on 8(.), it can be
R-P .
seen that this scheme will be of a Reward-~Penalty nature if and

only if d=a. However for all d>a, the scheme will be EM. Observe

e

=

further that as proved in the previous section, the parameter 'a’

has absolutely no control on the rate of convergence of the
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scheme. The latter is controlled solely by 'd'. We now derive an
explicit expressibn for the limiting variance of the GLgy Scheme.
Theorem IV

The GLpy scheme has a limiting variance given by :

cq cp [(1-2)2 - 2(d-a)(1-d)(cq+cp)]
Varlp;(e)l=

(cq + ¢p)2  [(1-2)2 4 2a(cq + cp)(1=d)]

Proof : The distribution of pi(ﬁ+1) is as below.

Pi(n+1) = d - a pj with prob. pj c¢j ﬁi?@}:d*@ﬂ%jxdma%,
= 1 - apj with prob. pj (l1-cj)
= (1-d) +%a pj with prob. pj cj
= a pj with prob. pj (Q—Cj)

The conditional second moment of P1(n+1) is :
Elp12(n+1) | pql = pq2 {(cq + cp)(d=1)2a + a(2-a)}

#pq {(cq + ¢2)(d2 - 2ad +2a =1) + cp(1-d)2d + (1-2)2} + cp(1=-d)?
Taking expectations on both sides and using the limiting value of
Pi@) derived above, the result follows after considerable
manipulation.

Remark : Note that the expression for the variance derived above

reduces to the expression for the variance of the symmetric Lgp

scheme when d=a.

Corollary Ilfl

For all a,d > 0.5, whenever the sum of the penalty
probabilites is greater than 0.5 the variance of the limiting
probébilities can be minimized for a given rate of convergence.
The value of 'a' which minimizes the variance is given by agpt

below. .
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(1-d)2 (c%c,)

(1-d)2(cq+cy) + 2(2d-1)
opt =

(1—d)2 (C1+c2)

(1=d)2(cqi4cp) + 2(2d-1)
Proof : The variance of pj®e) is minimized by differentiating the
expression for the variance and setting the derivative to zero.
In this case the first derivative is zero at agpg. The second
derivative can be guaranteed to be positive only when a,d > 0.5

and (cq + cp) 2 0.5.

Remarks :

(1) The superiority of the GLpy scheme over the Lgy scheme
is obvious. Whereas in the latter, the single parameter 'a'
conﬂrolled both the rate of convergence and the limiting
variance, in the former the rate of convergence can be chosen by
appropriately choosing 'd' and the variance can be then
appropriately controlled by varying 'a'. Note that whenever (cq +

o) > 0.5 the parameters can be chosen to ensure that the

limiting distribution has a minimum variance.

(2) An alternate approach to design the automaton would be
to first decide on a value of 'a', and the value of 'd' which
minimizes the variance is obtained by solving for dopt as .

explained in the above corollary. The explicit form for dgpt in

terms of ta' is

S q/(1—a>2 + 2a(cq+cp)

opt =

(1-3) t/?1—a)2 + 2a(cq+ep)
(3) When (cq + cp) < 0.5 there may or may not be a unique

minimum variance. The expression for the derivative of the
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variance is too complex and so nothing conclusive can be said. In
such casess the optimal design of the automaton would have to be
by trial and error. Once the rate of convergence is chosen, the
parameter 'a' can be varied between O and 'd' and the value of
'a' which minimizes the variance can be used.

(4) It may be noted that the optimum values for a and d
depend on (C1+c2). This means additional knbwledge of the
environment but does not invalidate the leeabning problem. For
example, the value of (cq4cp) may be known but the better action
may be unknown,

I1II.1 The Limiting Variance for the Nonlinear EM Scheme

In the general nonlineaf EM scheme one has to know the exact
form of the function w(.,.) to obtain an exact expression for the
variance of the limiting probailities. As an example we consider
the case when w(p1,p2) = wNy =2a+ bpipo. The expression for thé
variance can be obtained by computing E[p%(n+1) ! p1] and using

the limiting expected value of the probabilitlies as explained in
the previous theorem.

To illustrate the power of the nonlinear scheme we compare
the variance of this Ngy scheme with the variance of the Lgu
scheme. In other words, we compare the limiting variances between
the cases when wy=a+bp{pp and wr = 2. Let QVar be the difference
between these variances.

AvVar = Var(NgyM) - Var(Lgm)
Since both fhe schemes converge to the final expected value all
the constant terms disappear. After much algebra it can be shown

that
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[§Var = Bpipo _

where, B = { 2(cq+cp)(1-d)(wy-wp) + (WR=-wf) - 2(w§ }
If the parameter 'd' of the Ngum scheme is made equal to 'a', it
can be shown that Z}Var is negative whenever

(c1 +¢cp) <1 and 0 < b < B8(1-(cq1 + c2)))(1-2a)
or (1 + cp) > 1 and 8(1-(cq + c2)))(1-a) < b < 0.
In these situations the parameters of the automaton can be chocsen
to render the variance of the limiting probabilities less than
the variance of the corresponding linear scheme,

In cases when d#a no explicit expression can be obtained to
satisfy AvVar < 0. In such cases one must resort to simulation to
obtain the ideal values of 'a' and 'b' for a fixed rate of

convergence,

1V EXPERIMENTAL RESULTS

IV.1 Simulation Results for the GLpy Automaton

An environment with ¢4y = 0.2 and cp = 0.8 was chosen for
simulating the GLgM automaton, and 'a' was chosen to be 0.6. The
optimal value of 'd' for this value of a is 0.74,

To demonstrate the variation of Var[pj@®)] with 'd', we have

plotted the value of ¥ as a function of 'd' in Fig. I.
N

{ = VN L Z  (prje) -(cp/(eq+cp))?]
In the above expressf&g, N is the number of experiments, and
p1j(mq is the final value of p¢ in the jth experiment. Note that
we have used the exact value Cp/(ecq + cp) in the computation
instead of the sample mean of the final value. This is to avoid

the errors that would be encountered by ignoring the effect of

the variance of the sample mean. From the graph we observe that
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the variance attains its minimum near the theoretically expected
value of d=0.74, |

To observe the effect of 'd' on the rate of convergence the
quantity R, has been plotted as a function of 'd' in Fig. II,
where, Ry is the ratio of E[p1(1) - pq(0)] to Elpq) - pq(0)1,
where ©pq(0)=0.5. Observe that Ry 1s the ratio of the rise of

EIpq(n)] in the first step to the total rise that ought to be
obtained. It can be shown that Ro is a function of 'd' and the

penalty probabilities only. In this case, since the sum of the
penalty probabilities is unity, the second eigenvalue is exactly

equal to 'd'. Thus we expect Ry to decrease monotonically with

td', This monotonicity is clear from Fig. II.

ITT.2 Simulation Results for the Nonlinear EM Scheme

A nonlinear EM automaton was simulated to learn in three
environments which had the sum of the penalty probabilities less
than unity, equal to unity and greater than unity respectively.

The actual penalty probabilities of the environments were:

(i) cq = 0.1 .Cp = 0.4 (01 + 02) < 1
(ii) ey = 0.2 cp = 0.8 (cq + cp) = 1
(iii) cq = 0.6 cp = 0.9 (cq + co) > 1

The form of w(.,.) was as in the previous subsection Wy-a+bpipo.
In all these cases the parameter 'd' was made equal to 'a'.

The quantity R, is defined as in the GLgM scheme as the

ratio of (El[p1(1)] - 0.5) to (Elpq(w)] - 0.5). A larger value of

Ro implies that a larger rise in Elpq(n)] has occurred 1in the

first step. In all these cases 400 experiments were conducted.
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As in the GLpy scheme, the sample variance of pq(e) was
calculated by taking the average square deviations from the

theoretical Expected limit.
The results of the experiments are highlighted below.

(1) In a given environment the value of Ro Was almost the

same irrespective of the values of 'b' ranging from -0.4 to 0.4,
The values of this quantity (Ro) for the three environments were
approximately 0.15, 0.4 and 0.1 respectively.

(2) The variation of the variance with the parameter 'b' has
been plotted for the three environments in Fig.II. When (cq 4 co)
> 1 the variance increaséd with 'b'. When (cq + cp) < 1 the
variance decreased with 'db'. Finally, in the case when (c& + Cc2)

= 1 the variance had a minimum when 'b' = 0, which corresponds to

the Lgy scheme. These results were as expec ed.

t
V. CONCLUSIONS

In this paper we have considered the general problem of
designing stochastic learning automata in which the expected
value of the action probabilities is the total state probability
of an ergodic Markov chain. Automata which possess this property
are said to be Ergodic in their Mean (EM). The énly EM algorithm
discussed in the literature is the symmetric Linear Reward-
Penalty (Lgp) scheme.

We have considered the general problem of designing variable
structure stochastic automata which are EM. The automata are
fully defined by two probability updating functions @(.) and ©
(.). We have derived necessary and sufficient conditions on @(.)
and ©6(.) that guarentee the scheme to be EM. The mean of the

limiting distribution has been derived for the genral case. Some
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results for the variance have been obtained for a typical
nonlinear updating algorithm. ‘

It has been shown that the set of absolutely expedient
schemes is disjoint from the set of schemes that are EM.

In particular we have studied a whole family of linear
schemes which are EM. Though’these schemes are two parameter
schemes, only one of these parameters controls the rate of
convergence, The other parameter can be used to control the
variance of the limitng distribution.

Simulation results have been included which highlight the
theoretical results obtained for both linear and nonlinear

schemes.
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Figure I : Variation of Speed and Variance with 'd'.

Figure II : Neym Variation of Variance with 'b'.
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Figurei: VARIATION OF SPEED AND VARIANCE WITH "d"
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