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MULTI-ACTION LEARNING AUTOMATA POSSESSING ERGODICITY OF TEE MEARH

R.J. Oormmen® and M.A.L. Thathachar®*

ABSTRACT

Multi-action learning autcmata which update their action
procbabilities on the basis of the responses they get from an
environment are considered in this paper. The automata update
the probabilities whether the environment responds with a reward
or z penalty. Legrning automata are said to possess Ergodicity
of the Eéan (EM) if the mean action probability is the state
probablity (or unconditional probability) of an ergodic Markov
chain. The only known algorithm which is Ergodic in the Mean
(EM) is the Symmetric Linear Reward-Penalty (LRP) schene.
Farlier [11] necessary and sufficient conditions have been
derived for two-action nonlinear updating schemes to be Ergodic
in the Mean (EM).

In this paper, we generalize the results of [11] and obtain
necessary and sufficient conditions for the multi-action learning
automaten to be Ergodic in the Mean (EM). The conditions involve
two families of probability updating functions. It has been
shown that for the autormaton to be EM the two families must be
linearly dependent. The vector defining the linear dependence is
the only vector parameter which controls the rate of convergence

of the autonaton. Further, the technique for reducing the
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variance of the lipiting distribution has also been discussed.
Just as in the two-action case, it has been shown that the
set of absolutely expedient schemes and the set of schemes which

possess ergodicity of the mean are mutually disjoint.

I INTHODUCTION

Automata quels for learning have been uéed to mnodel
biological 1learning processes. The learning auvtomaton is
required to interact with an environment and to learn the optimal
action which the environment offers. Such learning automata have
had a variety of applications in parameter optirization, adaptive
controlling of systems and in the routing of telephone calls.

The learning prcoccess of the automaton can be described as
follows, Consider Fig. I. The environment with which the
automaton interacts offers the latter a{finite set of actions.
The automaton is constrained to chocose one of these actions,
Once the action is chosen, the automaton is penalized by the
environment, the penalty probability being dependent on the
action chosen, A learning autcmaton is one which learns the
action with the minimumr penalty prebability and which uwltimately
chooses this '"nore freqguently® conmnpared to the other actions.

0f the learning autoriata studied in the literature we are
concerned with those which have transition matrices which are
both time varying and stochastic. Wifh no loss of generality, we
assume that the ocutput metrix is always deterministic [3]. Such

autcmata are termed as Variable Structure Stochastic (VSS)
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automata. It can be shown that a VSS automata can be constructed
by merely formulating a scheme by which the action probabilities
can be updated.

An important class of VSS automata are thoée whiéh possess
ergodic properties, Ergodic VSS automata’are known for their
excellent learning properties when interacting with environments
which have time varying penalty probabilities. Various ergodic
schemes have been proposed and investigated by Lakshmivarahan
f12], Flerov[13], Tsypkin and Poznyak[14,15] and El Fatteb
[15,161].

The most simple ergcdic scheme known is probably the Linear
Reward-Penalty (LRP) scheme. In this case the action probability
decrerents are made linearly proportional to the probabilities
themselves and are made irrespective of the response of the
environment. The limiting probability vector converges in
distribution, and the form of this distribution has been known
only for the symmetric version of the LRP scheme which is a one-
parameteb probability updating algorithm.

To help understand the contributions of this paper we need
the following definition introduced in [11].

Definition I: A learning scheme is said to be Ergodic in the

ean (E}¥) or equivalently possess Ergodicity of the Mean (EM) if
the mean action probability is the state probability* of an
ergodic Markov chain,

Remark: The concept of ergodicity of the mean was introduced by
us in [11) and it appears important because it is one of the

simple ways in which the mean of the action probability vector

ey

Also called Yabsolute" or "unconditional" probability.



can be nrade to possess certain desirable characterstics. All the
well studied properties of an ergodic Markov chain such as the
limiting distribution, the rate of convergence ete. can be
readily applied to the learning automaton possessing this
preperty., The literature reports only one scheme that is known to
be EM and this is the symmetricLRP schene.

In [11] we considered the general problem of the two-action
probability updating scheme possessing ergodicity of the mean,
The updating algorithm was given in terms of two nonlinear
functions @(.) and ©(.). Two necessary and sufficient conditions
involving these functions were derived for the scheme to be EM.
The first of these conditions resembles the one proven to be
necessary and sufficient for absolute expediency [5,6,8], and the
second is a linear constraint involving the functions zand a
constant. The latter constant is the only parameter which
controls the rate of conﬁergence of the scheme. Further, it was
shown in [11] that the other parameters in the scheme can be used
to control the variance of the limiting action probabilities.
The process of designing a nonlinear EM automaton superior to the
correspnding LRP automaton was also proposed.

In this paper we consider the problern of the nulti-azction
learning automaton being EM. For the R~action environment, the
updating scheme is defined using two families of functions
{Qih){ i=1,...,RB} and {Gih): i=1,...,R}. These functions are
explicit functions of the action probability vector. We refer to
these families of functions as {@(.)} and {6(.)} respectively.

The highlights of the contributions of this paper are that
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the necessary and sufficient conditions on {@(.)} and {€(.)} have
been derived which render the automaton EM., These conditionslcan
be viewed as vector versions of the corresponding conditions
imposed in the two-action problem. Further, we show that the
scheﬁe can be EM if and only if @ih) and Qih) are linearly

dependent. The vector of coefficients which specify the linear

dependence has been shown to be the QNLY set of paramneters which
influence the rate of convergence of the learning automaton.

We have also suggested a technique by which the variance of
the limiting action probabilities can be minimized.

The organization of the paper is és foilows. We first
introduce the terminology used in the literature and explain the
Linear Eeward-Penalty (LRP) automaton. Ve then present the
conditions for the general nonlinear updating algorithm to be EM
and prove some fundamental theorems regarding the rate of
convergence of EM schemes and of the limiting action
probabilities. We finally present simulation results which

dermonstrate the learning capabilities of the automata discussed.

I.1 Fundamentals
The automaton selects an action a(n) at a2 time instant 'n°.
a(n) is any one of a finite set (a1,”.,aR) and is selected on

the basis of a R x 1 probability vector p(n) where:

R .
pi(n) = Pr [a(n) = ai] with ;;% pi(n) = 1

The seiected action interacts with a2 random environment which
gives out a response b(n) at the same tirme instant. b{n) is
either 0 or 1, the latter being called the penalty. The quantity

cy defined below is referred to as the pPenalty probability.



¢y = Pr [b(n) = 1 | a(n) = ai] (i = 1,...,R)
Thus the environment is characterized by the set of penalty
probabilities. The a2utomaton updates the vector p(n) on the
basis of b(n) and then a new action is chosen at (n+1).

The {c;} are unknown initially and it is desired that, as a
result of the feedback received from the environment, the
avtomaton will ultimately choose the action with the mininun cy

rore frequently in the expected sense.

The average penalty received at the nth time instant is

R
M(n) = 2 pi(n) ey
i=1

With no apriori information, the automaton chooses the
actions with equal probability, The expected penalty‘is thus

initially M.

R R
My = 21 p;(0) ¢; = 1/R 2‘_’,'1 ¢; (since p;(0) = 1/R)
i= i=

An automaton is said to learn gexpediently if, as time tends
towards infinity, the expected penalty is less than MO.
Thekautomaton is absolutely expedient if
CE [M(n+1) | p(n)] < ¥(n)

Tote that in this case M(n) is a supermartingale [8].
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I.2 The R-action LEM Scheme
The R-action Linear Reward-Penalty (LRP) scheme which is a

probability updating algorithm having two parameters a,b < 1 is

given below.

pi(n+1) = apy if a(n) = ajband b(n) = 0
=1-a_>p if a(n) = a, and b(n) = ©
PE &2
= bpy if a(n) = a; and b(n) = 1
= bpy + 1-b _ if a(n) = aj and b(n) = 1

To simplify the notation, unless explicitly stated we use P to
refer to the probability pi(n). The vectof P will refer to
[p1,p2,".,pR]T. Note that if the action a; is chosen and a
penalty is obtained, thé decrease in probébility is‘shaped among
the rest. In this form of the Lpp scheme E [pi (n+1) |} pl has

the expression:

R
E [p; (n+#1) | p] = (b-a) py ?;1pj ey + Dy (1-c; + a c;)

—mT X Py o

R=1 jui
Ob;erve that E [pi(n+1)} is not linear in p. It consists of a
sun of terms quadfatic in pipj. Because of this, the forn of
limiting distribution of the general LRP scheme 1is unknown.

However, in the symmetric case when b = a, the quadratic terms

disappear, yielding the vector equality
E [p(n+1)] = AT E [p(n)]

where the stochastic matrix A has elements



Ajy =1 - (1 - a) cy ‘
Aji = (1 - a) fg-
R=-1

It can be shown that since E [p(n)] possesses the above
Yarkov property, the limiting value of the expected action

probabilities are

The limiting expected penalty is thus the harmonic mean of
the individual penalty probabilities. Since the harmonic mean is
always less than the arithmetic mean, the R-action symmetric LRP
is expedient in all environments. Since the R~z2ction symnetric
LRP scheme is Ergodic in the fiean, we shall refer to it as the
Lpy scheme. Currently, this is the only R-action scheme known to
be EM.

We now study generalized nonlinear EM automaton.

ll NONLINEAR SCHEMES EEGODIC IN THE MEAN
Ve shall first consider the general problem of designing
non}inear EM learning schenes. Two sets of necessary and
sufficient conditions for probaﬁility updating schemes to be EM
have been derived. The conditions involve two families of
arbitrary functions 2;(.) and ;(.) defined for i=1,...,R. The
first set of conditions is similar to the conditions reqgquired to

guarentee absolute expediency [5,6,8,1217. The second set
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constrains the functions Gi(.) and Ei(.) to be linearly dependent.

The probability updating scheme for R-actions is given

below.
pj(n+1) = @j(p_) if a(n) = a; b(n) = 1
=1 -~ 2 2;(p) if a(n) = a5 b(n) = 1
i#¢]
= Gj(g) if a(g) = ay b(n) = ©
=1 - 2 8;(p) if a(n) = a; b(n) = 0
1#] ‘
(1)

The updating scheme is easily comprehended. If the action
chosen 1is ay and a penalty is obtained, the probability pj is
updated to @j(g). Cnce all the other action probabilities have
been updated, the action probability of the action chosen is set
to render the sumkof the probabilities to be unity.

In a similar way, if a(n) is aj and the response is a
reward, the algorithm updates all the other action probablities
to ei(g) for all i#j. Again, pi(n+1) is calculated sc that the
sum of the action probabilities is unity.

Fote that for the scheme to be strictly of a Reward-Penalty
nature the.following obvious inequalities must hold for all

Jj=1,...4R.

N\

pj L QJ(R) £ 1

0 < Gj(g) £ Pj
We now present some properties of the generalized nonlinear
EM scheme.

Theorem I:

The sufficient and necessary conditions of the probability
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updating scheme defined by (1) to be EM are:

91(2) 92(2) e QR(R)

and Qi(.E‘) - ﬂl(.P_) = di

Proof: By virtue of the updating scheme defined by (1), pj(n+1)

has the following distribution:

pj(n+1) = mj(g) w.p. 2 pjey
: i£3
= 1 - }: 2;(p) ' W.p. DpjCy
i#3 :
= Gj(g) W.D. ;:_pi (1=cy)
' i#3
= 1 - 2:.91(2) w.P. Pj (1-cj)
i#J

To simplify the notation, we shall omit the arguments for Gi(g)
and Gi(g) observing they are always p.

E [pj(n+1)/2] = ijj {1§J (Qi - Qi)} + {ng (EJ - Qi)} pici

Since the first two terms of the above involve the penalty
probabilities, if E [pi(n+1)] is to be a linear function of
E{p(n)] each quantity in the parenthesis of these terms must be a

constant. This is a consequence of the fact that cancellations
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‘between the first and second terms cannot occur because the

updating functions cannot be explicit functions of the unknown

penalty probabilities {ci}. Hence, a set of necessary and
sufficient conditions for the scheme to be EM is

gi"‘@i:di for i=1,o..,R.
Consider the last two terms

R
py L1 - 5?1 6; } + 9y

Ve contend that these terms are linear in p if and only if

e e e

1 2 R
_—m T e o= - - (3)
P4q Po Pp

R
Clearly, if (3) is enforced, 9 Pj 2, 9; , and hence
R
i=1
Hence (3) is obviously & sufficient constraint.

Ye prove necessity of (3) by observing that the most general form

R
of a linear function in p is E: a;py. For the last two terms to
i=1 '
be linear in p,
R
pj - pj 12-;'1 ei + Gj = ajpj + L(p) (5)

where L is linear in py, i#j, i=1,...,HR.

Summing (5) over all values of j, yields the LES to be

e.)

"M =
M s

R ‘ R
Z pj - pj) (2 gi) + (
J=1 i=1

1

1
1"

J 1

3

which is unity.

The RHS of (5) is unity if and only if L is identically zero
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and if 2 3 is identically unity. Hence (3) is necessary for the
system to be EM. Hence the theorem.
Remark : The linear constraint involving @(.) and ©(.) is

p;(p) - 6;(p) = dj
Since the penalty probabilities are‘unknown, with no apriori

information there is no loss in generality by assuming that the

constants di are all equal for i=1,...,ER. If‘we use

wve obtain the relationship obeyed by the expected value of the

action probabilities as

1-d
E [pj(n+1)] = E [ps(m)] {1 = (1-d) ey} + {g:; ;5% cjt. Elpi(n)]

In matrix form, E [p(n+1)] = AT £ [p(n)] where;

B (1-d)e, (1-d)e, |
1"(1-(.'1)01 “““““““ .o ey mmemmee—-
R-1 R-1
------- 1-(1-d)02 - -
R~1 R=-1
A = —————— 1-(1-d)eg ..
R=1
(1-d)c (1-d)e
"""" E "-"-"‘E 1—(1-d)CR
L R-1 Re1 ’

We now prove a theorem concerning the rate of convergence of the

liriting vector,



Theorem II

The rate of convergence of a nonlinear EM scheme is
determined entirely by the set of parameters {di i i=1,...R}
which relate @;(.) and 6;(.).

Procf: Subject to the conditions specified by Theorem I the

expected value of the action probabilities obeys the martix
equation specified above. The matrix A is Markovian. Hence, the
rate of convergence of this Markov chain is controlled by the
eigenvalue of A (other than unity) of largest magnitude. The
létfer is a funetion only of the di’s and not of the functions

@i(J and.Gi(.L Hence the theoren.

For the rest of this paper we shall assune that the di's‘are
“all equal. In any particular problems, if there is reason to
prefer oﬁe action over the other, the di's will be distinet. In
such a case the matrix relationship E [p(n+1)] = 2T E [p({n)] will
still be obeyed except that the matrix A will involve the set of
parameters, di, as épposed te a single parameter d.
Theorerp IITI

In the case when the di's are all equal, the limiting
expected action probabilities are all independent of d and have

the wvalue,

pi it adb i dbadb ol el i=1,ooo,R

Proof To get the limiting expected value of p(.) we solve

AT

# #
2 = 2

p% is thus the eigenvector of the eigenvalue which is unity.
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Solving, [I-A]TQ§ = 0 yields for the first row,

1 R
# £
(1'd){01p1 - - 2 Cipi } =0
R=-1 i=2
&5 J
whence p1" Z e
Rc1

where J is a constant independent of 'i? and is equal to

R
# ..
:: p; ¢5. Similarly,
i=1

« J
Ps % e
Hci
R % R
Since, X, P; is unity, J = seme-ao
i=1 % 1
i=1 Cy
1
: Cj
Hence, Py = =m=m———-
£} 1
i=1 ¢y

Corollary I: The Generalized HNonlinear EM scheme with di being
equal for all the actions is expedient.
Proof: The result is proved from the above theorem by observing
that the harponic mean of a sequence of numbers is never less
than that arithmetic mean.
Remarks:

(1) The symmetric‘LRP scheme is obtained by using Gi(g)zapi
and d=a for i=1,...,R. Observe that the limiting value of the
expected action probabilities frorn Theorem III above is identical

to the limited value of the correspondign case in the synmmetric
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LRP schene,.
(2) An example of a nonlinear function which can be used

for Qj(.) is

J
- = a + bp-‘pz..opR = L
P3

When b=0 and d#a the scheme obtained is

pj(n+1) = ap;(n) if a(n) = ay, b(n) = 0
= 1 - a(T-pj) if a(n) = 25, b(n) = 0
1 - d
= 8pj + =-=-=e- if a(n) = aj, b(n) = 1
E - 1
= d - a(1 = pj) if a(n) = a;, b(n) =1

Mote that this is a two parameter updating schere which is EM, as
opposed to the only scheme possible in the format of the LRP
scheme described in Section III. For this scheme to be of =
reward-penalty nature the parameter d must equal a=a. The .
distinctiveness of the scheme lies in the fact that the scheme is

ElM and yet has two parameters one of which solely controls the '

rate of convergence and the second parameter, ‘'a', can be used to
independently minimize thg variance.

We conclude this sectién by observing that the set of
automata which are EM is disjoint from the set of automats which
are absolutely expedient.

Thecrenm IV:

The set ¢f absolutely expedient scheﬁes and the set of

schemes which are EM are disjoint.

Proof: Lakshmivarahan and Thathachar [6,8,12] have proved the
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‘necessary and sufficient conditions for absolute expediencey.
These conditions do not permit the linear dependence of @(.) zand
8(.) which is a necessary and sufficient condition for the écheme

to be EM. Hence the theorem.

1II DESIGN CONSIDERATIONS

Nonlinear EM automatz can be designed using functions of the
form specified by Remark (ii) above. if the penalty
probabilities aré known‘(thdugh the actions to which they belong
are unknown) the design process is rendered more easy. A
suitable value of 'd' can be chosén so that the eigenvalues of
the resulting transition matrix are determined by the convergence
recuirements..

For the two action casse expressions have been derived for
the values of the parameters which ninimize the variance of the
limiting action probabilities. In the R-zction case no such
expressions are évailable. The rest of the parameters in the
scheme are determined by trial and error with the intention cf
minimizing the limiting variance. To denonstrate how this is done
we study an environment with penalty probabilities:

ey = 0.55 ’ c, = 0.2 c3 = 0.5

cy = 0.4 cg = 0.85
Observe theat as is the optimal action and this action is chosen

asymptotically with an expected probability peﬁ, where,

p," = T e e e e -~ = 0.4039%
(1/0.65) + (1/0.2) + (1/0.5) + (1/0.4) + (0.85)

The Nonlinear scheme which was used had the following form:
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== = & + bpypPyPaPyPg

and Ej(g) - Gj(g) = d

Te simpplify matters; d was set equal to a = 0.6. To study

4

o
oy
[¢]

v

o

.riztion of the limiting variance with 'b' we have plotted the

value of V' as a function of 'b', where,

1 3 i}
VAEREEE (pp5 (o) - Py )2
W 4z 1
i N

In the ebove expression, ¥ is the number of experiments, and
(e@) is the final valuve of Po in the jth experintent. "cte
that we have used the exact value of'pg% in the computation
instead of the samrple mean cof the final value. This is to eavoid
the errors that woﬁid be encountered by igncring the effect of
the variance of the sample nean.

Fron Fig.II we observe the variation of v¥ with respect to

. The value of the variance seemns to be mininized when b is

nearil

€t

v 500, Observe that this variance is less than the variance
of the corresponding LFF scheme obtained when b=0.
If we keep both 'a' and 'b' as paraneters to be varied their

optimal values which reduce the variance even further can be

oht

)

ined., As opposed to the two-action EM schemes [11] due to
the complexity of the expressions inoclved ﬁe have been unable to
obtein an explicit relationship for tbe limiting variance., We
have thus to resort to simulation to get the nost desirable
naraneters. The problern of deriving a closed fornm expression for
the veriance for the family of linear and nonlinear LIl schernes

rernaeins an unsolved problern.
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n this paper we have considered the general problen of

b1

designing stochastic learning autcnata in which the expected
value of the action probsasbilities is the total state probability
of an ergodic larkov chain. Automata which nossess this prcperty
are seid to be Lrgodic in their Ilean (EM). The only EM alporithm

digscussed in the literzture is the symmetric Linear FReward-

oy
D

nalty (LRP) schermne,

e have considered the general problem of designing
mnulti-action variable structure stochastic auvtoratz which are HU
The autormate zare fully defined by two families of probability
updeting functions @i(J and 6,(.). Ve have derived necessary
and sufficient conditions on ¢;(.) ancd €;(.) that guarentee the
schere to be EM, The conditions on ¢;(.) and 6;(.) require that
they be linearly dependent. Further, the nonlinear part of these
functicons nmust cobey a simple relationship which is similar to the
conditions derived for the two-zction El auteomata [111].

It has Dbeen shown that the set of absolutely expedient
schemes is disjecint from the set of schemes that are El.

In perticular we have studied a whole fanily of.linear
schemes which are LI, Though‘these schenes are two paranmetier
schernes, only one of these parameters controls the rate of
converpence. The other parameter can be used tec control the
variznce of the limiting distribution.

Simulation results huve been included which hipghlight the
strateny to be followed in the process of designing nonlinear Bi

auteorate.
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