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1. INTRODUCTION

Given a family F of closed curves in the plane (e.g., polygons), the containment
problem for F is the problem of determining for all A, B € I whether A can be
contained in B; that is whether there exists a rotation and translation which will

move A in the plane so that A and its interior lies within B.

For some families of closed curves, it is easy to find a finite dimensional real
function f: F = Rp satisfying the condition that, for all A,B € F, A can be
contained in B if and only if £(A) < f(B). For example, consider the family

if and only if

of squares, then, obviously square S, can be contained in square S

1 2
area (Sl) < area (Sz). Obviously, the same one-dimensional function will also
work for the families of equilateral triangles, circles, etc. Another example
is the family of ellipses: let ai and b, denote the length of the minor axis
i
and of the major axis of ellipse E_ ; then El can be contained in E2 if and only if
i
b < (a bl).
(all l) X ( 5? 2)
This implies that, for these families, establishing containment is equivalent to
testing for vector (or Pareto) dominance; in other words, geometric containment
for these families is reducible to Pareto dominance. Since vector dominance

is easy to test for, it is natural to ask whether this reduction is always possible.
Consider the family F of all rectangles. The question becomes: Does there exist
an n-dimensional real function £(R) = (xl(R),..., x (R)) such that, for all

n

1
x“(Rl) 5'xj(R2) for 1 <i < n, where xi : P+ R, Obvious candidates for
i = i

R_ R2 € F, Rl can be contained in R2 if and only if f(Rl) < f(Rz); that is

x. are: length, width, area, diagonal, etc. However, for any choice of these
L

functions, a counter-example can be found.

The main contribution of this paper is to show that these negative results are
not accidental (e.g., due to poor choice of parameters), but intrinsic to the

problem. In fact, it is proved that the containment problem for rectangles

cannot be solved by vector dominance regardless of the choice and of the finite

number of functions x, .
i




2. BASIC DEFINITIONS AND RESULTS

A rectangle with width W and length L 2 W is denoted by R(W,L); for i an integer,

the notations Ri and Ri(wi,Li) are identical in meaning.

A realization of a rectangle R(W,L) in the real plane is a subset P of points on
the plane such that P forms a rectangle of dimensions W and L. The convex hull of

such a P consists of a rectangle R(W,L) together with its interior.

if there exist

Given Rl'R2 € s, R1 is immersible in R2, denoted by Rl - R2,
realizations P1 and P2 of Rl and R2, respectively, such that P1 is a subset of

the convex hull of P2; the couple (Pl, Pj) is called an immersion of Rl in R_.

An immersion (Pl'PZ) of R.l in R2 is concengfig_if the centers of Pl and P2

coincide.
T
Given Rl'RZ € R, R] is tightly immersible in R2, denoted by Rl -+ R2, if
Rl - R2 and, for any € *» O, R(Wl + €, Ll) and R(Wl' Ll + g) are not immersible

T
in R2. If R.1 -+ R2, any immersion of R1 in R2 is called a tight immersion.

Lemma 1 1f R1 g R2, then there exists a concentric immersion of R1 in R2.

Proof. Let (Pl'Pz) be an immersion of Rl in RZ' Without loss of generality,
let the vertices of P2 be the points (0,0), (O'LZ)' (W2,L2) and (WZ,O); thus,
the center of P2 is the point (W2/2,L2/2). Let (a,b) be the center of Pl; then
a translation of Pl by —(a—w2/2, b-L2/2) will yield the claimed result. [:]

-+ if < W_.
Lemma 2 Rl R2 only Wl=== 5

The proof is obvious.

T
Remark 1: If R1 -+ RZ' Rl # R2, then any immersion (Pl'PZ) of Rl in R, has the

property that each edge of P2 intersects one and only one vertex of Pl.

T . . . .
Remark 2: If Rl > R3, and R2 > R3, Rl # R2 # R3, then Rl is not immersible in Rz.

For 0 S W <L Lo, the function l(-;W,L):[O,W] + R is defined by

A(w;W,L) = Max {L:R(w,2) -+ R(W,L)}

That is, M{(w;W,L) is the length of the largest rectangles of width w which is
immersible in R(W,L). The curve in Rr? defined by A (w;W,L) for 0 < w < W is called

the containment curve of R(W,L). Function A is well-defined over the set of

squares as stated by the following

Lemma 3  A{w;S,S) = Max {2V¥s - w, S} for 0 <w <S8,



The function A{w;S,S) is graphed in Fig. 1 over its domain 0 < W < §; it consists
of two line segments meeting at the point ((/5 - 1)8,8), called the corner point

of the containment curve of R(S,S}).

From Lemma 3, and as observable in Fig. 1., it follows that a rectangle R{(W,S) is

immersible in R(S,S8) if and only if W<S and W< L < Max{s, /2 s - W},
Consider the line segment consisting of the points in
L(s) = {(W,L) : 0 <W< (/Y2-1)S, L =/25~Ww}; then,

T
by definition of A, for any (W,L) € L(S) we have R(W,L) > R(SS). Conversely, if
w,L) ¢ L(s) |J (rR(s,5)} and R(W,L) + R(S,S) then R(W,L) is not tightly
immersible in R(S,8) since at least one of W and L could be increased while retaining

immersibility.

3. THE MAIN RESULT

Let p : N > R be a function whose domain N is an open convex set in RZ, and which
is monotonically non-decreasing in both coordinates; and let g(u) = Qu + b (Q > 0)

define a line which passes through N.

Lemma 4 Function p is continuous almost everywhere over the intersection of N with

the line g(u).

Proof. Define h(u) = p(u, awu + b) for (u, au + b) € N, By hypothesis, h{°*) is
monotonically non-decreasing, hence continuous almost everywhere over its domain.

Let uo be a point of continuity of h, and consider the point (uo,vo) where vo = auo+b.
Let {(Si,ti)} be a sequence of points in N which converges to (wo,vO); and let

€ > 0, By continuity of h, there exists values ul < uo and u2 > uo such that

ul and u2 are in the domain of h{-),

lh(ul)-h(uo)l< € and Ih(uz)-h(uo)l < g; setting v, = Q u, + b,

these last two inequalities translate into the inequalities

'p(ui'vi) - p(uo.vo)l <e i=1,2,

By monotonicity hypothesis, all points in the region Q = {(u,v) : ul Zu ;=u2,
" vV ¢V i - < ; ; =

1 V< 2 } satisfy lp(u,v) P(uo. vo)l £ . Since ilimm((si,ti)) (uo,vo),
there exists I such that i > I implies (si'ti) € 0 which implies that p is
continuous at (uo,vo). Since u, was an arbitrary point of continuity of h, and

since h is continuous almost everywhere, the lemma is proved.[:]

Theorem Geometric containment fdr rectangles cannot be solved by Pareto dominance

\ n
in R for any n.



Proof. (By contradiction). Assume there exist n real-valued functions xi:A + R
. 2 . .
with domain A = {(W,L): 0 < W< L <®} <R, 1 <1i<n, such that, for all
> i€ i f =
Rl'RZ € F, Rl R2 if and only if ((Wl,Ll) (x
. L = f ! . =
ceoey xn(WZ: 2)) (W2:L2) Let g(8)

Extend f to the first quadrant by setting xi(w,L) = xi(L,L) for w>1L, 1<1i2n.

1(W11L1)ro--' xn(wl'Ll)) Y (Xl(w2rL2)v

£(s,8) and h(s) = £((/Z7 - 1)s,s), S>0.

Each xi is clearly monotonically non-decreasing in each of its coordinates. By
Lemma 4, each coordinate of g and h, and hence the functions g and h are continuous
almost everywhere; i.e., for at most countably many S, g is discontinuous; likewise
for h. It follows that, except for countably many S, g and h are simultaneocusly
continuous. Let So be a point of continuity for both g and h, It will now be
shown by induction that £((v2 - 1) S_+S,) = £(5_,S). Suppose £((V2 - 1)s_,S,)
agrees with f(So,So) on k < n coordinates., Without loss of generality, let
xi((/f - 1)SO,SO) = xi(So'So) for i < k. Consider a sequence (Wj,SO) of points
which converge to (SO,SO),-with (V2 - l)So < Wj < So for all j (see Figure 2).
By monotonicity , xi((VY'- 1)SO,SO) é=xi(wj'so) ;.xi(so,so) ='xi((/§ - l)So,SO)

for i < k; thus
x.{W.,8 ) =x.(58 ,8) fori<c<k for all j. (1)
i j o i o o =

Claim If (W,L) € L(s), then xi(w,L) = xi(so,so) for some i > k.

Proof of Claim. Since R{(W,L) - R(SO,SO) it follows that xi(W,L) ;=xi(s ,So) for
o

all i; by (1), it follows that
< = i < i
xi(W,L) ==xi(Wj,So) xi(So,So), for i < k and all j. (2)

By contradiction, let xi(W,L) < xi (So,so) for all i > k. By c¢ontinuity of £

at (SO,SO), there exists m such that
xi(Wj,So) > xi(W,L) for i > k, j >m (3)
By (2) and (3), it follows that for j > m,

x. (W,L) <x.(W.,s) forl<iZx<n.
i = 3 3 O

T
rthat is, R{(W,L) - R(Wj,So) -+ R(SO.SO); but since R(W,L}) - R(SO,SO), this is
impossible. (see Remark 2). Thus, the claim is proved. We now turn to the proof

of the theorem,

Every point on L(S) must be tied with (so,so) in at least one coordinate X, i > k.
Therefore, there must exist an index g > k and a sequence of points L(S)

converging to ((/5 - l)So,So) such that every point (w,) in the sequence has
xq(w,l) = xq(so,so) . Continuity of f at ((/5 - l)So,So) implies



xq((/.of - 1)8_,8) = x (S ,S ). Thus £((/2 - 1)S_,S_) agrees with £(S_,S ) in at
least K+1 coordinates, namely {1,2,..., k,lq} . Since k is an arbitrary inteqger
in (0,n-1), it follows by induction that xi((/f = 1)S_,S)) = x,(S_,S ) for all i,
or alternatively, f£((V2 - 1)s_.S.) = £(S_,S_); that is, R(S_,S)) = R((/E—l)so,so)
a contradiction.[:]
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