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1. GEOMETRIC CONTAINMENT AND PARETO DOMINANCE

Consider a family F of closed curves in the plane; e.g.
polygons, Given 4, B, ¢ F, it might be impertent to devrermine whether
A fits into B ; that is, whether there exists & rotation and a
translation which will move A 1in thre plane cc that & and its
interior lies within B (4 is contaipned in R). The problem of deciding
if A fits into B, for all ABe F is hierein called the containment
problem for F.

For some families of closed curves, it is easy to find a
parametric representation of each object i the femily in such a way
that containment can be sclved by testing for vector (or, Pareto)

dominance on the representaticns.

Example: Let F be the famiiy of squares (equilateral triangles,
circles), and let S, Sj € F. Then 8; fits into 85 il the area of

S;  is not greater than the areas of S: . That is, vector deminance on
1 g ] H

W

one paremeter r solves the containment probiem for these families,

Example: Let F be the family of ¢llipses; and, given EpctF, let

a

x and b, dencte the length of the major ond minor axes of Ey,

respectively. Then, for any Ey, EJ ¢ F, £y fits in L, 1if and

8
only if (a; ,by) < (aj, bsJ. That is, vector dominance cn Lwo
J

parameters solves the containment preblem for ellipses.

In view of these facts and of the existence of efficient
algorithms with complexity O0(n(log n)d‘1), for solving vecter
dominance in Rd, the following question naturally arises:

For what families of geometrical objects can the containment problem
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be reduced to a Pareto dominance problem?

Consider the family R of all rectangles. In this case, the above
question becomes: is it possible to characterize eaci rectangle Ry
by a vector of two parameters P, = <P1(Rk), PZ(Rk)> in such a way
that rectangle R, fits into rectangle RJ it Py £ FJ 7

Obvious candidates for parameters cro:  length, width, area,
diagonal, etc. The educated guess that any twe of then suftice to
solve the problem is, unfortunately, an incorrect one as illustrated

by the following (counter-)examples.

Example: <Width, Length)>, where Icngth is defined as the largest

of the two sides. Let L and Wy, represent the length and width of

Ri» respectively, and let Ry ,Rj € R . If WLy << wj,L- > then

J
Ry fits into Rj . However, the converse is not necessarily true:

let wi = 0, and W; ¥ 0 and Li = (WJQ -+L~?)1/‘ ; thien Lj <L

(V)

i
but R; fits into Ry .

Example: <Area, Diagenal>. Let £y, and Ly represent  the area
and the diagonal of Ry, respectively; and let Ri,Rjéi R . If R; fits
into Rj, then <A;,D; > < <Ay ,Dj >. However, regardless of A

J
rectangle Ry 4 R. with Dy = D

s and Ay 30 fite Lo R
J !

Thus, by choosing G < A; < Aj , @ contradiction arices.

The main result of this paper is to show that these negative
results are not accidental (e.g., due to poor choice cf parameters),
but intrinsic to the problem. In fact, it is proved that the

containment problem for rectangles cannot ke soclved with two

parameters by vector dominance regardless of the choice of parameters.

The proof is obtained by using the well known result that any set
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of mutually disjoint open sets in the plane has cordinalitv at most

o » and by showing that solvability of this protlem by vector
dominance implies the existeﬁce of such a set having cardinality at
least<x%.

In Section 3, it will be shown how to apply the proof techinique
to obtain a parametric representation of rectangles such tlat
containment of rectangles into squares can be reduced to Pareto

dominance,

2. The Main Result

Associate with each rectangle R, = R (with widts W, and length

Ly) the point (Wk sbye ) in K?Q. Using thig mepping, for each By

there exists a region S, of {Rz consistirg of 21l points in &32
whoée assocliated rectangle fits in Ry (see Figure 1),  lote that we
consider only points in the first Guadrant with ordinatie (Qength) >
abscissa (width).

A rectangle Ry fits tightly intu}qi i any increase in W, or

L; would make it not fit into By o More formally, E. fits tightly

i i

into By, if and only if
a) Ri i Rk

b) Ry  fits into R

¢) for any rectangle Rj such that W, < Wy and L; < L., if Rj

fits into Rk then Ri = Rj'

Remark 1: If R, rits tightly into Ry, then in any "immersion' of
i3
Rj into Ry , the intersection of the boundaries of both rectangles
consists of the four vertices of Rj .

Remark 2: 1If Ry fits into R. and Rj fits tightly into Rics

J

does not fit tightly into K, ; i.e. R

(Ri i Rj ﬁ RK) then Ri

"k



fits "loosely" into Rk°
This is equivalent to saying that (wi yLeg ) lies in the interior of
Sy. (See Figure 2.)

Remark 3: For any rectangle Ri there iz an infinite number of

rectangles Rj that fit tightly into Rj.

Theorem 1: The containment prcohlen ior rectangles cannot be
solved by vector dominance in the plane.
Proof: Assume that the containment prcblem for rectangles can be
_ . P
solved by vector dominance on two parameters. Let P'oand F< be such
parameters, and P(R, ) = (PW(RV ),P<(R,J) be the point in
associated to Ry, DLy using these parameters. Then for any Ky ,Rj ¢ R,
P; fits in Rs; if and only if P(Ry) < P(R:);i.e.PW(Rr)<(P1(R.)and
i J i J i’ = J
DN 2 .\
Pe(Ry) £ P (Ry V.
Claim 1: If E: and R; fit tightiy into R then b
=g tl i J £ ko9 y

Remark 2, neither P(Ri)<P(Rj) nor P(Ri)>P(Hj).

Proof of Claim j: Let Ri and K fit tightly intc RP and assune
v s
P(Ry) < P(Rj). It follows that Ry fits into Rj. Put, by Remark 2,
would follow that Ri does not fit tightly intc B, yielding @

L]

contradiction.

Claim 2: Given R, , there existz an i, thet fitos tightly in

R, and PT(Ry) < P1(R,) and PE(Ry) < PER, .

Proof of Claim 2: By Remark 3 for any Rk with non-zero areas
there exist at least three distinct rectangles Ry, Ry and R which
fit tightly into Ry. Py Claim 1 these three rectangles must be
mapped to three non comparable elements F(Rq), P(Ry) and F(RBL Let

(Xy,Y5) = (PT(Ri),Pz(Ri)),j.: 1,2,3. If the claim is not true, then
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each vector (Xi,74{) ties (PT(Rk), Pg(Rk)) in at least one coordinate,
Therefore, for at least two of the three vectors, say (X1,Y1) and
(X5,Y5), must tie in one coordinate; thus either P(Ry) > P(R5) or
P(Ry) > P(R9). This would contradict Claipm 1 since both Ry and R, fit
tightly into Ry. [ ]

Associate to Rk the open set C(R,) = {{x,y) « ﬂ'2: P7(§k)<<x <

k

P1(Rk), P2(§k) <YK PZ(RR)}. (See Figure 3.)

-~

Claim 3: For any Rk , there exists ro rectarplic RJ such
that P(Rj)é O(Ry ).

Proof of Claim 3: Notice that if such = rectangle RJ exists,
then P(Ry) < P(R;) < P(R,), i.e. By fite into R whieh in turn fits
into Ry. This would contradict the fact that Ek r'its tightly into

Rie-l ]

From these claims it follows that to any rectangle Rk we can
associate an open set O(Rk) such that no reclangle Ry is mapped by P1

and P2 into O(R ). In particular it follows that

Claim 4 If R; fits into Ry  then O(R,) A O(R;) = §.

Consider now the set of rectangles L = {Ri D2 Wy o= “i} whose
cardinality is obviously >. Let O(L) = {0(R;y )+ Ry ¢ L} the
cardinality of O(L) iS.x%, and by Cleim 4 its elements apo mutually
disjoint, But any set of mutually disjoint open sets in the plane has

at most X elements, This contradication concludes the proof of the

Theorem, [ ]

3. A Containment Problem That is Reducible

In view of the negative result of the previous section, it is

L=



natural to ask under what restrictions the rectangle
containment problem can be reduced to Pareio dominarce.

Consider the subfamily @ & R of all squares, It is trivial to
determine containment of squares into rectangles using only one
parameter. Here, it is shown that contalirmert of elements in R into
elements in Q can be reduced to vector dominance with two parameters.
Associate again with each R, e R the point (Wi,Ly) in {Rg.

For any Ry ¢ R define two parameters:

: (0 (Ly + W)W/l ifW/Ly < Va2 -
P (Ri) = -
Ve oWy otherwice
{ W. + L: 10 Wi/ £ \/5 -1
) . ‘ 1 L i 1
P (ni) = ‘ —
r . :
{ \ Li otherwlise
and let P(Ry) = (P1(Ry), PE(R;))

Lemma: For all Ry¢ R and Qe Q, Ky rits into G if and only if
P(Ry) £ P(Qy).

Proof: Consider the region 5, of \&T concisting of all points
(x,y)efRz, x <y, whose associated rectangle fits into Q,¢Q. It is not
difficult to see that (x,y) ¢ Sk if and only if (x+y) £ 2 Ly
ory £ L. (See Figure 4,) By the definitions of Pl and P2 the
result follows. [ 1.

Hence, the following theorem holds:

Theorem 2: Containmént of rectangles into sguares is reducible

to vector cominance in the plane.

4, OQOpen Problems and Concluding Remarks
1t has been shown that the relations of geometric containment and
vector dominance in the plane are nct equivelent for the femily of

rectangles.
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Using the proof technique of Theorenm i, 1t can be shown that the
same negative result holds also for the fariily I of isosceles
triangles,

We conclude with the following two conjectures:

(Weak) Conjecture: Containment of rectangies 1s not reducible to

~K
vector dominance in’h., for any K, using continucus or plece-wise
continuous parameters,
(Strong) Coniecture: The centainment probiem for families of
polygons with k degrees of freedom cannct ro sclved by Pareto

. T
dominance in IN.

Addendum:

Scme recent results, based on a different proof technique, have
shown the weak conjecture to be true f4l, 1t is still not known
whether the strong conjecture holds.,
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