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ABSTRACT

A graph G is called a {Bl}—orientgble
graph if there exists an orientation G of
G such that if x->y and z->y in G then
{x,z3 is an edge of G. 1In this paper we
obtain a characterization of {Bjl-orien-
table graphs. A recognition algorithm for
{By}-orientable graphs is also presented.
A simple recognition algorithm for proper
circular arc.graphs is then obtained. Finally
a new family of~{Bl’}—orientab1e graphs is con-
structed.
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1:INTRODUCTION

Soume families of intersection graphs such as interval
jrarhs , circular arc graphs and triangulated graphs can be
waracterized by using certain special orientations on them.Some
o these orientations have been studied in various papers (see
1 23, 043, 05131, 63,0713, €913, 111,

In particular, let B; and B, be_the directed graphs
shown in Figure 1. An corientation G of a graph G is a
ti+y.-orientation (or {B,; ,{Bi,B2} ) if G does not contain
iy as an induced subgraph ( respectively 82 . B1 and B2

cimultaneously ).

B Bz
1 Figure 1
Characterications of interval graphs, proper interval
gravhs, triangulated graphs and proper circular arc graphs can
ne obtained in terms of (B3, (B;,B,}, (B31 and ¢B3,By3*
crientations (where {B1Y and {B,,B,T are acyclic {B1} or
t1:,B2) corientations respectively).

The objective of this paper is to give a characterization
ot {H;i-orientable graphs. An algorithm to tind (B ,B,3-
sricntations (when they exist) is also obtained . This
characterization of {B,}-orientable graphs completes Table II
S I I

CHARACTERIZATION OF [BI}~ORIENTABLE GRAPHS.

Lt {a,b} be an edge of a graph G . An edge {u,v}
ig th,u)-strongly connected to {a,b} if there exists
3 path P-={a,bl}, {b,vy3}, .... , {vy,ul,lu,v} such that
I has no triangular chords. Clearly if {a,bl} and {u,v}
are (b,u)-strongly connected they are (u,v)-strongly
connected as well.,

Notice that in any {Byjl-orientation of G in which
a-sb, the edge {u,v} must be oriented u->v, i.e.
a- b forces u-J>v.



Furthermore if {a,bl} is such that it is (b,u) and
tb,v) strongly connected to {u,v}, then there exists
no {Bi13l-orientation of G in which a->b. For if a->b in
a {Bi1l-orientation of G, then u->v since {u,v} is (b,u)-
strecngly connected to {a,bl. Similarly v->u; since this
is not possible, then in any {Bil-orientation of G, b->a.

He say that an edge f{a,bl} is (a-)b){Bi1l}-admissible if
there exists no edge {u,v} of G that is (b,u) and (b,v)-
strongly connected to fa,b}. Finally we call an edge {a,b}
a {B,}-admissible edge if it is (a->b) or (bh->a){B1ll-ad-
missible.

Notice that there are edges of G that are (a->b) but
not (b->a){B;l-admissible; while others are (a-)b) and
(b->a){B) }-admissible (see Figure 2).

Figure 2
We shall prove the following theorem which characte-
rizes {Bjl-orientable graphs.

THEOKEM 1: A graph G is {B;}-orientable if and only if all
edges of G are {B,;} admissible.

Froof: Clearly if G is {B;}-orientable then every edge
¢t G is {Bjyl-admissible, for if a->b in a (Bil}-orientation
ot G, then {a,bl} is (a->b){B1} admissible.

Let us choose a minimal set S consisting of m edges e ,.
-.¢ of G satisfying the following conditions:

a) 5 =( e;j=fa;,by} | (aj->b;) are {B,} admissible; ejde.
(i#+j) i=1,2,.....,m"} (Notice thaé a; could be the same as a;

or bj for some j#i).

3

b) Every edge {u,v} of G is either (b:,u) or (b;,v)~
strongly connected to ej={ai,b;} for at leést one elément of

o

Pol

c) faji/b:} is not (bj,bi) or (bj,gi)—strongly connected

t. C - L4
o fas,bs] Y.



such a set 5 can be constructed inductively as follows:

i) Choose any edge e;={a,,bj} of G which is (a;->b3){Bj}
admissible. Set Sl=££al,bl}}.

it) Suppose we already have S, for some i>l. Two cases
arise: 1

ta’) Every edge {u,v} of G is (bs,u) or (bj,v)-strongly -
connected to some e: element of Si' in this case S, satisfies
a), b) and c) as above. Set 5=5 ! 1

tb*) There exists a (aj;1->bj41)(B;y}-adnissible edge €541 S
of G not (bs,a;4,7 ) or (b:,b )-strongly connected to any
, B g._l 1 a 1+1
€5€5 1. In this case we define 1=S U{ei+ 3.

Si+ 1

=
By using 5 we can Jdefine an orientation G of G as follows:
i’} Orient aj->b; 1<idm.

ii*)  If {u,v} is (bj,u)-strongly connected to {a; ,b;}
for some i, orient u-)>v;otherwise orient v-y>u.

"

We claim that G/is well defined and also a {B, J-orienta-
tion of G. For if there is an edge {u,v} such that for i#j
(i<3j) Cu,v} is (bj,u) and (b:,v)-strongly connected to {ajfbi}
and {aj;,bs} respectively, thgn {a. ,b:3 is (b-,bi)-strongly
connected "to {aj,by }; which is a %onEradicti n.

->

Suppose now that G is not a {B,l}-orientation of G. Then

there exist x, y, 2, vertices of G such that {x,y} is not an

edge of G but x->z and y->z in
However this is not possible for if x->z there is an edge

fa;,b;} of 3 such that {x,z} is (b;,x)-strongly connected

to {a;.bjy}. Therefore z->y in G, a' contradiction. Therefore

G is a {By }-orientation of G. z

2:2 A RECOGNITION ALGORITHM FOR {B,}-ORIENTABLE GRAPHS. 2
The proof of Theorem 1 suggests the following algorithm

fcr recognizing {Bjl-orientable graphs.

ALGORITHM 1
Given an unoriented graph proceed as follows:

STEP 1: Choose an unoriented edge {x,y}. Label it
fa,b}.



STEP 2: Orient a->b and colour this edge.

STEP 3: Find all edges {b,v} such that {a,v} is not an
edge of G. If at least one of them is already
oriented v->b, go to STEP 5. Else colour and
orient all UNORIENTED edges {(b,v} from b-)>v. (At
this stage some edges {b,v} may be already ori
ented and possibly are uncoloured; DO NOT CO-~-
LOUR THEM.) Mark a->b.

STEP 4: Find an unmarked oriented and coloured edge u->v;
label it a->b and go to STEP 3. 1If all coloured
oriented edges are already marked, then uncolour
and unmark all coloured and marked edges. Set
BOOL=TRUE and go to STEP 6.

STEP 5 : If BOOL=FALSE go to STEP 7.
If BOOL=TRUE, then BOOL=FALSE.
Unorient and unmark all coloured oriented edges;

relabel {x,y} as {b,al}, and go to STEP 2.

STEP 6: " If all edges of G are already oriented then G is
{Byl}-oriented; go to STEP 8. Else go to STEP 2.

STEP 7: G is not {By}-orientable.

STEP 8: STOP.
It can be easily proved that Algorithm 1 has complexity

Oaa-+ | E¢G)[?). The correctness of Algorithm 1 follows immed-
iately from the "only if" part of the proof of Theorem 1.

We shall finish this section by giving an interesting
property of {Bjl}-orientable graphs. By using this property,
we wil{’be able to systematically modify any {B1l}-orienta-
ticn G of G to obtain any other (B }-orientatio !
of G by means of some very simple changes. Let be a
{B,J-crientation of G and {a,b} an edge of G, oriented
b->a in G. If {a,b} is (a-)b){Bl}-admissible, let G(a-)b)
be the oriented graph obtained fronm by reorienting u-)v
all edges {u,v} of G which are (b,u)-strongly connected
to {a,b}. (See Figure 3.)

LEMMA 1: Let [ be a {Bi}-orientation of a _graph G and
{a,b} a (a->b)-admissible edge of G. Then '&(a->b) is also
a [Bl}—orientation of G.



>

Proof: Suppose that G(a->b) 1is not a {Byl-orientation
of G. Then there exist x, y, z, vertices of G, such that
x->z, y=>z in (a->b) but {x,y} is not an edge of G. Clearly
{zx,2} is (b,x)-strongly connected to {a,b} or {y,z} is (b,y)-
strongly connected to {a,b}. However if {x,2} is
(b,x) strongly connected to {a,b3} then {z,x} is (b,2z) strong-
ly connected to (a,b}. Hence {z,¥y} must be oriented z->y in
Gta->b) which contradicts y->z. Similarly 1if {y,z3} is (b.y)
gtrongly connected to fa,b} then z-’x in G(a?b); therefore
G(a->b) is a {Bjl-orientation of G.

A generalization of Lemma 1 will be given in the next sec-
tion. This generalization will allow us to obtain a recog-
nition algorithm for [Bl,Bz}-orientable graphs.

%

P

-
Figure 3. G(a » b)

3: RECOGNIZING ({B,,B_}-ORIENTABLE GRAPHS.

In this section we present a O(A'UXG)I) algorithm to re-
cognize {Bj,Bjl-orientable graphs. This produces a O(A- | EG)])
recognition of proper circular arc graphs. Unlike many re-
cognition algorithms of circular arc graphs, this algorithm
is very simple and easy to understand.

Let € be a {Bjy,B2}-orientation of a graph G and a->b an
edge of . Let (b->a) be the oriented graph obtained from
G by reorienting b->a and all edges {u,b} of G which are
strongly connected to (a,b}, (i.e. they are (x,y)-strongly
connected, where x is either a or b and y is any of u or v).
Nctice that these edges are the edges we are forced to re-

grient in G if we want to maintain a {Bj,By}-orientation of
G after reorienting b->a.

The following result is a generalization of Lemma 1.



-» -+
LEMMA 2: If G is a {B,,B,}-orientation of G, then G (b-’a)
is also a {Bl,B2}-orieﬁtacion of G.

Proof:

Remark 1:

The proof is similar to that of Lemma 1.

An immediate consequence of Lemma 1 is that if a

graph G is a (B1.823—orientable graph and {u,v} is an edge
of G, then there always exists a £Bl,B2}—orientation of G
in wnich u-J>v.

An immediate consequence of Lemma 2 is the following
recognition algorithm of £B]!Bz}-orientable graphs.

ALGORITHM 2

Given a graph G, proceed as follows:

STEP 1:

STEP

STEF

STEP

STEP

STEF

STEP

7

Choose an unoriented edge {x,y}. Label it f{a,bl.
It no such edge exists, go to STEP 6.

Orient a->b.

Find all edges {u,a} such that f{a,b} 1s not an edge
of G. If at least one of these edges is oriented
a->u, go to STEP 7.

Else orient them u-’a.

Find all edges {b,u} such that {a,ul} is not an
edge of G. If at least one of them is oriented
u->b, go to STEP 7.

Else orient them b-Ju.

Mark the edge a->b.

Find an unmarked oriented edge x->y and relabel it
a->b. If no such edgc exists, go to STEP 1.

Else go to STEP 3.

The graph G has been successfully {By,Byl-oriented.
SToP.

The graph G is not £Bl,BQ}—orientab1e. STOP.

Clearly the running time of ALGORITHM 2 is dominated by
steps three and four, each of which takes at most A opera-

rions.

Since these steps are repeated once for each edge of

G, the complexity of ALGORITHM 2 is O(A+| E(G) ).



CONSTRUCTING {B;3-ORIENTABLE GRAPHS.

It can be easily shown that interval graphs, triangulated
araphs and circular arc graphs are all {Bjl-orientable graphs.
Trhe converse is not true, there are graphs which are {Bjl}-
orientable but do not belong to any of these families., The
Jraph in Figure 4 is one of such graphs. However it can be
represented as the intersection graph of a set of curves on
the plane.

Figure 4.

A wider family of {(Bjl-orientable graphs which contains all the
samilies previocusly mentioned can be obtained as follows:

K
. Let G be an orientation of a connected graph G such that

d (vigl for every vertex v of G. Let F={T;,T) .... ,Ty} be

a family of subtrees of G such that no point of G is an end
i-0oint of more than one subtree of F. FEach Ty (1{i<k) inherits

an orientation Ty of G such that T, has exacty one source §;
t'his ig a consequence of the restriction d7(v)<1l of the orien-
tation G). -

If in addition we require that T. ﬂf always be a subtree
of G, it can be easily shown that if tr, Rf #q then S éTJ
€1 Let H be the intersection grapﬁ F, i.e.
U0t ana E(H) o0 {T3,T53 | TiNT5#0 3.
A {Bql-orientation of H can"now be obtained as follows:
an edge {T;,T:+} of H is oriented Tl—>T if S. éTl otherwise
Ty T 3 ] ]

Clearly this is a {Bjl-orientation of H, since if Ti—)T
and Ti->Ty then 54 belongs to T; and Ty. Therefore (T; ¢T3 3
is an edge of H.

Notice that 1f G has n vertices, then G has at most n ed-
ge¢s. Then G contains at most one cycle. When G has exactly
n edges, G 1s a path or a tree., In the first case H will be
an interval graph and in the second H is a triangulated graph.
Wrhen G has n edges, G is a cycle or a tree plus an extra edge
In the first case H-is a circular arc-graph. For -the second
case we obtain a new class of graphs that are {Bj}-orientable.



There are,however,many {B1}-orientable graphs which can
not be obtained by using the previous method (see Figure 5).
However all (Bl}-orientable graphs known to us are intersec-

tion graphs of sets of curves on the plane. We venture the
following conjecture.

CONJECTURE 1: If a graph G is {Bjl-orientable then G is the
intersection graph of some family of curves on the plane.

¥

Figure 5.
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