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ABSTRACT

Geometrical problems occur frequently in such areas as pattern
recognition, image processing, computer graphics and VLSI.

Given a geometrical problem an efficient solution is often dependent
on the nature of the objects we are dealing with. Objects are often
described by polygons. The usual strategy for solving many of these
problems on general polygons is to decompose the polygon into simple
component parts, solve the problem on each component using a
specialized algorithm, and then combine the partial solutions.

We survey the existing Titerature on minimum number and minimum
edge-length decompositions.

We also give an 0(n%) algorithm to decompose a rectilinear polygon
into the minimum numbers of convex quadrilaterals.
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1. Introduction

In artificial intelligence, image processing, and pattern recognition, objects
are frequently described by polygons. These polygons and their properties are in
the center of attention of the rapidly growing field of computational geometry.
Using computational geometry techniques one is often able to obtain elegant and
efficient algorithms to solve certain geometrical problems. In some cases lower
bounds have been derived giving us ideas about the intrinsic complexity of prob-
lems. Geometrical problems occur frequently in such areas as pattern recogni-
tion, image processing, computer graphics and VLSI. The large quantities of data
produced by todays devices require algorithms handling these data to be designed
efficiently.

Given a geometrical problem an efficient solution is often dependent on the
nature of the objects we are dealing with. We illustrate this point by considering
the problem of determining the convex hull of an arbitrary set of points versus
that of a simple polygon connecting these points. A simple polygon is convez if
all its internal angles are less than 180° as in figure 1.1. The convez hull of a set
points is defined as the minimum area convex polygon enclosing the points. The
vertices of the convex hull are points of the set. The convex hull of a polygon is
defined analogously. The convex hull of a set of n points can be determined in
O{nlogn) time and this is optimal [Gra 72,Sha 78,Yao 79]. However, linear time
algorithms for computing the convex hull of a simple polygon exist [MA 79,Lee
80,Sac 83,GY 84].

If the objects are given as polygons their specific polygonal properties may
also lead to more efficient solutions. Before proceeding we define several such
properties. Refer to figure 1.2. A polygon P is specified by its vertices (pyy--)Pa)
listed in clockwise order. A polygonal chein C, is a sequence of consecutive



Figure 1.1 A Convex Polygon

vertices p,...,p, of P. A polygonal chain is monotone with respect to a line ! if the
projections of p,, k=i,...,j on 1 are ordered in exactly the same way as the vertices
in ¢, A polygon is monoltone if there exists a line I such that the boundary of P
can be partitioned into two polygonal chains C, and C,, which are monotone with
respect to 1. A point x in P is visible from a point y in P, if the open line seg-
ment joining x and y lies entirely inside P. A polygon P is star-shaped if there
exists at least one point x inside P from which the entire polygon is visible. A
polygon is weakly visible from an edge pq of P if for every point x in P there
exists a point y in pq that is visible from x. A polygon is edge-vissble if there
exists an edge from which the polygon is weakly visible. A spiral polygon is a
simple polygon whose boundary chain contains precisely one concave subchain.

It appears that algorithms for such structured polygons are easier to write,
thus easier to prove correct, and often exhibit lower space/time complexities. For
example, the triangulation problem is to partition an n-vertex polygon into non-
overlapping triangles. Linear-time algorithms for triangulating star-shaped,
monotone, edge-visible and convex polygons exist [GIPT 78,SvL 80,EAT 81]. An
arbitrary simple polygon can be triangulated in O(nlog(n)) time {GJPT 78,Cha
82 CI 83]. However, this has not yet been shown to be optimal, i.e. no non-trivial
lower bound on this problem exists. Other examples of problems for which fast
algorithms exist on restricted polygons include point inclusion in convex or star-
shaped polygons [Sha 78], medial axis of a convex polygon [Pre 77}, and intersec-
tions involving convex or star-shaped ‘polygons [Cha 80,MF 82].

The usual strategy for solving many of these problems on general polygons 1s
to decompose the polygon into simple component parts, solve the problem on
each component using a specialized algorithm; and then combine the partial
solutions |GJPT 78,SvL 80,ACYB 80,MF 80]. This strategy of decomposing
polygonal objects into simpler components is one motivation for the development
of efficient decomposition techniques.

These decomposition techniques have also received considerable attention in
pattern recognition and image analysis [FP 75,Pav 77]. Pattern recognition
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extracts information from an object in order to identify or classify it. A usual
strategy for recognizing a general polygonal object is to decompose it into simpler
components, then identify the components and their interrelationships and use
this information to determine the shape of the object [Pav 77]. The types of
simpler components that have been considered include triangles]AAO 83], rectan-
gles [FSS 80],trapezoids [AA 83], convex polygons [FP 75,Sch 78], spiral polygons
[FP 75), star-shaped polygons [AT 81] and monotone polygons [Tou 80].

We can distinguish between t{wo kinds of decomposition techniques:
procedure-directed and component-directed. In a procedure-directed decomposi-
tion technique, a procedure is specified that decomposes the given object into
smaller components. The specific nature of the components may vary. In a
component-directed approach the object is decomposed into well-defined smaller
components. Component-directed techniques are the most common and we will
consider only them in this paper.

A decomposition is called a partitioning, if the object is decomposed into
non-overlapping pieces. Algorithms to partition arbitrary simple polygons into
convex, star-shaped, monotone, edge-visible components have been developed. If
overlapping pieces are allowed we call the decomposition a covering.

Decomposing a polygonal object into simpler component parts can be done
with or without introducing additional vertices which are commonly called
Steiner points. Whether or not Steiner points are allowed often makes a big
difference in the solution of a problem. Figure 1.3 shows decompositions of simple
polygons into the minimum number of convex polygons with and without Steiner
points.

If the interior angle at a vertex is reflex the vertex is called a nofch. Experi-
mental observation from graphics [NS 79] and pattern recognition [Pav 68] shows
that, in practice, the number of notches in a polygon is much smaller than the
number of vertices. We let N denote the number of notches in a polygon and we
describe and analyze decomposition algorithms with respect to both n apd N.

In this paper we are primarily concerned with techniques which provide
decompositions which are minimal in some sense. We may be interested in
decomposing a polygonal object into the minimum number of some component
type. In some applications a decomposition that minimizes the total length of the
internal edges used to form the decomposition is useful. We measure length in the
usual Euclidean metric until section 4 when for technical reasons we switch to the
discretized Euclidean metric. A minimum edge length decomposition can be quite
different from a minimum number decomposition for the same component type.

Polygonal objects can be further classified according to certain other charac-

teristics. A rectilinear polygon is a simple polygon whose edges are parallel to one
of two given orthogonal directions. Section 2 considers decompositions of



Figure 1.3 Convex Decompositions With and Without Steiner Points

rectilinear polygons. We may encounter polygons that contain holes. Holes are
nonoverlapping “islands”, simple polygons, inside the main polygon. The com-
plexity of a decomposition problem usually increases if we allow the polygon to
contain holes. We consider decompositions of polygons with holes in section 4.

2. Decomposition of Rectilinear Polygons

In many applications the objects encountered are rectilinear polygons. In
image processing the boundaries of objects are often stored on a grid which usu-
ally implies that digitized images are rectilinear polygons. VLSI designs are also
often stored on a grid and typically contain many rectilinear polygons. In this
section we consider decompositions of rectilinear polygons, first when Steiner
points are allowed and then when Steiner points are disallowed.

2.1. Decompositions allowing Steiner Points

Rectangles are the natural component type when decomnposing rectilinear
polygons allowing Steiner points. Ferrari, Sankar and Sklansky [FSS 81] have
developed an algorithm for decomposing a rectilinear polygon into the minimum
number of rectangles. Their algorithm is based on the following theorem.
Theorem
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A rectilinear polygon can be partitioned into N - L + 1 rectangles, where N
is the number of notches and L is the maximum number of nonintersecting
chords that can be drawn either vertically or horizontally between two notches.

The theorem allows them to reduce the decomposition problem to that of
finding the maximum number of independent vertices in the intersection graph of
the vertical or horizontal chords between notches. The graph’s matching proper-
ties are then used to solve the decomposition problem in O(N?) time. Lipski [Lip
79] relates this decomposition problem to that of finding a Manhatten path and is
able to develop an O(n"? lognloglogn) time solution.

Lingas et al [LPRS 81] mention process control (stock cutting), automatic
layout systems for VLSI (channel definition) and architecture (partitioning into
offices) as applications for the problem of decomposing a rectilinear polygon into
rectangles while minimizing the total length of the edges used to form the decom-
position. To solve this minimum ”ink” problem they proceed by inducing a grid
over the polygon by extending the edges of the polygon into lines. They then
build up partial solutions and use dynamic programming to achieve an O(n') time
algorithm. If the rectilinear polygon is restricted to the shape of a histogram they
are able to provide an O(n®) time algorithm.

2.2. Decompositions without Steiner Points

Without Steiner points quadrilaterals rather than rectangles become the
natural component type for the decomposition of rectilinear polygons. Even
though arbitrary simple polygons do not necessarily admit decomposition into
convex quadrilaterals Kahn,Klawe and Kleitman [KKK 80], in what they refer to
as quadrilaterization, proved that it is always pessible to decompose a rectilinear
polygon into convex quadrilaterals without using Steiner points. In the remainder
of this section quadrilaterizations are understood to be convex. Sack [Sac 82] has
recently developed an Ofnlogn) time algorithm for quadrilaterizing an arbitary
simple rectilinear polygon. To find a quadrilaterization of an arbitrary simple
polygon he begins by partitioning the rectilinear polygon into specific monotone
polygons. See figure 2.1. Although arbitrary monotone polygons do not admit
quadrilaterizations, these specific monotone polygons do. These monotone
polygons, like arbitary monotone rectilinear polygons, starshaped and edge-visible
rectilinear polygons, can be quadrilaterized in linear time [ST 81]. It is an open
problem whether an arbitrary rectilinear polygon can be quadrilaterized in less
than O(nlogn) time. Since.any quadrilaterization of a rectilinear polygon results
in the same number of quadrilaterals it is not meaningful to speak of a decompo-
sition into the minimum number of quadrilaterals. '

We instead turn to our other minimality criterion and present an O(n*) time
algorithm for finding the minimum edge length quadrilaterization of .a rectilinear



Figure 2.1 A Quadrilaterization. The dashed segments partition the polygon into
monotone components.

polygon. Note that a brute force approach would require examining in worst case
an exponential number of possible quadrilaterizations for a given rectilinear
polygon. See figure 2.2.

The main tool used for solving minimum edge length polygonal decomposi-
tion problems is dynamic programming {Kei 83,Kli 80,LPRS 81} and we demon-
state the use of it here. We let W(i,j) be the weight of the minimum weight qua-
drilaterization of the subpolygon P, of P cut off from p, to p, {(i.e. p,puyy,-..,p,)- The
idea is to build up minimum weight quadrilaterizations of larger and larger sub-
polygons and solve the problem using dynamic programming (see Figure 2.3). Let
Q(i,j) store the vertices of the quadrilaterization that contains the diagonal pp, in
the minimum weight quadrilaterization of P,. Define d, to be the Euclidean dis-
tance from p, to p, if p, and p, are visible from each other and +o0o otherwise.



Figure 2.2 There can be an exponential number of quadrilateralizations of a rec-
tilinear polygon.

Figure 2.3 A Quadrilaterization of a subpolygon P,.

Algorithm Minimum Weight Quadrilaterization

Input: A rectilinear polygon P

Output: The weight of the minimum weight quadrilaterizition and the
quadrilsterization itself are stored in W(1,n) and Q respec-



tively.

begin
Jork :=1 ton-1 do
Jori:= 1 to n-k do

begin
jJi=1+4+k
begin
fk =1 then W(i,j) := 0
else
if k is even then W(i,j) := +oo0
else
begin ,
W(ij) := 4, + min(W(i,) + W(L,m) + W(m,j))
(¢ where the minimum is taken over all ] and m
such that i<l<m<j, and p, p, p,, p, form a con-
vex quadrilateral )
Q(id) = (l;m)
(+ indices of vertices exhibiting the minimum
are stored in Q »)
end
end
end

end.

To print out all the diagonals of the minimum weight quadrilaterization call
the procedure PRINT(1,n). '

Procedure PRINT(i,j)
begin
if p.p, is not an edge of P then output segment P2,
where Q(i,j) = (1,m) do
call PRINT(1,l); call PRINT(l,m); call PRINT (m,j)

end.

Complexity Analysis
The values of d, can be computed in a preprocessing step in O(x?) time.
There are O(n®) W(i,j) to be calculated. Each of these requires examining O(n?)

pairs of candidates for p, and p,. The total run time of the algorithm is therefore
O(n*).
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3. Decomposition of Simple Polygons

In this section we consider the decomposition of arbitrary simple polygons,
first when Steiner points are allowed and then when Steiner points are disallowed.

3.1. Decompositions allowing Steiner Points

The first result in this section concerns the partitioning of a polygonal region
into a minimum number of trapezoids with two horizontal sides. Triangles with a
horizontal side are considered to be trapezoids with two horizontal sides one of
which is degenerate. This problem is closely related to VLSI artwork data pro-
cessing systems of Electron-Beam Lithography for VLSI microfabrication. In such
systems the layout is stored as a set of polygonal regions per layer which should
be partitioned into fundamental figures since the aperture of a pattern generator
is restricted. Trapezoids have been used as fundamental figures [AA 83].

Asano and Asano [AA 83] have developed an O(n®) time algorithm for the
problem of partitioning a polygonal region into the minimum number of tra-
pezoids with two horizontal sides. They solve the problem by introducing the
concept of minimally effective chords. A chord s of a polygon P is minimally
effective if either (i) s joins two edges of P collinear with s, or (ii} s is a horizontal
chord joining two vertices of P and containing no other vertices of P. The follow-
ing theorem provides the basis for their algorithm.

Theorem

The minimum number of trapezoids needed to partition a polygon P is n -
h - d- 1, where b is the number of horizontal edges of P and d is the cardinality
of a maximum independent set of the intersection graph of the minimally
effective chords of P.

They then show that the class of intersection graphs of minimally effective
chords of polygons without holes is the class of circle graphs, and use an efficient
algorithm for finding a maximum independent set of a circle graph to solve the
decomposition problem.

A more difficult problem is to decompose a polygon into the minimum
number of convex components. Chazelle and Dobkin [CD 79][Cha 80] exhibit an
O(n + A%} time algorithm for this problem. They introduce the concept of an X-
pattern from which minimal decompositions may be generated. An Xk-pattern is
a particular interconnection of k notches which removes all reflex angles at the k
notches and creates no new notches. The idea is to use as many X-patterns as
possible. It turns out that determining whether some given notches can be com-
bined to form an X-pattern seems too involved and they introduce a more con-
stained type of interconnection which they call a Y-pattern. Using dynamic pro-
gramming they .are sble to construct Y-patterns in polynomial time and with
some further refinements achieve the O(n -+ A®) time bound.
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Decomposition problems allowing Steiner points seem quite difficult. There
are no futher results known concerning the decomposition of simple polygons into
the minimum number of some component type. Nor are there any results known
concerning the decomposition of simple polygons into components while minimiz-
ing the total internal edge length when Steiner points are allowed.

3.2. Decompositions without Steiner points

We first consider the decomposition of polygons into the minimum number
of components and then the decomposition of polygons while minimizing the
total internal edge length.

3.2.1. Minimum Number Decompositions

This section considers four types of fundamental components: convex, spiral,
star-shaped and monotone polygons.

3.2.1.1. Convex Decompositions

Of all the polygon decomposition problems, the problem of decomposing a
polygon into the minimum number of convex components has received the most
attention. However, until recently, no polynomial time exact solution was known
to the problem thus motivating the development of approximation algorithms.
Feng and Pavlidis [FP 75] describe an O(A®n) time algorithm which does not gen-
erally yield a minimum decomposition. Schachter’s [Sch 78] O(Nn) time decompo-
sition algorithin, based on the Delaunay triangulation, also fails to guarantee a
minimum decomposition. Chazelle [Cha 82] develops an O{nlogn) time divide and
conquer algorithm that finds a decomposition that contains less than 4.333.. times
the optimum number of components. Recently, Greene [Gre 82a] has developed
an O(nlogn) time algorithm that is guaranteed to find a decomposition that con-
tains less than or equal to 4 times the optimum number of components. Note
however that any convex decomposition that does not contain unnecessary edges
will be less than of equal to 4 times the minimum decomposition. This is true
since each edge can eliminate at most two notches and each notch requires at
most two edges to eliminate it in any convex decomposition that does not contain
unnecessary edges.

Recently, Greene [Gre 82a] discovered an O(A\?n?) time exact algorithm for
the convex decomposition problem. Independently, Keil [Kei 83} develops an algo-
rithm for the problem that runs in O(A°nlogn) time. This result employs a gen-
eral technique for reducing the size of the state space in a dynamic programming
formulation in order to schicve the polynomial time bound. The idea is to build
up minimum decompositions of larger and larger subpolygons P,. In general there
can be an exponential number of minimum decompositions of a subpolygon. It
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turns out that the only edges of a minimum decomposition of a subpolygon P,
that affect the decomposition’s ability to form part of the global solution are the
edges adjacent to the base pyp,. The minimum decompositions of a subpolygon can
be placed in equivalence classes based on the angles the base pp, forms with the
two adjacent edges in the decomposition. By storing only one representative for
each of these equivalence classes the complexity is reduced so that a dynamic
programming approach can achieve the O(A?nlogn) time bound.

3.2.1.2. Spiral Decompositions

Recall that a spiral polygon is a simple polygon whose boundary chain con-
tains precisely one concave subchain. That is, a spiral polygon has precisely one
set of adjacent notches. Feng and Pavlidis [FP 75] give an algorithm for decom-
posing a simple polygon into spiral polygons. Their algorithm does not generally
yield a decomposition into the minimum number of spiral components. Keil [Kei
83] develops a dynamic programming algorithm to this problem that is similar to
his algorithm for the convex decomposition problem. The algorithm may require
O(n®logn) time to find the minimum spiral decomposition.

3.2.1.3. Star-shaped Decompositions

A star-shaped polygon is a simple polygon in which the entire polygon is
visible from at least one {possibly interior) fixed point of the polygon. Avis and
Toussaint [AT 81] give an O(nlogn) algorithm that finds a decomposition into at
most n/3 components. Their algorithm first triangulates the polygon P and then
3-colors it. A 3-coloring is an assignment of one of three colors to each vertex,
such that so two vertices with the same color are adjacent. Consider the set S =
{21,8,...,5} of the vertices with a given color. P can be decomposed into j nono-
verlapping starshaped polygons Py,P,,...,P, where P, = {x|x is a vertex of P and x
is adjacent to s in the triangulation of P} U {a}, 1<k<j. This algerithm does
not generally yield a minimum decomposition.

Keil [Kei 83] develops an O(n°A*logn) time algorithm for decomposing a sim-
ple polygon into the minimum number of star-shaped components. He employs
the same general dynamic programming technique that he used for the convex
decomposition problem. Again the idea is to build up solutions to larger and
larger subpolygons P,. In general, there can be an exponential number of
minimum star-shaped decompositions of a subpolygon. It turns out that there are
situations where no minimum decomposition of a subpolygon can be developed
into 2 global minimum decomposition. The solution is to introduce the concept of
pseudo star-shaped polygons. A pseudo star-shaped subpolygon P, has the pro-
perty that there exists a point x in P but not in P, so that every point of P, can
be scen from x through the edge vv. The algorithm proceeds by dynamic
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programming while keeping only one star or pseudo star-shaped minimum decom-
position of cach of a number of equivalence classes of decompositions at each sub-

polygon.

3.2.1.4. Monotone Decompositions

Recall that a monotone polygon contains two extreme vertices in a prefered
direction such that they are connected by two polygonal chains monotonic in the
prefered direction. Lee and Preparata [LP 77| give an O(nlogn) time algorithm for
decomposing a simple polygon into monotone polygons that does not generally
yield a minimum decomposition. Keil [Kei 83} develops an O(Nn*) time algorithm
that uses the same dynamic programming approach he uses for the convex
decomposition algorithm. The algorithm relies on the fact that there are only a
polynomial number of prefered directions with repect to which a subpolygon can
be monotone.

3.2.2. Minimum Edge Length Decompositions

A decomposition of a simple polygon into triangles while minimizing the
total internal edge length of the decomposition is known as the minimum weight
triangulation of the polygon. If instead of a triangulating a polygon we triangu-
late an arbitrary set of points in the plane, no polynomial time algerithm is
known for the minimum weight triangulation problem [GJ 79]. The minimum
weight triangulation of a simple polygon can be found in O(»®) time [Kli 80]. The
algorithm, due to Klincsek, uses standard dynamic programming.

Keil [Kei 83] uses dynamic programming to develop an O{A*n’logn) time
algorithm for the problem of decomposing a polygon into convex polygons while
minimizing the total internal edge length. Figure 3.1 illustrates the difference
between a decomposition into the minimum number of convex pieces and a
decomposition into convex pieces that minimizes the total internal edge length.
Solutions are built up for larger and larger subpolygons. It is not sufficient to
keep only minimum solutions for each subpolygon but rather decompositions are
kept that are minimum given that they include certain edges that affect their
ability to merge into larger decompositions. Independently, Greene [Gre 82b] has
noticed that his algorithm for the convex minimum number problem [Gre 82a]
can be adapted to yield an O(A?r?) time algorithm for the convex minimum edge
leﬁgt.h problemn.

Keil [Kei 8] is able is use his dynamic programming approach to decomposi-
tion problems to develop an O(n'logn) time algorithm for finding a mizimum edge
length decomposition into spiral polygons, an O{An’logn) time algorithm for
finding a minimum edge length decomposition into star-shaped polygons and an
O(Nn*) time algorithm for finding a minimum edge length decomposition into



Figure 3.1 Minimum Number and Minimum "Ink” Convex Decomposi-
tions

monotone polygons.

4. Decomposition of Polygons with Holes

When we allow a polygon to contain holes the problem of decomposing the
polygon in some minimal way seems to become more difficult. Recently, several of
these problems have been shown to be NP-hard [GJ 79] and thus unlikely to
admit efficient algorithms.

Let F be a boolean formula in conjuctive normal form with at most 3 vari-
ables per clause where V == {u,,...,u} are the variables and C = {,,...,c,} are the
clauses. 3SAT is the problem of determining whether a given formula F is
satisfiable. A formula is said to be planar if the bipartite graph G(F) = (V U
C,E) with E = {(v.c)|v, or v is a literal in ¢} is planar. P3SAT is the problem of
determining whether a given planar formula is satisfiable. Both 3SAT [GJ 79] and
P3SAT [Lic 82] are known to be NP-complete. Many problems in this section are
shown to be NP-hard with transformaticns from either 2SAT or P3SAT.

In the introduction we distinguished between decompositions that partition a
polygonal cbject into a given type of component and decompositions that cover a
polygonal object with a given type of component. In this section the difference
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between partitioning and covering is important.

4.1. Recctilinear Polygons with Holes

The results in this section all concern the decomposition of rectilinear
polygons with holes into rectangles allowing Steiner points. The first problem is
that of covering a rectilinear polygon with holes with the minimum number of
rectangles. Masek [Mas 79] has shown that this problem is NP-complete with a
transformation from 3SAT.

If we consider a partition, rather than a covering, then the problem of
decomposing a rectilinear polygon into the minimum number of rectangles
becomes polynomial. Lipski et al [LLLMP 79] have developed an O(=®) time algo-
rithm for the problem that makes use of bipartite graph matching techniques.
Ohtsuki [Oht 82] and Ohtsuki et al [OSTT 83] have improved this time and exhi-
bit an O(n*?) algorithm.

If the holes are allowed to be points rather than rectilinear polygons, the
nature of the problem changes again. Lingas [Lin 82a] uses a transformation from
P3SAT to show that the problem of partitioning a rectilinear polygon with rectil-
incar polygon or point holes into the minimum number of rectangles is NP-
complete. ’

The minimum edge length minimality criterion has also been considered.
Lingas et al [LPRS 81] use transformations from P3SAT to show that the prob-
lems of decomposing a rectilinear polygon, with either rectilinear holes or rectil-
inear and point holes, into rectangles while minimizing total edge length are NP-
complete. Lingas [Lin 82b] has developed an O(r*) heuristic for this problem that
yields a partition whese length is not greater that 41 times the length of an
optimal partition.

4.2. Arbitrary Polygons with Holes

A number of problems involving decomposing arbitrary polygons with holes
into a given component type have been studied and found to be NP-hard. We
first consider decompositions allowing Steiner points and then decompositions
without Steiner points.

4.2.1. Decompositions allowing Steiner Points .

The first problem is that of partitioning a polygon with polygon holes into
the minimum number of triangles. Lingas [Lin 82a) uses a transformation from
P3SAT to show that this problem is NP-hard. This problem arises in applications
such as manipulation of LSI artwork data and image processing thus motivating
the search for good approximation algorithms. Asano, Asano and Ohsuga [AAO
83] present an O(nlogn) time approximation algorithm that is guaranteed to find
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a decomposition that contains at most 4 times the number of triangles in an
optimal decomposition.

Another problem that arises in the manipulation of VSLI srtwork data pro-
cessing is that of partitioning a polygon with holes into a2 minimum number of
trapezoids with two horizontal sides. As before triangles with a horizontal side
are considered to be trapezoids with two horizontal sides one of which is degen-
erate. Asano and Asano [AA 83] study this problem and show it to be NP-
complete using a transformmation from the problem of finding 2 maximum
independent set of a straight-lines-in-the-plane graph. They also develop an
O(nlogn) approximation elgorithm which uses only horizontal chords to partition
a polygonal region. This algorithm finds a decomposition which cortains not
more than 3 times the number of trapezoids in 2 minimum decomposition.

Both the covering and partitioning versions of the problem of decomposing a
polygon with holes into a minimum number of convex components are NP-hard.
O'Rourke and Supowit [OS 83] use a transformation from 3SAT to show the cov-
ering problem is NP-hard while Lingas [Lin 82a] uses a transformation from
P3SAT to show the partitioning problem is NP-hard. While peither problem is
known to be in NP, O'Rourke [ORo 82] has proven that the covering problem is
decidable.

The problems of covering a polygon with holes with the minimum number of
spiral or star-shaped components are also NP-hard. O'Rourke and Supowit [0S
83] use a transformation from 3SAT to prove this.

Use of the minimum edge length minimality crition does not make the con-

vex partitioning problem easier. Lingas et al [LPRS 81] use a transformation from
P3SAT to show the problem is NP-hard.

4.2.2. Decompositions without Steiner Points

- When Steiner points are disallowed both the covering and partitioning ver-
sions of the problems of decomposing a polygon with holes into the minimum
number of convex, spiral and star-shaped components are NP-complete.
O'Rourke and Supowit [OS 83] show that the covering problems are NP-
complete. The convex partitioning problem is shown to be NP-complete by Lin-
gas [Lin 82a]. Keil [Kei 83] modifies the proofs of O'Rourke and Supowit to show
that the spiral and star-shaped partitioning problems are NP-complete. Using a
similar proof he also shows that the monotone partitioning problem is NP-
complete.

The only minimum ecdge length result concerns partitioning into convex
polygons. Keil [Kei 83] uses a complex transformation from P3SAT to show this
problem to be NP-complete.



b. Other Decompositions

So far all of the decomposition methods have used only set union to relate
the decomposition to the original polygonal object. If we also allow set difference
we open an entire class of problems which have been called sum/difference
decompositions [Tou &0]. Are there polynomial time algorithms for representing a
polygonal object by the sum and difference of the minimum number of some
givem type of component? Batchelor [Bat 80] describes a decomposition into a
tree of convex polygons. The root is the convex hull of the polygon, the second
level nodes represent the convex hulls of concavities in the polygon, the third the
convex hulls of concavities of concavities, and so on.

There are a number of results concerning procedure-directed decomposition
techniques. In most of these there is no obvious minimality criterion being used
so we consider these techniques to be outside the scope of this paper.
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