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INTRODUCTION

This is a preliminary report on research work being done
Jointly during the last years on the school bus routing and
scheduling problem. The first author describes here the
methodology he developed for solving the problem. It serves as a
basis for a computer system designed and implemented. A full
reponﬁ)describing the system is in preparation and will appear
soon,

In an empirical study of the economy of student
transportation in rural regions of the Federal Republic of
Germany [1] a conclusion was made that the main cost factor in
using school buses was not so much the total number of kilometers
the buses travel but the total number of buses used for the
transportation. In other words: the smaller the number of buses
needed, the lower the expected operating cost. If a change of
existing bus routes leads to a reduction of buses required then
it leads also to a lowering of the expected operating cost. For
example in [1], a school district is described which is actually
served by 22 buses and which could be served by only 14 buses
(selected from the old bus fleet) if routes are appropriately
modified.

These findings provided motivation for a detailed
mathematical analysis of the problems related to the use of
school buses in rural areas. Its results are presented in this
report. The requirement of a minimum size bus fleet actually used
is the only minimization criterion here. In all school bus
routing systems developed previously, mainly in North America,
the objective is the minimization of the total distance traveled
by all buses and the fleet size plays a secondary role. Therefore
there is a need for research aimed at development of methods for
determination of the minimum size school bus fleet based on graph
"theoretical and combinatorial principles. The algorithms
developed should serve as a basis for a computer system which can
be written and implemented.

Such a system has been developed in cooperation between GMD
and Carleton University. Most of the research leading to the
design, analysis, implementation, and testing was done in and
supported by GMD, part of it at Carleton University where it was
supported by NSERC of Canada, Grant A8233.

*)

The research described here originated from a previous coo-
peration between the Fachbereich Rechts- und Wirtschaftswise
senschaften der Universitat Mainz and the Institut fur
Mathematik (IMA) der GMD, St. Augustin.



This report contains a summary of the basic methodology used
in the system and a description of the key points which must be
taken into account in solving an optimization problem of this
type. A full report containing all the details will follow.
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I. DESCRIPTION OF THE PROBLEM

Let Ly be a location of a school and let Lqs ooy L, be all
locations 1n which students attending the school located in L
live. The students are transported to the school by buses
selected from a given bus fleet C,.

We are looking for:

a) The minimum number N of buses from C needed for
transportation of all students from Ly, i=1, ..., n, to the
school.

b) A subset B of C containing N buses which can actually
perform the transportation.

c) A set of routes and time tables for all buses in B.

We make the following assumptions:

P1: The classes start at the same time Tinit for all students
from L19 i=1, ..., n.

P2: Every student must be transported to the school within a
given maximal riding time T .

P3: The maximal waiting time, ﬁ?m x* between the arrival to the
school and the beginning of cfasses cannot be violated for
any student.

P4: Every location Ly, i=1, ..., n, has exactly one bus stop
assigned to it.

P5: The bus fleet C is composed of buses with different bus
capacities.

P6: Every bus from C can start its route at any location and at
any time.

The maximal riding time Tpax 8iven in P2 corresponds to the
maximal time a bus can spend on a route between the moment when
the first student enters the bus and its arrival to the school.
On the other side, WTp_,, 8iven in P3 determines available time
within which a bus can make a second tour starting and ending at
the school. Assumption P4 corresponds well to the situation in
rural areas. Assumption P5 allowing the use of buses with
different capacities complicates the whole problem significantly
and has not been treated often in the literature. Its handling
requires the development of new combinatorial techniques which
help to find a solution. By assumption P6 it is required that any
bus from the bus fleet C can be available at any given location
at any given time to start its route to the school. Note that we
do not make any assumption about a location of a bus depot.

The school bus routing and scheduling problem treated here
belongs to the class of problems for which no polynomial
algorithm giving an exact solution is known. Therefore we
restrict ourselves to a development of heuristic methods.



The underlining network formed by the locations and the
connecting roads can be naturally associated with a labeled and
weighted (undirected) graph G=(V,E) in the following manner:

a) Vertices vy from V correspond to locations Li’ i=1, ...5 n,
containing students to be transported.

b) Vertex vg from V corresponds to school location Lo-

¢) (vy,v3;) is an edge in E only if there is a direct road

be%wegn L; and Lj. ,

d) Every vertex Vi from V, 1 < i < n, is labeled by the total
number of students who should be transported from location

L; to the school.

e) Every edge (vi,v~) from E is weighted by the distance dj j

between locations Li and Lj. J

Assume that the set of available bus capacities C:{c1...n
cp! 1s totally ordered:

(1) cq 2 Co 2 vu. 2 cj DA 3 Cpye

Our problem consists in the determination of an appropriate
subset C'={c'1,..” c'y! € C such that we can transport all the
students to the school with the buses from C' under the
assumptions P1 - P4 and P6. In addition, the number N is minimal.
As we proceed in determining the set C', we simultaneously
generate time tables for all buses in C¢.

II. GENERAL NETWORK CONSIDERATIONS

Using assumption P3 and the average speed of the buses we
can identify the set of locations around the school (and
different from it) which can be reached in time T < WTax. The
corresponding set Vg of vertices in G generates a partition of
V-{vy} into two disjoint subsets V and Vq = (V-{vp})=V4. We also
say that VO is the inner districg of the school and % is the
outer district of the school. Let S = S(V1) be the total number
of students assigned to vertices of V1.

From (1) follows that if there exists a k such that
k=1 k
(2) Z:: c; < S KL 2 ¢; » k < m,
i=1 i=z1
then there are at least k buses needed for the transportation. If
g m
i=1
then the problem has no solution.

The lower bound k easily determined from (2) is independent
on the structure of the graph. But the actual number of buses



needed depends on both the structure of the graph and the
composition of the available bus fleet. This is illustrated by
the following examples. The graphs of Fig. la and 1b correspond
to a network with a school and 7 additional locations. The solid
lines represent the shortest paths from nodes v, and vg to the
school. The vertex labels (in brackets) give the numbers of
students and the edge weights indicate the distance of two
‘locations in multiples of some basic unit. We assume that during
the maximal riding time T ,, a bus can travel 100 distance units
and that during the maximal waiting time WTj,, it can travel less
than 70 distance units. Since the total number of students to be
transported is 120, the sum of the capacities of available buses
must be at least 120.

Example 1 (Fig. 1a). '
Case 1: There are two buses available with capacities cq = 80 and
¢~ = 40. The requirements can be satisfied using the following
routes (numbers in the brackets indicate how many students were
taken at a location):

Bus 1: vg[ 151, vgl151, v,[501, School.
Bus 2: V1[20]: V2[5]’ V3[5]’ V4[10], School.

Both buses can follow the direct routes from their starting
points to the school.

Case 2: The available capacities are cq = 75, ¢, = 45. The
following routes give a solution in this case:

Bus 1: vg[ 101, vgl151, v7[501, School.
Bus 2: v5[5], vq[201,v,[51, v3l51, vyl101, School.
In this case the first bus follows the shortest path from vg to

the school while the second bus makes a "detour"™ at the beginning
of its route. Notice also that the students at vertex vg had to
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be split in order to get a solution. We can split students at
vertex vg and get another solution:

Bus 1: v5[15], v6[1O], v7[501, School.

Bus 2: V6[5]9 V5[O]r V1[20], V2[5]’ V3[5]' Vu[10], School.

The last solution has a disadvantage in that that the second bus
must follow a longer route (still feasible). Following the longer
route with a detour will be necessary in the next case.

Case 3: The available bus capacities are cq = 64, co = 56. A
solution (not unique) is:

Bus 1: vgl 141, v-[501, School.

Bus 2: V6[1]’ V5[15]’ V1[20]9 V2[5]' V3[5]9 Vu[10]’ School

Example 2 (Fig. 1b). The difference between this network and

the one depicted in Fig. 1a is only in the labeling of vertices

and v but the total number of students in the network is
unchangeg' We can see that with the bus capacities c4 = 80 and ¢
= 40 (Case 1 of Exmple 1) as well as with capacities ¢4 = 75 an

02 = 45 (Case 2 of Example 1) the problem has a solution. But the

problem has no solution with capacities cqy = 64 and co, = 56 (Case

3 of Example 1). ‘

We can notice two different types of routes in the previous

examples:

a) direct routes along which the students are transported using
the shortest paths to the school,

b} routes with detours along which at least one student must
make a detour on his way to the school.

It will be useful to have a classification of the different
types of detours which can arise in order to simplify our future
discussions. For illustrative purposes we will consider a network
with total of 40 students as depicted in Fig. 2.

Fig. 2 Fig. 3
Example 3 (Fig. 2). Assume that Tp,4 corresponds to 210
distance units.



Case 1: cq4 = 36, ¢c» = 4, The transportation can be accomplished
using the following routes:

Bus 1: v1[26], v2[4], v3[2], vgl31, v7[1], School.
Bus 2: v5[1], v2[O], v3[1], v4[2], School.

Obviously, both buses must make detours in order to get a
feasible solution.

Case 2: c¢q = 31, ¢y = 9. We have the following routes:

Bus 1: vq1[26), vo[31s vo[01, vy[2], School.
(3) 1 2 3 4
Bus 2: v5[1], vol11, v3[31, vgl31, v7[1], School.

We can see that the second bus must follow the route indicated in
order for the problem to be solvable. The choice is only in the
decision where it picks up students. Thus instead of (3) we can
have:

(31 Bus 1: v4[261, vol2], v3[1]. vyl2], School.
Bus 2: .V5[1]1 V2[2]1 V3[2]5 V6[3]s V7[1]’ School.

Before we describe the classification of detours we will
consider one last example based on network from Fig. 3.

Example 4 (Fig. 3). The following bus capacities are
available: cq = 65, co = 60. Tpax corresponds to 130 distance
units. A solution is given by the routes:

Bus 1: V1[5]7 V2[0], V3[15]’ Vu[ZO], V5[25]’ School.
Bus 2: v,[10], vgl20], vqe[151, vgl101, vgl5], School.

We see that in this case the first bus does not take any students
from vo in spite of the fact that it passes through the location.
Vo is served by the second bus which has to make a detour. If the
first bus took all the students from v, then it would leave
behind some students in locations V3, vy, or vs. But it is easy
to see that in that case the remaining available bus cannot
transport all the remaining students. The same situation would
occur if the first bus took only a single student from vo,.

This example illustrates that there can be situations in
which a partially filled bus must pass through a location without
taking a single student there, Otherwise it would lead to an
increase of the required number of buses providing the
transportation.

The few examples given here indicate the complexity of the
problem at hand. They show first of all that even very small
changes in the weights of the edges, the number of students at



some locations, the bus capacities, and/or the structure of the
network can lead to a change in the value of the objective
function or the routes and schedules of the buses. Any efficient
method which will solve the problem of minimizing the objective
function subject to constraints of the described types must take
all these facts into account. The following section outlines how
these questions are handled in the computer system we have
developed and implemented.

III. STRUCTURAL CHARACTERISTICS OF THE PROBLEM

We showed in the previous section that the buses must take
different types of detours in order to get a good value for the
number of buses used for the transportation. While a bus
following the shortest path brings the students to the school in
the shortest time, the bus following a detour carries some
students around for longer time. For this reason it is natural to
give the highest priority to direct routes. Whether the problem
is solvable optimally with direct routes or routes with detours
depends basically at the following:

a) the structure of graph G,

b) the weights of its edges and labels of its nodes WL,

¢) the available bus capacities C.

The triple (G,WL,C) determines implicitly the value of the
objective function and its corresponding routes and their types.
Therefore an algorithm for a solution of the minimization
problem, which is based on graph theoretical and combinatorial
techniques, must fully utilize these facts. In order to get a
good (heuristic) value of the objective function it is essential
to use the information provided by the triple (G,WL,C)
simultaneously as opposed to methods using the given information
sequentially (i.e. the network is used first to generate the
routes and only then are the buses considered and scheduled).

In order to satisfy the requirement of "simultaneity", which
must be reflected in the developed computer system, we turn our
attention first to questions of

- proper choice of different types of bus routes,

- proper choice of subgraphs G' of G,

- a covering of G' by buses of the set C.

We start with a classification of different route types.

10



a. Classification of Route Types

The simplest route type is the direct one. Here each student
on the bus is transported to the school along the shortest path
(see Fig. 4a). On the other hand, bus routes which start at a
location where the first student enters the bus and end at the
school which are not direct routes are called routes with a
detour or simply detours. Since every bus uses at least for a
part of its route a direct route to the school (if not sooner
then after taking the last student it travels directly to the
school) we can assign to each detour a part of a direct route DT.
The longer the part DT of a route is the shorter the required
detours on the route.

P PIN_~P P P o
DT 0T DT DT

a Q 4 Q . Q >q
/ /

|
! |
; l

b ’ ’
o) ] o}
Fig. Ha Fig. 4b Fig. bc Fig. 4d

Direct route Type 1 detour Type 2 detour Type 3 detour

Type 1 detour (Fig. 4b) is characterized by the fact that
the bus starts with a detour between points P' and P. Then it
follows the shortest path to the school passing through point Q.
Only those students entering the bus at points starting at P' and
before P are inconvenienced by following a longer path to the
school than necessary. We saw this route type in Example 1, Case -
2 and 3, of the previous section.

Another type of detour, type 2, is characterized by the fact
that the route starts at point P, follows a direct path to the
school up to point Q and at Q it sidetracks to point Q'. It is
continued along the shortest path from Q' to the school (Fig.
Be). This time all students entering the bus before point Q' make
a longer trip than absolutely necessary, while the students
entering between Q' and the school follow the shortest path. An
example of this route type is given in Case 1, Example 3, Section
II. Case 2 of the same example shows that the second bus makes a
‘detour which is neither type 1 nor type 2. This detour type,
called type 3, is composed of the previous two types in such a
way that the part DT (following the direct route to the school)
is preceded by a detour P'P and followed by a detour QQ' (Fig.
4d).

The route types illustrated by Fig. 4a - 4d are so called

L



open routes. From assumption P6 of Section I follows that we can
consider as a bus route that part of the bus trip between the
location in which the bus picks up the first student and the
school. Only if a bus makes a second trip then it follows a
closed path with the school as both the starting and ending
point. As described in Section II, the second trip of a bus is
possible only in the inner district of the school Vg and
therefore all routes serving the outer district V1 of the school
can be considered as open.

We will use the route types from Fig. Yda - 4d in the
computer system developed. In order to obtain a good value of the
objective function we will try to cover the outer district V
(=V-Vq4) of graph G using a minimum number of routes of the above
described types.

b. Shortest Path Tree

A common feature of all route types is the direct part DT.
We need some information at hand which will allow us to recognize
the possibility of a direct route. To that end we will generate a
spanning tree T in network G of shortest paths from the school
(root of the tree) to all other nodes. Note that such a tree is
not necessarily unique. Every shortest path A in T from a leaf of
the tree to the school represents a possible direct route from
the leaf to the school (Fig. 5).

Network G representing Shortest path tree T of G
locations and their (with school as its root)
connections

Fig. 5
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We will use the shortest path tree to classify nodes of G
different from the school. A node v V(G), v £ school, is called

- a leaf with respect to T if its degree in T is 1,

- an inner point if its degree in T is 2,

- a branching point if its degree in T is greater than 2.
In the case of tree T from Fig. 5 we have the following
situation:

Leaves with respect to T: Vqs Vys Vg Vgs Vqgs V1qs Vi2r Vqyo
V15y V169 V19p and V21.

Branching points with respect to T: vg, vqi3s Vq7> and Voy.
All other nodes are inner nodes with respect to T.
A branching point v, from T implies a subtree T(v,) of Tin
the following manner:
1. v is root of T(v,).
2. vi € Ty vi{ £ Vp» 15 a node of T(v,) exactly if
(i) v; is farther from the school than v,.,

(ii) the shortest path (in T) from v; to the school

i
passes through v,.

For example, the branching node vy in the above tree T
implies a subtree T(vg) defined by

T(Vg) = {Vl N i=5969738!9}.
Similarly, voy implies a subtree
T(voy) = vy iztl,...,241}.

In the following we will call every subtree T(v) implied by a
branching point v in T, as defined above, the fork with source v.

Fork of the Forks of higher degrees
first degree

Fig. 6
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If the fork T(v) does not contain any point which itself is
a branching point with respect to T then T(v) is called a fork of
the first degree (Fig. 6).

In the tree of Fig. 5 there are the following forks of the
first degree: '

T(Vg) = {Vg; VS,V69V7’V8}’
T(V13)

{V13; V11’V12}s

T(V17) {V17; V14’V159V16}.

The fork defined by the branching point voy:
T(voy) = {voy; Vi ¢ i=14,...,23}

is not of the first degree since it contains additional branching
point V17.

The forks play an important role in the development of
methods for solving our transportation problem. For this reason
it is useful to look more closely at the structure of forks of
the first degree. Let v; and v be two arbitrary nodes of a fork
T(v) of the first degree that "are different from the root v and
do not belong to the same branch of T(v). If v; and v; are
adjacent in G, i.e. there is an edge between them, than we call
the two branches of T(v) containing vj and v: neighbouring in
T(v). A fork is called isolated if all its branches are pairwise
not neighbouring (Fig. 7).

Forks of the first degree:

w v Tag
isolated nonisolated

Fig. 7

Every fork of the first degree can be decomposed into its
isolated and nonisolated components (Fig. 8.

14
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c¢c. Decomposition of the Shortest Path Tree

An analysis similar to the one we applied to forks of the
first degree can be applied to the whole shortest path tree T
having the school as its root. First of all it can be established
whether T can be decomposed into a set of subtrees Ty oes T
all of which have the school, call it v for a moment, as the rooE
but otherwise are disjoint so that the following conditions hold:

r
1. vm-ivk = U irp-tvn.
i=1

2. Every path in G between arbitrary nodes v: in V(Ti) and v ;
in V(T:), 1 # j, either passes through fhe school or thg
time reqﬁired for traveling from v; through v; (or from v
through v;) to the school is greater than the sdllowed uppeg
limit (l’J = Ty eees ).

3. Each subtree Ti’ i = 1,...or, contains at least one node
from the outer district V1 of the school (see Section II).

4, The decomposition of T is maximal, i.e. there is no Tj,
(1£i<r) which can be itself decomposed.

As an example we can consider the network given in Fig. 9.
It is a slight modification of the network from Fig. 5 and it has
the same shortest path tree. While the network from Fig. 5 has
only a trivial decomposition (i.e. it is itself the only
component), the network from Fig. 9 has a decomposition into
 four components as indicated.

15



Maximal decomposition of a network into
isolated components

Fig. 9
d. Composition of the Bus Fleet

So far we considered primarily structural properties of the
network. Now we will look at some configurations of the bus fleet
which will be important in the development of our algorithm,

Let € = {cy : i=1,...503 ci2CH if i<j} be the ordered set of
all available bus capacities. Using relation (2) of Section II
we can determine the minimal number k of buses needed to
transport S students. But this does not say anything about the
number of different possible configurations of k buses selected
from the available bus fleet which can provide the service. We
can determine the overall smallest bus capacity which may be used
(if only k buses are used for the transport) in the following
manner: We substitute in (2) the term cy, by an element cj € C,
j>ks, so that

=1 k=1
(3) S X cy + ?_1 cy and if j<n then S > Cjet + 2_1 cy

Given a sufficiently large set C of capacities available for
transportation of S students then there exists always

- a smallest number k of buses needed and

- a smallest capacity c¢; from C which may q% used so that

the k buses are sufficf%nt for the service.

*7 Thus if we find out during the route generation process that
a bus with the smallest capacity c; cannot be completely
filled and that a smaller bus capaci%y ¢c < ¢; is sufficient
then it implies that the total number of bus%s used for the
transportation becomes greater than k.

16



Note that this is true in general only if other constraints of
the problem (such as maximal riding or waiting time) are not
binding. But let us ignore for a moment the other constraints and
consider only the capacities.

Let

B = {cr1,.;.,crk * Cpi & C, i=19...;k; Crizcrj if i<j}
be a k-element subset of capacities of C ordered in nonincreasing
order. Then B is called a representation of S of length k if the

following conditions are satisfied:

1. The k buses from B can transport at least S students, i.e.
k
S < %;; Cri

2. Transportation of S students using only k-1 buses from B is
not possible, i.e,

k
S > 2 ¢piy for every j, 1 < j £ k.
iz1

i#4]
3. No element ¢ i € Bcanbereplaced by a smaller element of C
without destroying property 1, i.e.

k
S > Z Cpi - Cpj + ¢ for each ¢ € C-B and c<crj.
i=1

The difference D between the total capacity of representation B
and the number of students S is called defect of the
representation:

k
D = z Cri - S.
i=1
In general, there exists more than one representation of a
given length, as the following example illustrates. Let

C = {36’34928’26,22,18’17912,10}

be the available bus fleet and S = 52. The following are all
representations of specified lengths:

Length=2:
’ (36,17), D =1
(34’18), D = O
(28,26), D=2
Length:3;
(34,12,10), D=1
(26917,10)a D = 1
(22318’12)’ D = 0
Length=4:
' (18,17,12,10), D=5

Note that in this case the smallest capacity is 17 and k = 2.

17



The defect of a representation B is always nonnegative,
otherwise B would not be a representation. On the other hand, if
we replace some capacity in a representation by a larger one,
then the first condition of the definition of a representation
remains still valid, i.e. we can transport all S students using
the k buses,

IV. SOLUTION STRATEGIES

‘In this section we describe basic ideas of solution strategy
used in the development of our algorithm. We introduce them under
a few suggestive headings.

a. Determination of the Minimum Number of Buses Required

Since we do not know the exact number of buses required in
advance we assume that the input includes a description of a bus
fleet having more buses of different capacities than necessarily
required. This situation occurs also when we are looking for an
improvement of a currently used transportation system by trying
to reduce the number of buses actually used.

Generally, we can say that a greater number of available
buses implies a greater number of bus representations (see
Section III.d) and therefore a greater number of different
choices for a solution. Since we are looking for an optimal
solution, among possibly many others, we must be careful in our
choices right from the very beginning.

The first piece of information which is readily available to
us is the estimate following from (2), Section II. After the
decomposition of the network into the inner and outer districts
with respect to the school we apply (2) to the total number of
students in both districts and the larger value obtained gives us
a lower bound on the necessary number MIN of buses for the
transportation.

b. Decomposition of the Network
A possible correction of number MIN found above can be
required as a result of the decomposition of our network into

18



isolated districts Ti’ i=1s...5rs as described in Section III.c.
This decomposition implies a disjoint decomposition of the outer
district Vl into subdistricts T'i’ where

T']_:Tan«‘y i=1y oo, r.

From assumptions P2 and P3 of Sectigy I follows that a
transition from T'i to T'; is not possible and therefore the
buses serving T'i cannot®™ in any way serve also T'j. Thus the
districts T'; and T'j will be handled independently.

We will develop subroutines which will:
i) show whether the decomposition of V4 implies increase of the
number of buses above MIN;

ii) generate representations for the districts T'; so that the
total number of all buses used to serve the outer district
will be minimal.

The following example illustrates the point.

Example. Let C = {50,50,50,10,10,10} be the available bus
fleet and S(V4) = 150. This implies MIN = 3, since the three
buses with capacity 50 are capable of transporting 150 students.
If the district V4 is decomposed into

(’4) V1 = T'1 u T'2U T'3
with the corresponding numbers of students
S(T*'4) = 70, S(T'5) = 50, S(T'3) = 30

fthen the required number of buses is increased to 5. The
individual districts can be served by following bus fleets:

T'y @ (50,10,10)
T'S : (50)
T'3 @ (50)

It is also obvious that every subdistrict T'i’ i=1,2,3, has
a representation of the minimal length 1;. Unfortunately, it is
not known a priori whether this representation will be sufficient
for serving T':. In order to find an answer we will proceed now
to a description of a heuristic strategy which will be used in
our algorithm.

c¢c. Additional Strategy Considerations

One can see the complexity of the problem from the previous

)

Note that a bus going from T'; to T'; must pass through the
school and while there it can lé&ave all the students
collected before there. In view of the maximal waiting time
allowed, WT . ,» the bus is not able to reach district T'j in
" the time period available before beginning of classes.

19



description and the illustrative examples given. For that reason
we will not try to develop an exact algorithm which will give the
true solution. Our goal will be rather to develop practical
heuristics based on the structural properties of the problem
which will be used in our calculations. We will also avoid use of
backtracking in cases when a good bus route determined in a local
district is later found to be a bad one. Backtracking methods are
justified only when we are completely sure about the good quality
of the solution found. But this is the case only for exact
methods.

We will proceed in such a manner that a bus route determined
as a good one locally will be accepted as satisfactory and will
become a part of our final solution. The bus assigned to serve
this route is no longer available for service elsewhere. That
means that if we determine a bus route and a bus serving it then

i) the available bus fleet size is reduced by the bus serving
the route,
ii) network G will be reduced by removing nodes containing no
more students waiting for transportation,
iii) the labeling of nodes which were served only partly by the
bus route will be modified.

We explained in Section III that the simultaneous
consideration of the structure of network G, the node and edge
labeling WL, and the available bus fleet C plays a key role in
determining the quality of the results obtained. The more
complicated the structure of G is, the more complicated and
diverse are the questions of bus route determination. In order to
keep under control the total number of different possibilities
considered, it is useful to consider not the whole district T';,
i=1,...sr» at the same time, but only some of its well defined
subdistricts and use an iterative algorithm for their analysis.
These subdistricts should be sufficiently well structured within
network G to allow identification of different alternatives.

We can use the forks of the first degree, introduced in
Section III.b, as subdistricts satisfying these conditions. They
are easily identifiable using the shortest path spanning tree T
(Section III.b) and they represent simple but important
structural properties of network G. We proceed now to a
description of our strategy for algorithmical handling of forks
of the first degree.

d. Algorithms for Handling Forks of the First Degree

Let F (=T(v)) be an arbitrary fork of the first degree of T
with root v. In our algorithm we associate with F some other
nodes of G, first of all the nodes lying on the shortest path
from v to the school. Unless there is a specific reason other
nodes of G will not be considered when handling F (including
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those of the neighbouring forks). For example in the network of
Fig. 5 nodes Viy» V455 Vqgs, and vqgy form a fork of the first
degree with root Vi7. In considering this fork we will consider
also nodes v1§13nd vV o) but not node Vio which is a neighbour of
Viy in G but which belongs to the fork 51 = {vq3; viqovqpl.

It follows from the discussion in Section III.b that F is
decomposed into isolated and nonisolated components (see Fig. 8).
If a bus serves a nonisolated component then it can pass through
the root of the fork only once. On the contrary a bus serving an
isolated component must repeatedly return to the root if it
serves more than one branch of the fork. Therefore routing along
an isolated component can be very ineffective since some branches
must be traversed twice in opposite directions and some nodes
visited twice. For that reason, we will determine first if a
branch of an isolated component is connected to some branches of
other forks (of the first or higher degrees). If that is the case
then such a branch is not considered any longer isolated and we
look for possible detours when routing it.

Assume that an isolated component of a fork contains s
branches, none of them being a neighbour of branches of other
forks. Denote by t; the travel time needed to traverse branch i
of the component. We can assume without loss of generality that

The minimal time needed for a bus to traverse all of the
branches of the component and arrive finally at v (for the last
time) 1is

(2]

T1=ts+2 'CJ'.

1
=1

Cae

If t is the travel time needed between v and the school then the
bus can serve the whole isolated component only if

T1 £ Tpax - E-
On the contrary, if

T1 > Tmax -t

then‘there are at least two buses needed for serving the isolated
component. For exactly two buses we obtain the following time
bound T, for traversing the whole component
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s=2
If To < 2(Tpax-t)» then it may be possible to serve the whole
isolated component with two buses. Otherwise at least one more
bus is needed and we get the following value Ty (a lower bound
for the total time):

s_%
T3 = tS + tS—1 + ts_2 + 2 j-1 tj = T1 - tS—1 - tS—Z'

If Ty > 3(Tpax-t) then at least one more bus is needed. In
general, there will be at least k (<s) buses needed if

k=1 s=k
Ty =2 _tg g + 22ty < K(Tpae=t)
i=0 J=1
(5)
Te >'e(TmaX—t) for all e, 1 £ e < k.

We can see that in considering the isolated component of a fork
of the first degree, relation (5) gives us a lower bound k for
the minimal number of buses based only on the structural
properties of network G and weights of its edges. Whether this
number is also sufficient depends not only on the network itself
but also on the way how bus routes are determined, how the total
number of students is distributed among the nodes of the network,
and on the available bus capacities.

Consider now one of the buses. If it starts its route with
traversing the longest branch (once only) then for its total
travel time the following must hold:

s-1
j—1 2tj'xj < Tmax - tS -t |
(6) . 1, if bus traverses branch j,
where xj = {
0, otherwise.

Since we try to optimize, the difference between the right and
left hand sides of (6) should be minimal. This will occur if the
left hand side of (6) is maximum:

s-1
(7) max Z:: 2t i.% 5.
- NN
j=1
The problem of maximizing (7) subject to (6) is a knapsack
problem. Thus we can find routes for buses within an isolated
component of a fork by solving knapsack problems.

The number k defined above is only a lower bound of the
number of buses needed. Whether k buses are sufficient depends
also on the distribution of the students among the nodes of the
network. For example, if we consider the fork in Fig. 10 and if
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the allowed driving time along the branches of the fork is T =
200 units then looking only at the time restriction the fork can
be served by two buses using the following routes: vg, Vs, Vi, V,
Vy» Vv and Vgs Vs Voy Vs Vg, V. If the available bus fleet
contains capacities cq = 40, co = 29, and ¢z = 25, then the fork

Fig. 10

cannot be served by two buses. It can be served by two buses if
capacity cp is replaced by a larger one.

The algorithmic treatement of an isolated component will
consist from the following steps applied iteratively:
1. Determine the total number of students in the isolated
component and the length of a minimal bus representation.
2. Set up the knapsack problem and solve it.
3. Determine the number of students along the route identified
in 2.
4L, Find an appropriate bus capacity to serve the whole route or
a part of it.
5. If an unused capacity remains try to £fill the bus on its way
to school or find a detour at the beginning of the route
(through nodes of another fork), if possible. .
Reduce the network by removing nodes completely served.
Reduce the bus fleet by removing the bus used.
. If the isolated component has not been served fully, return
to step 2, otherwise we are finished with the routing of the
component.

o -3 O

Information found in step 1 can be used to evaluating how
well we succeeded in routing the component. If the number of
buses used for serving the component is larger than the length of
a minimal bus representation, then it means that it is not
possible to reach the absolutely minimal number of buses MIN for
serving the whole network. The number MIN will also be exceeded
if the appropriate bus capacity found in step 4 is smaller than
the previously determined minimal bus capacity (see Section
III.d). :

The nonisolated components of forks of the first degree will
be handled in a different manner. Fig. 11 shows that <these
components can be classified into those allowing a transition
from any branch to any other branch without passing through the
root v of the fork (Fig. 11a) and those where it is not possible
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(Fig. 11b). In the latter case there exists a splitting of the
whole component into nonisolated subcomponents which are pairwise
isolated, i.e. we can move from a node in one subcomponent to a
node in another subcomponent only through the root v of the fork
of the first degree while visiting only nodes of the fork.

Nonisolated components
a. Without splitting b. With splitting
Fig. 11

Since the nonisolated components of a fork of the first
degree offer more possibilities for detours than the isolated
ones, it is desirable to have some information available which
can be used to initialize the routing process. This information
should contain first of all some knowledge about topological
properties of the examined district of the given network. It can
be important whether the routing process starts with an internal
or a boundary node of the district. In the example of Fig. 12,
the nodes of the fork can be visited by a bus in time T = 70

units if it starts its trip in

one of the "boundary" nodes v
Y or vy (i.e. nodes lying at the
3 "outer"™ branches of the fork).
If the bus started its route
at the "inner" node Vo then it
would not be possible to serve
all the nodes within the
available time (assuming this
time is less than 90 time
units).

Y 2 B ap
@

We dintroduce now a

Fig. 12 concept of a distance measure

for branches of a fork of the

_ first degree based on the

distance of nodes which will allow us to make subsequent
description more precise,

Definition. Let B; and B; be two branches of a fork of the
first degree with root v. The minimum of all distances between an
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arbitrary node of Bi and arbitrary node Bj (both of them distinct
from v) is called distance of Bi and” B; and is denoted by

J
d(Bi’Bj)o

Our handling of nonislated component K of a fork of the
first degree (no matter whether it is split or not - see Fig. 11)
is based on the following steps:

1. Determine the total number of students S in K, not counting
the students at root v, and the number S' of all students

from K, including those in v.

2. Determine a minimal representation of S and bus

configurations with minimal defect (Section III.d).

3. Determine distances of branches of K.
4, Determine appropriate routes for the buses of the
representation.

Step 2 uses information obtained in step 1 and generates a
minimal subset B of the available bus fleet which can be used for
transportation of S students. B has the property that its defect,
i.e. the number of extra seats (above the required number S) is
minimal. These bus capacities are used in step 4 for
determination of routes in such a way that the time restrictions
are satisfied and all S students are served, if possible. The
following describes how this is actually done.

The route generated should start with one of the outer
branches of the fork, if possible, as we illustrated in the
example of Fig. 12. Of course, it can happen that an outer branch
does not exist, as shown in
Fig. 13. Nevertheless, if
outer branches are available
then they are characterized as
the pair B; and B: of branches
of the nonisolatéd component
with maximum distance
d(B;jsB3). If there are no
outer %ranches then we can
select the pair of branches
having maximum distance. In
any case we select out of the
two branches determined the
longest one and denote it by
B. Let Sy be the total number
Fig.13 of students along B (not

including the root v).

Since Sg < S we can determine the minimal number k such that
k buses chosen from the set B found in step 2 are sufficient
(with respect to their capacities) for transportation of S
students. We can also find a representation B of Sp of length E
(from B) so that its defect Dp is minimal, i.e. the set Bp € B of
k buses is sufficient for the transportation of Sgp students and
Dp 2 0 seats will not be used. If Dp = 0 then the transportation
can follow the direct route along branch B.
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If Dg > O then the situation looks different. In this case
not all buses from BB can be completely filled along branch B.
Without loss of generality we can assume that only one bus C € By
is not completely filled along branch B while the remaining buses
from Bp are fully loaded. The main emphasis incorporated into our
approach to route generation is:

a) use detours through other nodes of the currently analyzed
fork (different from its root v ) to pick up additional Dy
students; if this is not possible then '

b) fill the remaining empty seats of C by students along the
direct way from root v to the school.

Thus our strategy consists in trying to eliminate the
calculated defect Dg. If D is eliminated using only nodes of the
fork (case a) above) then this is the best possible result, at
least Q?mporarily. Of course, it may prove later to be a poor
result. Since we do not use backtracking, as mentioned earlier,
we accept such a solution as the best possible and include the
route found into the final solution. If we must use case b) then
a conflict situation can arise. It can be recognized in that the
necessary minimal number of buses for routing the current fork
must be increased. The situation occurs if Dg > D and if it is
not possible to pick up at least D' = Dg =~ D students along a
detour through nodes of the fork outside of branch B and
different from root v. Whether there are some possibilities to
get rid of this conflict situation, and what they are, will be
discussed in the following when we describe our routing methods.

The following example will illustrate this situation. Let
the given values be

S - 115: SB - 559 c = (50»40930:10).

Then the representation B of S with minimal length is

B = (50:40:30); D = 5.
The representation Bp (C B) of Sp with minimal length is

BB = (40,30); DB = 15.
We have Dpg 2 D. It is easy to see that unless there can be at
least D' = 15 = 5 = 10 students picked up at nodes (different
from root v and outside branch B) inside the fork considered then

there must be four buses used for routing the fork, not only
three. »

This can happen, for example, if bus capacities used might
be better used later in the process but are no longer
available,
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e. Route Finding Methods

Let us assume that the defects D and Dp of the
representations B and By, respectively, as described in the
previous paragraph, satisfy the relation 0 < Dp £ D. We will
describe now the methods used to find the appropriate routes.

Since Dg > O therefore at least one bus of the
representation Bp should make a detour, if possible, in order to
decrease Dp. Wit out loss of generality we may assume that it is
the smallest bus from Bp. This way only a minimal number of
students will be required to make a detour.

We will use the three types of detours described in Section
III.a (Fig. l4a-u4d) as possible detours. First we will try to
reduce completely the defect Dg using a detour of type 1. If it
is not possible we will look for a detour of type 2. If we fail
even then we will look for a detour of type 3.

Before we proceed further let us remind ourselves of a
situation which can complicate the process and which was
demonstrated in example 4 of Section II (Fig. 3). A difficulty
can arise from the fact that there exist nodes on a branch from
which there is no detour possible because of the time
restrictions. In example 4, v., V3 and vg are such nodes. In
general, we will call nodes of a branch critical if they cannot
be points of detours of type 2 or 3.

The number of possible detours from branches containing
critical points is reduced in comparison to branches without
critical points. Therefore handling branches with critical points
requires special consideration. For this reason we start first
with handling branches without critical points.

If C is a bus with the smallest capacity ¢ from
representation Bp then it follows from our assumptions that all
other buses from Bgp different from C can be filled completely
along a direct route (see Fig. 4a). For the bus with capacity ¢

27



remains only k = ¢ - D students for transportation along branch
B. The additional Dp students should be found, if possible, along
a detour through oé%er branches ( # B) of the fork considered. In
doing so it is important to watch the nodes of B from which the k
students are picked up in order to get a solution. That leads us
to definition of a k-block.

Definition. Let B be a branch of a fork with root v and let
q be an arbitrary node from B. A set M of consecutive nodes from
B is called a k-block defined by q if it has the following
properties:
1. q belongs to M. _
5. The distance of every node of M from the root v is not less
than the distance of g and v. .
3. The total number of students in nodes of M is at least k.
4, The set M - {g} contains less then k students.
As an example consider branch B of the fork in Fig. 14,

The following table contains k-blocks for different values
of k and different nodes on branch B.

q ki 5 8 11 15 22 30
i
1
Vg ; {vg} {v5} {vu,v5} {v3,v4,v5} /] {v2,v3.vu,v5}
Vu i i) {V3:V4} {V3,V4} [ {V2;V3,Vq} i
| ,
]
V3 ; {V3} [ 2 {VZ’VB} {V1:V2’V3} 2
V2 ! {VZ} {V2} {V2} {V13V2} 7] 2
!
!

A k-block represents a sequence of consecutive nodes of a
branch and it contains at least a given number of students. Node
~q defining the block determines the location of the k-block along

B [27 v, L

18]

Fig. 15
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the branch. This location is often the determining factor in an
optimal routing of a detour, as illustrated by the following
example.

_ Example. Let k, Dp, and T be given as follows: k = 10,
Dg =5, T = 100 (time available for a detour).

The two forks in Fig. 15 differ only in the number of
students at nodes vg and vg. Branch B contains k-blocks {vq,vy!
and {v3}. If we consSider network of Fig. 15a then there 1s only
one possible detour for a bus with capacity ¢ = 15 in order to
pick up 5 more students from nodes outside branch B, namely vq,
Vos Vgs Vg For network of Fig. 15b the only possible detour for
tge same gus capacity 1s vy» Vg Vgs V3.

As soon as we find out that a detour is needed in order to
use best a bus capacity (when routing along a branch B of a fork)
we determine a specific k-block of branch B, namely the k-block
KBlL which is defined by the node of B closest to the school (or
to root v of the fork).

If p is the node of KBl most distant from the school and if
the driving time from p to the school is t then time T = T ax‘t
is available for a detour. The possible candidate nodes ?or a
starting point of a detour are those nodes of the fork, not lying
on branch B, which are reachable from p within the available time
T. Denote the set of these nodes by M1. Using a tree search
algorithm we will try to determine a subset M = {vj € Mi1: i€ I}
of M1 having the following properties:

1. If we add to M node p then the nodes of M can be ordered
into an open path W with one end point at p, which can be
traversed in time less than or equal to T.

5. The total number of students at the nodes of M - {p} is at
least Dy. ' -

3. The length of W cannot be shortened by eliminating a point
(different from p) from W without destroying property 2.

If these properties are satisfied then our problem is solved,
i.e. using a detour we can fill completely the bus considered.

Fig. 16
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Example. Consider the fork of Fig. 16.

If T = 40 then M1 = {vy: i=1,...,8} and the possible paths
are:

W1 (V13V2!V3'p)

Wo = (VysVgsVgsV3sD)
W3 = (Vg,VgsV3sD)
Wy = (VgsVgsV3aPp)
W5 = (VosVgsV3sD)

If Dg = 7 then W, and W, do not satisfy property 2. From
the remaining paths only W3 an Wg satisfy property 3. Property 3
is not satisfied for W5, but path W', Wrss where W! =
(vgsrvgsV ,p) satisfies all three conditions. Which one of he
three paths W's, W3, Ws Wwill be found as the first one and thus
become a part of a solution depends on the algorithm used.

As a further point we can notice that a detour found can be
improved upon with respect to its length. The example above has
path Wg = (v2,v6,v3,p) of length 38 while the path W'g =
(v6,v2,v3,p) has lengfh only 36.

We already mentioned earlier (Section IV.d) that a conflict
situation can arise as a consequence of a decision made
previously, without really knowing what possible consequences it
could have later. When we look for detours we also select exactly
one of perhaps several possibilities in the hope that we made a
good choice. If as a consequence of our choice we run 1into
trouble later we will not return and examine whether an
alternative choice could have avoided the trouble.

If our attempt to find a detour does not lead to a desired
result then there is no detour of the described type along which
at least DB students can be picked up. Since the detour finding
process is deterministic, we obtain some useful information even
if we do not succeed in determining a detour. This information
can be used later in our decisions. First of all we find a detour
along which a maximal number of students Dy, where Dy < Dp, can
be picked up together with the required minimal time for its
traversal. All this is available for subsequent steps. Whether
this information will actually be used depends on the outcome of
our search for another type of a detour which follows the
traversal of a k-=block as opposed to the above discussed type
which preceeded a k-block. More specifically, if q is the node of
a k-block closest to the school, then the bus should divert from
branch B at g to some other nodes of the fork (not belonging to
B) in order to collect additional Dg students (see Fig. 4c¢). If
tg is the time needed to traverse the k-block and t' the time
required to travel from v to the school then T = T ., - tg = t!
is the time available for a detour from node q to noé% v (root of
the fork). If we denote by t(vi.vj) the minimal required driving
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time between nodes vy and v: then every node 1 of the fork
located inside the ellipse defined by the inequality

t(q:l) + £(l,v) £ T

is a potential detour location. From 1 we can reach all nodes 1j
of the fork satisfying the following inequality

t(1,15) + t(lij,v) < T where T' = T - t(qg,1).

We will use again a tree search algorithm for determining a
detour along which at least Dp students can be picked up between
q and v. If we do not succeed in finding such a detour then we
identify a detour along which a maximal number of students D'y»
where D', < Dps can be picked up and which can be traversed in
minimal g&me.

Example. Consider the network from Fig. 17 with T = 100.
B v 20 e ¥

Only nodes Vy, V3s Vys Voo and ve can be considered for a
detour starting from node gq. The possible detours are

Wy = (q,v2,v3,v4,v)
WZ = (Q,V2’V31V71V)
W3 = (q:V29V3yV79V8,V)

with corresponding numbers of students 31 =5, So = 6, and S, =
8, respectively. If Dp = 9 then we will store for possible‘la%er
use the result which comes closest to Dp» i.e. W3 with D'y = 8
and time to traverse the detour T' = 95.

If we cannot find any detour of type 1 or 2 through nodes of
the fork lying outside of branch B along which at least D
students can be picked up then we start looking for detours o
type 3 which are combinations of detours of the previous two
types (see Fig. 4d). In this case, a detour starts outside branch
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B, reaches node p (a part of a detour of type 1), serves nodes of
the k-=block on branch B between nodes p and g, then leaves branch
B at node q to follow a detour (a part of a detour of type 2) to
root v of the fork and from there directly to the school.

Example. Consider the network from Fig. 18 with available
bus capacities ¢4 = 30, ¢

If the time avallabfe for routing through the fork is T =
125 then the problem is solvable only when the route
(vzypyq,v3,v) is used. It is just a detour of type 3.

A Do_]

Fig. 18

If our attempt to find a detour of type 3 fails, i.e., we
cannot find Dgpg students on a detour, it does not mean that we
stop searching for other detours. In fact, by shifting the k-
block on branch B away from the fork root v we can succeed in
finding an appropriate detour. The following example illustrates
this point.

8 .
124]% V5 Lio]
{00
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Example. Consider the network from Fig. 19. The total number
of students in the whole fork is S = 50. Assume that the
available bus fleet is C = (30,10,10) and the time allowed for
routing along the fork (up to node v) is T = 250.

Branch B can be served by the two capacities ¢q = 30 and ¢,
= 10. Thus DB::6 and for a k-block on branch B we get k = 4. The
k-block closest to the school is {v ;Vu}. Unfortunately, it
cannot be used to find a detour comple%ely filling the bus with
capacity 10. The situation looks different if we use a more
distant k-block {v2,v3}. In this case we can find a route
(v6,v2,v3,v7,v8,v) containing a detour of type 3, and the whole
fork can be served completely by the buses of fleet C.

Thus if we cannot find an appropriate detour when routing
nodes of branch B then we will shift the k-block farther away
from root v, if possible, and continue our search for a detour of
one of the three types remembering always the best detour found
so far with its corresponding D,. If we cannot continue in this
manner any longer and we have not filled the bus fully within the
fork then we take the best detour found with the maximal value D
(<Dg) and try to fill the remaining available seats in the bus on
its way from v to the school.

If the branch contains critical points then we determine
appropriate routes using a modified strategy. It takes into
account the relationship between the number of students at the
critical points and the number of students along the whole
branch.

A similar modified strategy is used when it is established
that the minimal bus capacity cs:s as defined in Section III.d,
must be replaced by a smaller cgpacity ¢ (<c:) due to the fact
that there are not enough students along a pagticular route. In
that case we start with the most distant (from the school)
location p within the fork and determine a different route
passing through other nodes of the network so that there are as
many students as possible along the new route. If even then the
number of students is so small that a capacity ¢ < ¢; must be
used then it means that the value of the objective gunc%ion will
increase as a consequence of the current situation.)

This basically completes our description of the strategy
used in handling a fork. As soon as branch B of a fork is fully
served then it is deleted from the network and all other relevant
information is updated. After that we proceed to analyze a fork
still remaining in the reduced network by applying to it the same
strategy until the whole outer district is served.

There are some fork configurations for which our method will
not discover optimal detours in spite of the fact that they

*) In order to prove whether this situation could have been

avoided we must resort to enumeration of all possibilities =~
a choice that we do not want to consider for practical
reasons. :
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exist. The following example illustrates this.

Example. Consider the network of Fig. 20 which is only a
small modification of network from Fig. 18 (exchange of the
lengths of edges (v2,v3) and (q,v3)).

V; Lio]

Fig. 20

Under the same conditions as for Fig. 18 it is not possible
to extend the k-block {p>q} of branch B using one of the three
detour types. On the other hand, route (q,psVysV3sV) represents a
solution which would be discovered by our algorithm if the nodes
{vy,vg} of the other branch served as a k-block for a detour
(with appropriately modified student distribution within the
network).

If a detour is discovered then it does not mean that the
obtained route is really the shortest one possible for routing
that set of nodes. A reordering of the nodes can lead to a
shorter route as we saw it already in the example of Fig. 16 with

paths Ws and W's.

The strategy described here for handling forks of the first
degree is applicable only to the forks with their root in the
outer district V4. We will change the strategy if the reduced
network contains still some nodes in Vj which belong to forks
with roots in the inner district Vg. In this case we start with
an appropriate node p & V4 and determine a route passing through
a node q & V4 (not necessarily different from p) with the
following properties:

1. All nodes of the initial section (p.,q) of the route belong
to V4.

2. The Jhole route (p»qg,School) can be served within time T ax-*

3, The total number of students S along the initial secglon

(p»q) is maximal.

The number S is then used for determination of an appropriate bus
capacity which will serve the route found or its part. This
method is applied iteratively until the whole outer district V4
is fully served.
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To conclude our description of the methods used for route
generation, we turn our attention to serving the inner district
VO (see Section III.a). We will assume that the total number of
students in the outer district V4 is greater than the
corresponding number in the inner district V5 (we assume that
this is the case in most practical situations). If we ignore the
topological structure of Vg then we can say that in general we
have more buses available for serving Vg then necessary. Since
these buses are used for the second time, after completing routes
through the outer district, their second routes are closed and
the school is both their starting and terminal node. We want to
minimize the total number of buses used; therefore our main
concern now is to find out whether the buses which served the
outer district V4 can also serve the inner district Vg. If this
is possible then we can use as a secondary requirement the
condition that the routes generated are the shortest ones. Of
course, this is not necessary since it cannot in any case change
the value of our objective function.

On the other hand, if the total number of students in Vo,
S(Vg)s 1is greater than 3(V4) then the service of Vg can be
accomplished in two different ways. First, we can ignore the
topological properties of V4 and find a solution for Vg and after
that try to solve the problem for V4 using the bus capacities
which are provided by the solution for district Vg. The second
approach is to analyze and serve the outer district V4 first and
use the buses serving Vq for service in the inner district*go
and, if necessary, include further appropriate bus capacities.

We have seen that routing of the outer district V4 is a very
complex task requiring special attention. For this reason we have
chosen in our computer system the second alternative described
above. No matter what the relationship between the total number
of students in V4 and Vg is, we start with the routing of the
outer district V1. In this manner we obtain a totally ordered bus
fleet

> e': for i < j and

C' = {0'13...’0' J

s c'is .C%, where c'i
1’J=1!...Sp

which is now fully available for serving the inner district Vo.

In order to determine a closed route for a bus within Vg we
start from the school and go to its nearest neighbour 1 (1 € Vg).
We denote the time needed for this trip by t(sch,l). Then we try
to add other nodes if possible. As mentioned earlier, any added
node must lie within an ellipse. In general, if 1 € Vg is the end
node on a partly formed route then another node lie Vb can be
added to the same route only if

) It is sometimes necesary, as we know, to increase the
minimal number of buses MIN, calculated at the outset for
Vq. With this enlarged bus fleet it can be now possible to

serve the whole Vo.
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(8) £(1,15) + t(ljssch) < WTpay - €'

where WT_. ., is the upper bound on the total time of any route
within Vo FdeterminedAearlier) and t!' is the time spent when
going from the school to 1.

The generation of a closed route requires successive
application of (8) while observing the capacity restriction for
the route formed. By an iterative application of this procedure
we can completely cover district Vg by a set of closed routes R4
= {R1,".,R }. The number q obtained is not necessarily the
minimal nu%ber of closed routess qpip,» Which can be determined
for VO'

Example. Consider the network of Fig. 21 with WT ., = 35 and
the assumption that all students can be picked up gy a single
bus.

Fig. 21

A covering of Vg by closed routes depends on the order in
which nodes are added to the partially formed route. If, for
example, we travel first to node Vi then to vo, etc., then we
obtain two closed routes:

Rq

(sch,v1,v2,v3,v4,sch) and
R2 = (sch,v5,v6,sch).

On the other hand, if vy is the first node visited then there is
a possibility of obtaining one single route

R = (sch,vu,v5,v6,v1,v2,v3,sch)

which is, of course, the most favorable result we can get,
showing that qpi, = 1. The decision whether knowledge of qu;, is
desirable or not depends on bq}h the total number of studen%s of
the inner district Vg, S(Vq), ) and the capacities of the buses
in the original available bus fleet C. If p is the minimal number

of buses from C which is sufficient for transporting 3(Vg)
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students (ignoring the time restriction), then a lower bound sg
on the actual number of buses needed to serve Vg is given by

(9) Sg = max(qmin,p).

If s4 is the calculated number of buses which serve the outer
district V1 then we can see from (9) that these s, buses are not
sufficient for transporting S(Vg,) students of district Vg if
sq<p. On the contrary, if sq4 2 p %hen there is a possibility of
serving district Vo with s, Dbuses if sq 2 9pin-

If Sge is the total sum of the capacities of bus fleet C?
which serves the outer district V4, then a comparison of Sg¢ With
S(Vg) provides additional information. If SQ. 2 S(Vg) then
(ignoring any time restrictions) there is a sufficient number of
buses available. If Sgs < S(Vg)s that does not necessarily mean
that the total number of buses must be increased. Among other
things, it could be possible to replace capacities c'y C® by
unused capacities c; C such that ¢35 > c¢'y and thus increase the
overall transportﬁ%ion capacity without increasing the total
number of buses. Such a substitution of buses by buses with
larger capacities does not have any influence on the routes
previously determined for V1. It only increases the number of
unused seats in the buses.

While the determination of value p in (9) is easy and quick,
the determination of the exact value qpi, 1s a very difficult
combinatorial problem. For that reason we will avoid its
calculation in our computer system.

Thus we start the generation of routes for Vg by determining
a closed route R4 using repeatedly (8) and calculating
simultaneously the number of students S(Rq). As we already know
route R4 does not necessarily have the shortest possible length
among all the routes passing through the same points (i.e. it is
not necessarily an optimal solution to a traveling salesman
problem). An attempt to improve its length would have sense only
if its shortening had as a result the possibility of including
additional nodes from Vg into it. Whether we can obtain an
improvement of the value of our objective function in this way
cannot be said in advance since the value depends also on the
distribution of students among the nodes of the network and
available bus capacities. Since the time required to find an
exact solution to a traveling salesman problem is high even for a
small number of nodes visited, we will not pursue possible
improvements of the routes found which may not influence the
value of the objective function.

®) Note that while serving the outer district V4 it is possible

that some students from V, are also served by a bus which is
not fully loaded in the outer district. In the following we
denote by S(Vy) that number of students which is left in the
inner distric% Vo after district V4 has been fully served.
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Now we face the problem of assigning an appropriate
available bus capacity to the route R4 containing S(Rq) students.
In the first place, the buses from set C® should be considered
but we may replace a bus from C' by a bus from the complement of
C'* (= C - C') in order to find a bus with sufficiently large
capacity. For example, if € = {60,50,40,30,20}, C'" = {50,30,201,
and S(Rq) = 60 then the transportation can be accomplished either
by the bus from C' with capacity c'q = 50 and 10 students will be
left behind to be picked up by another bus or by the bus from
complement of C' with capacity cq = 60, If we decide for the
latter possibility which allows serving the entire route Rq then
the set C' must be modified to {60,30,20} and its complement to
{50,40}. It is difficult to say in advance which one of the two
possibilities should be chosen and what consequences follow from
the choice without some additional work.

The inequality
(10) SC' < S(Vg)

can be used to help us in our decision how to proceed. If (10) is
not satisfied, i.e. if Sge > S(Vg), then we can chose the first
option. If (10) is satisfied then we see immediately that the bus
fleet C' serving the outer district V4 1is not sufficient for
serving the inner district Vg. Nevertheless, there is still a
possibility that by replacing some buses in C® by larger capacity
buses from complement of C% if possible, the size of the new c:
will remain unchanged and C* will be sufficient for serving Vo.
This exchange technique will be used systematically in our search
for appropriate second routes serving the inner district V. If
such exchanges are not possible while (10) is valid then the size
of bus fleet C*' must be increased in order to find a solution to
the given problem.

V. REMARKS ABOUT THE COMPUTER SYSTEM

In the description given we tried to explain the basic view-
points we used in solving our version of the school bus routing
and scheduling problem. It seems simple in its formulation but is
in fact a very difficult combinatorial optimization problem. The
analysis done provides a basis for a heuristic solution of the
problem given.

The present version of the computer system we developed
represents a basic solution method for our problem. Since the
system has a modular structure, it can be expanded to incorporate
additional techniques for dealing with additional requirements
which can arise in practice. Such extensions might deal, for
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example, with questions of interconnection and simultaneous
handling of several school districts or different starting times
for different grades in a single school. In the cases mentioned
new techniques must be developed for handling the additional
‘requirements. Another question is the practical applicability of
the schedules generated by the system. For example, one of our
assumptions was that every bus used had to be available at a
certain location and a certain time to start its route. One can
imagine a situation when this assumption is not always practical,
e.g. when a line bus used for public transport is at a certain
time converted into a school bus. Additional constraints may be
formulated, implemented, and added to the system we developed.

VI. AN EXAMPLE

We will now illustrate the algorithm developed using an
example with real data. Description of the network, numbers of
students, bus capacities, time restrictions are taken from an
existing school district. They are given as follows:

Q Schoot
o Outey drstnct

[x] Numben of
Studomts

Fig. 22a: Network of a school district

Average speed of a bus: Vv = 32km/h.

Maximal riding time allowed: = 30min. 2 16km.

Maximal waiting time allowed: W%max = 15min. % 8km.

Radius of Vg = 4km.

Available bus fleet C = : i=1,...,22} is given by C =
{95,80,76,75,74,73,69,66, 6% 30,27,27:26,26,22,21,21,14,9,8,8,81}.
Total number of students in the district = 855.

Number of students in Vg = 336.

Number of students in V1 = 519.

Network G is depicted in Fig. 22a; the solid lines represent the
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tree of shortest paths from the school to all other nodes, the
dashed lines are the other edges of the network. The distances
are indicated in kilometers, the number of students at each
location is given in square brackets.

Using the available bus fleet C we can determine the
(absolutely) minimal number of buses, MIN, necessary for
transportation of all students. Since

Zf cy = 542 (>519) and Z c; = 473 (<519),
i=1 i=1j
the number is 7.

The minimal bus representation for 519 is given by
C = {95976974773:69:66,66}9 D = 0.

We note that the minimal capacity is equal to 66.

Subgraph T4 generated by the set of nodes {v16,v17,v18,v19}
is an isolated component of G (see Sectin III.c) since every path
from a node in T4 to any other node not in T1'passes through the
school. Note that after the first arrival to the school, a bus
may start its second route and therefore such a bus cannot serve
any more nodes from the outer district V1 due to the time
restrictions. Thus, those buses from C which serve nodes from Tq-
Vg = {vq7:vqg8:Vy }» containing 94 students, can serve only nodes
from the inner district Vg after serving the specified nodes in
the outer district V1, Consequently, the outer district V1 is
decomposed into two disjoint components with total number of
students being 94 and 519 - 94 = 425,

Now we can determine whether the decomposition of 519 into
94 and 425 implies an increase in the necessary number of buses.
First we can see that the minimum number of buses from C needed
for transportation of 94 students is 1 and the corresponding
representation (see Section III.b) B of 94 in C is B = {951}. To
serve U425 students using buses from the complement of B (= C-B)
we need at least 6 buses since

z cqy = 447 (>425) and 2 cy = 378 (<425).

i=2 i=2

Thus the decomposition of 519 into 94 and 425 does not
necessarily lead to an increase of the required number of Dbuses.
In order to answer the question whether the bus with capacity cq
= 95 can really serve all nodes of T1—V0 within the allowed
riding time we can use the following analysis. Tq-Vg consists of
(exactly) one fork of the first degree with branching point vg4-.
Both branches are not only mutually isolated but they are also
isolated from the rest of the network (see Section III.b). The

solution of the corresponding knapsack problem gives us the
following route:
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Route #1 Bus capacity ¢ = 95

Locatio Numb stu : S

v 9
vlg 3
V17 ) 82
V16 1
School '
In the solution we left out the exact departure times at the
individual locations which depend on both the class starting time

and the location distances from the school along the route
specified.

After finding a route and the corresponding bus we reduce
both the given network G and the available bus fleet C. First, we
remove nodes V47, Vqigs Vqg from G, and decrease the number of
students at node vqg DY 1. Then we eliminate capacity cq = 95
from the bus fleet &.

Nodes vgs Vqor Voyqo and the school are branching nodes in
the remaining ne%work, therefore they are roots of forks. Using
our strategy we select the most distant node from the outer
district which is a root of a fork of the first degree. In this
case Vqo is the root of the following fork of the first degree

F = {V12; V13,V1uaV15}.

The total number of students within this fork is 49 if we do not
count the students at the root and it is 96 if we count them. We
have again a completely isolated fork and therefore we will use
the knapsack problem to find a route. Because the distance of the
root vqo from the school is 11km and a route can be at most 16km
long, it is obvious that the nodes vq3s Vqy» and Vg must be
served by at least three buses. None of the buses can serve any
two of the leaves Vq3» Vqys V and therefore the candidates for
the routes are the shortest paths from vq3, Vqys, V15 to the
school. In addition none of the buses can maae a detour through
some nodes of the outer district V4 on their way to the school.
Only vqq will be. traveled through by all the buses.

This fact plays a substantial role in our algorithmic
strategy. We will emphasize it by a discussion of two
alternatives.

The first alternative: Since every bus used to serve the fork can
be used also for serving the root of the fork, i.e. node vqo, We
show whether there is at least one bus representation for 96 (=
the total number of students in the fork including the root) of
length 3. Representations with this property exist and are listed

below:
B1 = {80:898}3 D = 0
B2 = {74:1498}9 D = O
B3 = {66;22’8}a D= 0
Bu = {73914:9}’ D = 0
B5 = {66,21,9}’ D=0
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Any of the above representations can be used in our fork since
for any representation we can use the corresponding buses in su%h
a way that all nodes vq3s Vqys» V will be completely served.
Since for all the representations listed the minimal bus
capacities are smaller than 66, therefore the value of the
objective function will become greater than 6 no matter which
representation is chosen. E.g.; if we choose B1 then we can have
the following routes:

a) ¢ = 80 b) ¢ =8 c) ¢ =28
Vis 38 Vi3 7 Viy 4
V1 L2 V1g 1 V1g L
School School School

The second alternative: In this case we will consider all
students in the outer district Vq that can be served by the buses
used to serve the fork. In our case nodes Vqq, V125 V135 Vqy- and
v , with total number of students equal to 17 w1ﬁl be
considered. Representations of 179 (using the bus fleet reduced
by capaciy cq = 95) are of minimal length three:

B1 = {80;73926}’ D = O
Bz = {80’69130}a D = 0
B3 = {76973’30}, D = 0

Here we can also see that the objective value will increase
independently on the choice made. If we select representation B,
then we have the following routes:

a) ¢ = 80 b) ¢ = c) ¢ =2
v 38 v 7 v 4
15 13 14
V1 n2 V12 5 V11 22
School Vi1 61 School
School

In order to decide which one of the two alternatives should be
selected we will make the following comparisons.

If we use the first alternative we will serve 96 students
from Vq out of the total 425 (= 519 - 94). For the transport of
the remaining 329 students we have available the following
capacities:

C = {76’75’74173969’66’66930:27:27:26522921’21314’9’8}.

For the transport of 329 students we need at least 5 buses. That
means that instead of the original 7 buses we require now at
least 9 buses. If we use the second alternative then we will

*) Note that this is not always the case. For example, if the

' number of students at vq3 were 10 and at vqy only 1 then the
representation B, would not be applicable but all other
representations listed would be applicable.
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transport 179 students from the original 425 and therefore there
will be 246 students left in V1 requiring transportation. The
following bus fleet is‘available:

C = {76,75,74,69,66,66,30,27,27,26,22,21,21,14,9,8,8,8},

so we will need at least 4 busess i.e. altogether at least 8
buses will be needed.

We can see that the second alternative provides a better
choice. A reason for that is the following: We have already
determined that for the transportation of 425 students from V4
using the fleet '

C = {80,76,75,74,73;69,66,66,30,27,27,26,26,22,21,21,14,9,8,8,8}

there.are at least 6 buses needed, the smallest of which must
have capacity ¢ = 66 (the corresponding bus representation is B =
{75,74,73,69,66,66}). That means that as soon as a bus with
capacity ¢< 66 is used then the transportation of 425 students is
not possible any more with only 6 buses but at least 7 buses must
be used. The smaller a capacity used (c < 66), the larger the
probability that more buses than absolutely necessary must Dbe
used. And this is just the case with the first alternative when
the smallest capacity used is ¢ = 8. While using the second
alternative, the smallest capacity used is ¢ = 26 or ¢ = 30. Thus
the second alternative is preferable since it can lead to a
solution which is closer to the optimum.

It follows from the previous considerations that a good
strategy requires use of larger bus capacities as opposed to
smaller ones, any time it is possible. This means that in the
previous example we will use the second alternative. Of course we
cannot say whether one of the three representations listed is
better than the two remaining ones and which one is it. If a
conflict situation arises later, leading to an increase of the
necesary number of buses, it does not mean that this situation
woulqtoccur also if one of the two remaining representations was
used. ) If we use representation B4 then we obtain the following
routes (as mentioned earlier):

Route #2: ¢ = 80 Route #3: ¢ =73 Route #4: ¢ = 26

V15 38 V13 7 V1u 4

V1 42 V12 5 V11 22

School vqq 61 School
- School

If we remove the nodes served from the network we obtain the

*) This situation is similar to that of a chess player who

knows that when he moves in a certain manner his opponent
will not be able to give him check-mate in the next move but
that this can happen in one of the following moves.
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reduced network of Fig. 22b.
The available bus fleet is now

C = {76975’7“"69’66,66’30’27927’26,22’21’21,1”’,978’8’8}.

Yy L 42]

J
Fig. 22b: Reducéh network after route #4.

All roots of the forks of the first degree now lie in the inner
district Vo. Thus we will generate a route through nodes of V1
with the property that the total number of students along the
route is high enough to fill an available bus. The route passing
through nodes vy 2 and v contains S = 89 students, which
is sufflclent6 % 3111 the largest still available bus with

capacity ¢ = We get thus
Route {5: c_ =
V4 20
V-] 21
V2 35
School

The reduced network is given in Fig. 22c and the reduced bus

Fig. 22c

*7 The fact that we can fill the largest available bus by
students from Vy is, of course, the best we can hope for.
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fleet is
C = {75,7H,69,66,66,30,27,27,26,22.21,21,14,9,8,8,8}.

These buses are now available for serving the remaining 170
students still left in the outer district Vy.

Using the same approach we will find as the next route the
one passing through nodes voy» Vog. It contains 76 students, 75
of them can be transported by t%e largest available bus with
capacity ¢ = 75.

Route #6: c =
Vzu 42
\' 33
Sggool

Fig. 22d shows the reduced network. The bus fleet becomes

C = {74,69,66,66,30,27,27,26,22,21,21,14,9,8,8,8}.

Fig. 22d

Next we find out that the route through nodes vyjg and Vo3
contains most students from Vq4: 49, We can serve these studen%s
with the smallest bus capacity greater than or equal to 49, i.e.
c = 66. The 17 free seats can be filled, if possible, by students
from nodes in the inner district VO’ that are visited by the bus
on its way to the school. We obtain the following route:

Route #7: c =
V25 1
V23 48
V21 17
School

The reduced network is shown in Fig. 22e and the available
bus fleet becomes

C = {74’69’66s30§27927726’22921921114’9:8’8,8}.
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Fig. 22e

The time restriction does not allow service of the remaining

nodes in V1, i.e. vy v3s Vg and vqg» by a single bus. As a
suitable bus route we can get

Route #8: c_= 66 Route #9: c = 8
V3 11 V10 5
V2 2 Vg 3
Vg 28 School
V6 1
Vg 24
School

The outer district is now fully served by the 9 routes
found. All of the remaining nodes waiting for service are in the
inner district Vg. The reduced network is given in Fig. 22f. We
will take the 9 buses used for serving the outer district as the
available bus fleet, i.e.

C - {95’80976’75973’66s26’8}.
v, L18]
¥, [2] “
? 2.5
o vy, Li03]

. > U, [ 46

1 (5] V3, 171 20146
Fig. 22f

We start the generation of a closed route by considering the

node closest to the school, i.e. vg. On the basis of condition
(8), the only nodes reachable are vg Or vg. If we decide to visit
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V7 then we cannot visit any other node. Thus we get a route with
4? students that can be served by a bus with capacity 66.

Closed route #1: c = *)
School
vg 39
V7 2
School
In a similar manner we obtain:
Closed route #2: c = 8
School
V9 5
School -

Now vqg is the unserved node closest to the school. We can
serve it using capacity ¢ = 80 and get:
Closed route #3: c = 80
_— School

V-] 78
chool

Continuing in a similar manner we get:

Closed route #4: c_= Closed route #5: c =

School School

v 95 \ 8

21 :
School vgg L6
School

Closed route #6: c =2

School

v 18

Sggool

This completes the route and schedule generation for the
whole network.

The strategy we developed and used in our computer system
gives us as a result 9 buses for serving the whole network. 6
buses make a second tour through the inner district. For every
bus used its route and timetable is printed out.

The results obtained represent one of many possible
solutions. We can now try to modify and improve the routes
without changing the value of the objective function. We can

+*

Note that from the combinatorial point of view it does not
matter in which direction the close route is traversed. Of
course, to provide a better service to the students, the
opposite direction is more convenient.
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introduce other practical view points which can make the final
result more suitable. For example, we can see that route #9 does
not have to pick up students from node vq which is more suitable
for students in vgo.0ne other possible change was described in
footnote on p. 47. An important question arises when the final
result generated requires more buses than MIN - the value
determined in Section IVa which is based only on the available
bus capacities and the total number of students in V4. The
question is whether the value of the objective function found by
the algorithm is really optimal or not and if not, whether it
could be improved. In our discussion of the two alternatives we
saw that it was better to use larger capacities whenever it was
possible. Since our computer program is designed in such a manner
that a small capacity is used, if the local topological
properties require it, we can try to improve the objective value
by an appropriate modification of the available bus fleet and
running the program again with this changed fleet. For example,
we can eliw}nate from the bus fleet some of the smallest
capacities. In the example discussed in this section we could
replace the original bus fleet

c={95’80’76’75’7””73,69’66’66,30’27’27’26,26’22’21 ,21’14’9,8,8,8}
by Cq & C; where

C, = {95,80,76,75,74,73,69,66,66,30,27,27,26,26,22,21,21,14,9}

or
Co = (95,80,76,75,74,73,69,66,66,30,27,27,26,26,22,21,21}
or
C3 = 195,80,76,75,74:73,69,66,66,30,27,27,26,26,22}
ete.

Thus the program can be used to decide whether it is
possible to find feasible solution which uses only the "larger"
available buses. Iterative application of the coputer system can
be used for finding out whether the suboptimal solution found
during the first run of the program can be improved upon.

* Of course, the remaining bus fleet must contain at least MIN

buses.
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