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SETS OF INTEGERS WITH DISTINCT DIFFERENCES

1 Introduction
A distinct difference set (DDS) is a set of non-negative

such that the differences a are

integers ao<a1< ees <@y

i~ a3
all distinct. Such sets arise in the problem of assigning radio
frequenciés within a limited spectral fangeg the distinct
differencerprbperty eliminates a certain type of interference
between ffequencies. In thié apblication it is desirable that a,
be as Small aé pbésible; such a DDS is called optimal.

Some theorétical results on upper and lowef bounds for ap
afe pfesented, but the bulk of this report is a tabulatioh of
cloSe to obtimal DDS's fer n <= 101. This tabulation is based on
the theofy of peffect differencé sets and on a less wéll known
construction due to Bose [4]; we provide a brief description of
each of these techniques,

We also diécuss a weaker condition than the distinct
difference conditibn:— we may allow the diffefénces aj - 2aj to
represent an integer up to c timeé for some small constant c.

For ¢ = 2, 3 and n <= § we find optimal sets by using a fairly

careful enumerative search.



2. Distinct difference sets and perfect difference sets.

We shall say that a set of non-negative integers A0y ooy
ap {in increasing order) whose non-zero differences are distinct
is a distinct difference set, and that the DDS is optimal if Qy

is as small as possible,

The problem of flndlng optlmal DD3's for each integer n
has been 1nvest1gated by englneers [5.,8] working on radio
frequency assignments and codlng theory, and by mathematicians
[6] who have studied the problem for its own sake Trial and
error search has ylelded a complete solution for all n<= 10. For
larger n 1t has been observed that the theory of perfect
difference sets [9] can yleld DDS's which seem to be close to
optimal. We have dlscovered that a less well known technlque (4]
will sometlmes yield superlcr DDS's For subsequent use we
briefly recall the salient facts

Suppose that v is some positive 1nteger and that {ao,a1,
*ve 53,1} ts 3 st of  hu non- negateve  inbegers  such

that all the differences aj - aj, 1 # j when taken modulo vV are

distinet. We call such a set a modular distinct difference set

(MDDS). Clearly a MDDS gives rise a fort10r1 to a DDS with a. <

n
V. Moreover by omlttlng elements from it we obtain DDS's of

smaller size, leen a MDDS we can form another MDDS {bo,b1, veey

b } by deflnlng b; as

by = ca; +d, (c,v) = 1

By a suitable choice of ¢ and d we can often improve the initial

set ( in the sense of making its largest member smaller ),



One way of obtaining MDDS's is via perfect difference seﬁs.
A perfect difference set (PDS) with parameters (v,k,c) 1is a set
of k integers whbse diffefences modulo v represent every non-
zero residue from 1 to v-1 the same number ¢ of times.
Obviously c(v-1) = k(k-1), The PDS is planar if E=1% dn
this case we put k=n+1 so that v=n® +n + 1. It is known that
planar PDS's exist for every prime power n but, despite much
research, no planar PDS has been found for other integers n.
Clearly a planar PDS is also a MDDS.

There is another method [4] for obtalnlng MDDS's whlch has
been used in problems concernlng the additive theory of numbers.
It produces for every prime power g, a MDDS 8081y see, aq-1
with respect to the modulus v = q2~1

By using these two constructlons we have found good DD3's

for all n <= 101. However the precise value of a in an

n
optimal DDS is difficult to calculate in general. Instead we
give lower and upper estimates for it, and thereby deduce that
2

a, 1is asymptotic to n

2.1 Bounds

An eaéy lowér bound ay >= n(n+1)/2 follows by observing
that each of the n(n+1)/2 positive differences are distinct.
An improvement on this is:
LEMMA 1. B O= n(t+1)(n;t)/(t+2) for any t in 0..n. (For a
prbof of this see [1])
Note. This lower bound can be marginally improved but the

bound given suffices for the following proposition.



PROPOSITION 1In any DDS, a, >z n? - 2n/n.

Proof. In the above lemma put t = [/n].
Remark. In view of the numerical results presented in the next
subsection it would be of significant interest to improve the

lower bound to n2 - nyn.

The DDS construction shows that, when n is a prime power,
the optimal a, 1is bounded above by n2 + n. For a general n

we have the following upper bound.

LEMMA2. Let q = n+t, t<q, be a prime power greater than or

equal to n. Then there exists a DDS in which By <= n? + nt.

Pfoof. (See [11)
Remarks.,

1s This lemma can be slightly improved by takihg more care
with the inéqualities} for example it can be shown that, if n is

a prime power, there is a PDS with a <= n€ - n/2.

n
2. The numerical evidence in the next section strongly

2

suggests that a DDS with a, <= n always exists. However, to

n
establish this the proof technique of Lemma 4 will probably need
to be enhanced by exploiting that PDS's retain their property

when multiplied by a residue coprime to v.

3. In [7] it is proved that, for any sufficiently large n,

there exists t <= nl//12 with n+t prime. Consequently we have

THEOREM For optimal DDS's the numbers 8, are asymptotic to
n as n-eo .



Proof. The proposition and lemma 1 give

1

2/ {n

< an/n2 < 1

2.2 Numerical results.

The two constructions of MDDS's above have been

+

n19712,,2.

investigated for all prime powers less than 100.

MDDS's have been optimized using mappings x--> ¢cx + d as
explained above, and for each n < 100 we have found the best DDS
{ag, ..., ay} that can be obtained by these methods. Values of

a, are shown in table 1. (The entry in row i, column j is the

value a, for n=10i+j)
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2
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372
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1507
2347
3391
4513
6020
7726

6
127
425
938

1596
2373
328t
HT53
6159
7884

11 17
155 179
480 492
987 1005

1687 1703
2598 2725
3593 3767
4982 5089
6410 6537
7967 8121

28
199
553

1099

1804

2773

3819

F204L

6708

8357

Table 1.

I
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1146
1915
2851
3986
5299
6745
8509

45
246
623

1252
1958
2911
4145
5408
6778
8540

55
283
680

1282
2094
3019
4217
5563
6967
8831



The associated DDS's are listed in full in section 3. Our
belief that these sets are close to optimal is based on two
observations

1. For n <=10, wheré optimal DDS's haﬁe been
found by exhaustive search, the only cases where the above ap's
are not minimal are a7 and ag which can each be reduced by 1,

and ag Which can be reduced by 2,

2, The values a above agree within one to two percent

n
with the expression n2 - nﬁu whereas the previous subsection
demonstrated that a, >z n2 - 2n/n.

2.3 A related problem

A natural génefalisation of the distinct différence pfoperty
is to allow the differences to répfeéént each Qalue at most
¢c times for some small constaht C. The proof of Lemma 1
genéralises easily to accommodate this hypothesis and

consequently one can obtain the lower bound
a >= n2/c - lower order terms.

However comparably good upper bounds are not so easy to
obtain since (v,k,c) PDS's with fixed c>1 are not so abundant,
By trial and error search we have found the following optimal

sets given in Table 2,



2 6,1,2 0,1,2

= Ggl,;2,8 837152558

b 0;13355,0 0,1,2,3,8

5 P I 0,1,2,4,5,7

6 0,1,4,6,10,11 ' 0,1,2,4,;5,8, 10

i Oyl 586,76 ; 15,17 ; 18 0,1,3,4,6,8,12,13

8 0,1,4,6,11,13,19,22,23 0,1,3,5:9,10,12,15,18

9 0514348,10,14,20.25,28,89 0,1,2,5,8,11,13,15,19,20
Table 2,

2.4 Méthod to genérate éeté for table 2,

The sets in table 2 for ¢ = 2, 3 are genéralised difference
sets; the differences represent each value at moét é times. In
such a set we may assume that 80=0 1in which case the n differences
("gaps") sy # ai++ - aj sum to a,. To construct a sét with a
given target a, we first find all sets SQyesy Sp.q Whose sum is

a Each set is then permuted in all essentially different ways

-
and tested for being a valid gap sequence.

An arrangement of the gap set is valid if the consecutive
sums of blocks of numbers of size 1 ton - 2 in the set océur
less than or equal to c times. ~That is for the set (112 2 )
n=5, the sums are 1, 1, 2, 2 for a block size one, and 2, 3, 4

for a block size two and, 4, 5 for a block size three. The sum of

all the elements need not be formed since this can occur only



once, If a valid permutation of gaps was found we put ap = 0 and

a Qi # By TEEE = 1 bo .

i =

For the previous example 1 1 2 2 if ¢ = 2 then this
arrangement would fail since the sum 2 oceurs three times., The
arrangement ( 1 2 2 1 ) is valid though, and produces the set
(01356 ), The sum of the elements in the gap Set equals a,.
If no valid arragngements can be found for a given gaﬁ set theﬁ
dlfferent values for the gaps are used (so they still sum to the
previous ag ) untll all sets for that an, have been tried,

If no valid ones were found then anp is tbb small and gap Sets

with larger sums must be tried,
2.5 Method to generate reduced perfect difference sets,

The initial diffefence sets for prime powers n = p¥y & ¥ 1,
were taken from a table in [3]. This table could also havé been
used in the prime case but it computationally mofe convenient to
generate the PDS's by following the original construction of
Singer [9].

Singer obéerved that from a PDS A With parameters
(n2+n+1,n+1,1) could be cbnstructed a projective plane of order
h simply by takiné the residues 0 ., n2+h as the points and by
taklng the lines to be the translates A+i of A, i=0 .. n. This
plane admlts the cyeclic automorphism x- —;> x+1, Conversly from a
prOJectlve plane with a cyclic automorphism t one ecan construct a

PDS as follows. Choose any point x and label it with the number

O; then label the point t™(x) with the number m., It then



follows, by definition chasing, that each line in the projective
plane has a label sef which is a PDS.

The classical pfojective planes defined over a finite field
GF(p) do admit a cyelic automorphism, and it may be formed as
follows. LetVV be a 3-dimensional space over GF(p). Then by
taking the 71-dimensional subspaces as points and the 2-
dimensional subspaces as lines we obtain a projective plane of
order p. If we identify V with the field GF(p3) the
multiplicative generator of this field inducés a cyclic
automrphism, The minimal equation of this automorphism is a
primitive cubiec and bnce this is known the itefated images of the

automorphism may be calculated.

Recasting these notions in algorithmic terms we ﬁbtain the
following constfuction 6f a PDS.
Let x3—ax2-b£—c be a pfimitive cubic, Next consider the
sequence of tfiplés fofmed_as follows:
(Ug,Vg,Wg) = (1,0,0)
subsequent triples defined as,

(Ui:Vi_1,Vi:wi_1,Ui:cUi_1 + bVy_q + aWj_q)
with afithmetic done modulo Hi o

All possible triples arise as i varies frbm 0 to n3—2. Each
triple has n - 1 non-zero multiples and so the tripleé fall into
(n3-1)/(n-1) = n2+n+1 equivalence classes. In each claés we pick
out a normalised triple (U,V,W) such that U=1 (or, if thié is
impossible, with V:1§ or, 1f this is impossible, with W=1 ). As

the triples are generated by the rule above they are replaced by

normalised equivalent triples.' The normalised triples (Uy,V;,Wy)

10



with W;=0 define a set of values of i which comprise a PDS.

Here is an example for the equation x3 - ¥ - 2, b=1, c:é,
and a=0. The mapping is (Uy,Vy,Wy) <== (Vy_q,Wi_q,2U35_q+V4_q).
N is 3 and V is 13.

The triples are:

i triple | normalized i triple normalized
0 (1,0,0) 6 (2,4.,13 (1,2,2)
1 (0,0,2) (0,0,1) 7 (2,2,1)  (1,1,2)

2 (0,1,0) 8 (1,2,0)

3 {1,859 9 (2,0,1) (1,0,2)

4 (0,1,2) o 10 (0,2,2) (0,1,1)

5 (1,2,1) 1" (1,1,1)

12 €1,1,0)

The positions where W = 0 are (0 2 8 12) which form the
difference set.

This gives the original difference set, which is then
shlfted cyclically by subtractlng (modulo V) a su1table constant
_from the elements of the set., For sets whose n's are prime or
prime powers the best constant 1s obtalned by flndlng the place
where there 'is the greatest difference between consecutlve
elements in the set (and regardlng an, @p @s being consecutive)
This dlfference (say a; - aJ) gives the best shift or the one
that reduces a8n the most when a; is subtracted (mod V) from the
elements in the set. A set m that is not prime or prine power is
generated using the latter sets and is truncated to m+1 elements.
To shift these sets, the largest difference is found by taking

elements with subscripts n - m + 1 apart and subtracting as

11



above. This redupes the am.1'th element by the largest amount.
The coprimes to n from 2 to n/2 are then found. The ones
from n/2 + 1 ton will produce mifror image Sets to the others
generated so they are ignored.. The prime or prime power set n is
then multiplied (mod V) by each coprime and these sets are
cyclically shifted (by the above process) for n and the sets m

below it. The most reduced sets are picked from these.
2.6 The Method of Bose

Let q be any prime power and let x2- ax - b be a primitive
quadratic over GF(q) with root y ( a2 multiplicative generator for

GF(q Y Every power of Yy can then be expressed ‘as

yk = Upy + Vi with Uk,vk elements of GF(q)
Obviously
Uker = aly + vy
Vks1 = bUy

S0 the powers of y are easily computable. Bose proved [4] that
{k | Ug=1 1} is a MDDS of size q for the modulus q2—1. This
consructlon (an easier one than the PDS construction) permits the

same type of optlmlzatlon w1th truncatlon as descrlbed in 2.5,

2.7 List of difference sets.

The reduced sets are put in the list as n followed by the
set. All sets that afe not pfime or pfime pbWers were generated
using the closest prime or primé power set abbﬁe them, and
truncating., For the prime or prime power sets K = n + 1 is the

number of elements in the set, and V = 1 + n + n? is the modulus,

2



R Reduced Distinct Difference Sets.

n set

1 0 1

2 0 1 3

3 0 2 5 6

4 0 3 4 9 11

5 0 1 8 11 13 17

6 0 b 11 20 25 26 28

7 0 7 10 16 18 30 31 35

8 0 3 9 16 20 21 35 43 45

9 0 2 14 21 29 32 45 49 54 55

10 0 3 14 16 20 41 48 53 63 71
12

11 0 9 10 17 30 42 45 56 61 79
83 85

12 0 3 11 38 40 47 62 T2 88 92
93 105 111

13 0 4 6 20 35 52 59 717 78 86

89 99 122 127

14 0 4 5 15 33 57 59 78 105 117
125 139 142 148 155

15 0 6 19 40 58 67 78 83 109 132
133 162 165 169 177 179

16 0 5 T 17 52 56 67 80 81 100
122 138 159 165 168 191 199

17 0 2 10 22 53 56 82 83 89 98
130 148 153 167 188 192 205 216

13



18

19

20

21

22

23

24

25

26

27

126

158

179
333

177
355

172
365

152
368

166
396

174
382

220
4o2

220

4
138

179

186

197
356

173
369

191
384
12

181
431

178
388

221
415

221

13
146

194
24
195

15
228

22
201
872

33
205
403

29
207
459

17
234
409

15
225
486

15
225

15

174

11
208
56
b5

26
232

24

213

37
208

425
39

. 214

467
28
241
459
41
242
504
41
242

42
214
68
21

7
265

65
234

43
258

38
252

72
258
480

36
243
491

66
295
523

66
2595

T4

56
221
7
228
82
285

86
250

56
273

o7
278

91
290

52
289
492

95
330
546

g5
330

59
240
94
240
83
293

53
286

95
281

122
286

146
316

62
292

97
338
553

gt
338

7
245
116
ed3

gs
296

103
313

126
306

129
326

157
354

106
307

106
354

106
354

a3
246

121

259
129
310

133
342

137
311

140

352

160
372

136
329

142
382

142
382

116

156
283
144
329

152
347

146
355

142
363

161
394

149
368

152
388

152
388



28

29

30

31

32

33

34

55

402

233
479

281
514

226
502
T4T

171
456

2

258
h16
767

253
g12
903

262
283
877

415

252
502

292
533

311
560

181
476
784

22
263
524
847

259
648

919

277
638
951

5

486

28
267
p23

35
336
580

12
349
561

15
211

512

38
293
ab 8
859

5T
353
656
934

16
350
652
963

16

504

23
338
570

57
364
295

54
363
571

26
214
528

b7
319
513

59
398
689
938

23
356
673
985

53

523

41
339
580
128
370
598

79
382
601

28
258
582

91
329
633

60
432
702

56
382
677
987

56

15

546

g5
355
592
149
378
631
143
386
669

o7
309
628

108
358
684

69
468

776

63

425

704

63

553
156
394
612
151
394
641
145
439
675

112
318
671

123
360
685

89
479
790

118
L5y
T34

118

585
158
403
616
180
469
6438
161
459
701

118
341
696

136
400
705

167
507
813

162
503

827

162

193
421
623
205
473
668
192
466
725

136

389
T45

141
406
708

192
234
839

185
522

860

185

207
473

218
L7y
680
205
474
730

176
403
762

229
505
763

235
551
861

249

592

868

249



36

371

38

39

40

41

262
593
877

361
566
981

253
512
903

339
593
1041

313
682
980

261
606
966
1305

307
692

21T
638
951
14
363
700
1002

259
648
919

36
350
622

1069

12
351
692

1037

308
639
986

28D
155

89
383
762

356
673
985
87
439
T46
1086
59
398
689
1938
94
.394
762
1103
60
41y
T
1136
38
411
736
1111

101
456
787

382
677
987
113
46y
798
1090

60
432
702
1050
121
4y 1
802
1128

65
417
754
1151

65
427
735
1177

136
500
815

425 454
704 T34
1005
169 220
475 507
832 839
1091 1099
69 89
468 479
776 790
1090 1141
125 126
509 521
819 918
1148 1236
67 170
428" 150
803 861
1185 1203
146 169
446 517
837 891
1225 1235

163 167
514 536

880 957

16

503
827

286
519
862

167
507
813

1146
147
539
911

1245

1200

497
874
1267
174
523
893
1246

246
559
966

D22
860

289
52y
877

192
534
839

186
585
960
1252
201
592
948
1273
182
532
922
1287

283
641
3T

592
868

328
535
962

235
G5 1
861

. 257
587

974

221
636
952
1282
206
599
936
1288

302
691
987



42

43

Lk

45

L6

L7

995 1079 1085 1125
1363 1397
0 3 34 36
228 302 362 400
638 658 T09 717
1047 1063 1115 1127
1396 1480 1507
0 59 1 76
374 385 389 463
791 801 868 898
1043 1158 1214 1243
1463 1524 1538 1596
0 42 47 54
319 365 426 500
689 714 T41 776
1089 1206 1279 1283
1584 1608 1621 1684
0 2 10 23
311 338 341 457
705 738 780 877
1143 1157 1179 1198
1538 1566 1623 1638
0 6 38 13
409 421 425 5XQ
839 861 913 954
1218 1220 1231 1351
1619 1620 1692 1695
0 3 8 55

1237

43
419

734
1156

98
469
918

1245

83
501
898

1294
1687

54
519
927

1288
1702

87

574
1018
1414
1757

101

1254

58
437
867

1162

111
569
941
1252

139
521
920
1327

115
544
936
1348
1703
201
651
1042
1459
1775
168

17

1306

97
485

899
1234

162
610
960
1277

148
531
987
1457

153
551
1005
1456

257
668
1134
1520
1804

200

1309

125
588
909
1257

207
618
988
1382

165
581
1030
1480

237
617
1050

1503

291
722
1165
1541

206

1322

202
589
920

1340

275
722
1006
1403

167
599
1036
1512

255
668
1054

1527

299
736
1185
1550

354

1348

215
553
1001
1370

341
115
1042
1406

279
650
1044
1550

295
685
1131
1532

314
rra
1192
1560

378



48

49

50

51

52

432 489
931 948
1385 1424
1664 1698
0 17
353 430
817 833
1212 1319
1601 1680
0 51
468 514
878 887
1329 1391
1672 1710
0 34
375 405
901 QU6
1290 1429
1771 1806

2190
0 3y
375 405
901 9ue
1290 1429
1771 1806
2190 2270
0 6

500
1023
1425
1720

20

520

905
1403
1763

83

591

950
1525
1809

by

458

0%3
1540
1835

4y
458
973
1540
1835

67

515
1100
1444
1785
| 86
559
929
1433
1785
110
619
980
1536
1829

91

91
520
1022
1546
1943

50

579
1118
1474
1792

119

564

961
1437
1825

191

640

990
1540
1834

40

682

1080

. 1605
- 1967

05
682
1080
1605
1967

162

615
1162
1505
1808

140

565

970
1451
1880

224

683
1046
1543
1973

147

698
1150
1642
2041

147
698
1150
Teu2

2041

193

18

781
1166
1556
1894

166

602

980
1462
1888

226

767
1199
1577
2027

207

701
1155
1682
2157

207
701
1155
1682
2151

227

790
1176
1558
1915

22T

675
113
1497
1956

271

790
1211
1593
2046

278

710
1172
1684
2164

278
110
1172
1684
2164

266

906
1203

1601

240
724
1162
1504
1958
313
796
1225
1601
2063
332
853
1240
1705
2182

332
853
1240
1705
2182

400

919
1236
1629

255
781
1189
1589

413
865
1285
1671
2094
364
868
1254
1751
2189

364
868
1254
17541
2189

410



53

54

55

56

495
989
1387
1895
2338

436
950
1411
1845
2343

333
956
1510
1895
2472

52
995
1512
1966
2556

342

921
1496
194y

540
1098
1407
1961
2346

26

521
1015
1413
1921
2364

383
1051
1563
1992
2186

12

516
1039
1631
1968
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