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Abstract

We consider the century old problem of finding the Minimum
Spanning Circle (MSC) of N points in the Plane. VWe Propose a
computational scheme which incorporates the ideas which motivate
three of the best algorithms known. The technique converges in

finite time and is extremely fast,
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I. INTRODUCTION

Let S be a set of N points in the plane. It is required to
find the circle of minimum radius which encloses all the points.
We shall refer to this circle as the Minimum Spanning Circle
(MSC) of the set S. Obviously, the circle is unique. VLet its
center and radius be o® and R* respectively.

The MSC problem was first presented by Sylvester in 1857
[9]. Various algorithms have been proposed since then [2-10].
For the sake of brevity we refer the reader to an excellent paper
by Hearn and Vijay [7] whieh surveys the literature and
qualitatively compares the various algorithms which solve the
problem.

There are three main properties of the MSC which motivate
the three families of algorithms reported in the literature. To
view our algorithm in the right perspective, we shall first
consider these properties and briefly describe the principles
that underly the corresponding families.

The first property of the MSC is that if it touches exactly
two points in S, then these two points must lie on the diameter
of the circle. However, if the MSC touches exactly K points
(K > 3), then there exists three points among these K which form
a non-obtuse angled triangle. The MSC is the circumcircle of
this triangle.

This property of the MSC led to the first algorithm which
computed it. Amazingly enough, the solution was independently

discovered in the late 1800's by Sylvester, Chrystal and Pierce,



and was proposed as algorithmically as one could expect [4-7].
The algorithm bears the name of the latter sScientists, and has
been extensively studied. It converges in finite time.

We now consider a rather interesting property of any
spanning cirecle. This property is that any Spanning circle is
entirely defined by its center. Indeed this is true, for, if we
are given any point ©, the circle with center © and radius R
span3 S, where R is the distance of the fartherest point from ©.
Using this property Jacobsen [8] proposed an algorithm which
converged asymptotically to Q*, the centre of the MSC. 1In every
iteration, he used the princeiples of nonlinear programming to
decide on a set of feasible directions along which the center of
the circle could be moved so as to diminish the radius of the
spanning circle.

The third interesting property of the MSC was the one
recently reported by Castells and Melville [2]. Let Ga,R be the
circle with center A and radius R. Further, let

AcS

Castells and Melville observed that DR obeys the following

relationship.
Dp = @, the null set, if R < r*
#*
2 (e} ; if R > R
= {o%) ) if R = R® (2)

Note that this says that the MSC is completely defined by its
radius, R®, Using this property, the authors of [2] have devised

an "unusual" (but ingenious) algorithm whiech starts with any



initial radius R=a and processes the region D, to yield an
updated radius R = b { a for which Dy C Dy- This algorithm, too,
converges asymptotically.

In this paper, we propose an algorithm which uses all these
three approaches simultaneously. However, it retains the
convergences property of the Chrystal-Pierce algorithm in that it
always converges in finite time. Our solution is quite similar
to that due to Chrystal-Pierce. However, as opposed to the
latter, we do not merely use the information contained in the
angles between the lines Jjoining the points in 8. In every
iteration of the algorithm we also utilize information contained
in the distance between the points and thus attempt to maximize
the rate of convergence.

In the next section we shall present the Chrystal-Pierce
algorithm in its most refined form. We shall then proceed to

propose our solution.

II. THE CHRYSTAL-PIERCE ALGORITHM

Although Sylvester, Chrystal and Pierce were the ones who
first proposed a solution to the problem, the algorithm which
bears their name today, is a refined version of their solution.
The main lemmas that led to their solution are two geometrical
results related to the MSC of a triangle. For the sake of

brevity we shall merely state the results.



Lemma I

Let ABC be any acute triangle. Then there exists no circle
G containing the points A, B and C, smaller than the circumcircle

of ABC.

Lemma II

Let S = {P;

i 11 £1 <N} Let G be the circumecirecle of

P1P2P3, which has all the other points of S interior to the
circle. If [/_ P1P2P3 is obtuse and there exists a Pg €8S such
that /_ PqPgP, < [L_ PqPpP3, then there exists a circle Gy

smaller than G which spans S.

Collary of Lemma II
Let S1 = S = {P1, P3}, and let,
ya P1PSP3 = Min L P1PjP3
£ £ P1P2P3 > b, ByFgPs 2 mT/2, y Gq is the circle whose

diameter is P1P3-

The Chrystal-Pierce Algorithm uses the above results extremely
efficiently. Starting with any two points A and B, the algorithm
computes the point C which minimizes the /_ADB over all D
in S-{4A,B}. If the resulting triangle ABC is non-obtuse, the
circumecircle of ABC is the required circle. If the triangle is
obtuse, and the angle ACB is obtuse, the circle with diameter AB
is the required circle. If neither of these cases are true, the

point whieh has the obtuse angle (say, B) is eliminated from all



further computations and the procedure repeats using the edge AC.

Chakraborty and Chandhuri improved the above procedure by
suggesting a technique to obtain the best pair of points to start
the whole process. Further, they observed that after any
iteration, we can eliminate from all further computations not
only the obtuse vertex, B, but also all Qe S-{A,C} for which
/_AQB > T/2.

We shall now algorithmically present the Chrystal-Pierce
Solution. We assume we have a procedure GetFirstTwo, which has
as 1ts input the set S and yields as its output the best two
vertices A and B which are to be used to start the algorithm. We
also assume that the user may be satisfied with an approximation
of the MSC, In other words, rather than wait till the algorithm
halts and yields 9*, and RY which are the centre and radius of
the MSC respectively, the user may be satisfied with a circle of

radius R* whose center is 6%, where R* is sufficiently close to

R' (i.e., the relative value of the change in radius is not

significant). A Boolean variable Satisfied is set to TRUE if the
user i1s satisfied with the current solution, and the algorithm
terminates. With regard to eliminating a point in subsequent
computations, we shall "mark" the vertex to be eliminated in the
current iteration and perform all subsequent computations only

with "unmarked™ points.



ALGORITHM CHRYSTAL-PIERCE

Input: The set of points, S

Qutput: The MSC of S. The user has the capability of deciding
on the accuracy of the solution, if he does not want the exact
solution.

Assumption: Available to the user 1is a procedure GetFirstTwo,
whose input is S and whose output is the best two vertices, A and

B according to the Chakraborti-Chaudhuri eriterion.
Method:

Call GetFirstTwo (S,A,B)
Unmarked = S
Done = Satisfied = FALSE
REPEAT UNTIL ((Done) OR (Satisfied))
C = point which minimizes /_ ADB for all DeUnmarked-{A,B}
Unmarked = Unmarked - {D | /_ ADB > w/2}
If / ACB is obtuse THEN
Done = TRUE
MSC = Circle with AB as diameter
ELSEIF triangle ABC is acute THEN
Done = TRUE
MSC = circumcircle of ABC
ELSE
Done = FALSE
MSC = circumcircle of ABC
recompute Satisfied
IF /_ ABC is obtuse THEN
Unmarked = Unmarked - {B}

B =C
ELSE
Unmarked = Unmarked - {A}
A = C
ENDIF
ENDIF
ENDREPEAT
Print Out © and R of the MSC
END

END ALGORITHM CHRYSTAL-PIERCE

The algorithm requires at most O(N) computations per
iteration. Further, since in every iteration we eliminate at

least one vertex the exact MSC is obtained in gt most N



iterations. Experimentally [T7], it is seen that for randomly

generated points the algorithm is O(N).
ITI. AN ALGORITHM WHICH USES DISTANCE AND ANGLE INFORMATION

Any one who has worked with the Chrystal-Pierce algorithm
will know that these scientists optimally used the information
that they computed -- namely the angles between the vertices (or
the cosines of the angles between the vertices [3]). However,
there is a lot of information that is latent in the distances

between the vertices.

We can ask ourselves: What is the main drawback of the
Chrystal-Pierce algorithm? Indeed, the fact that if the edge AB
was used in any iteration, the next iteration was copstrained to
use either of the two vertices A or B. Thus, if /_ ABC was
obtuse, the vertex B was eliminated and the procedure continued
with the edge AC. That is to say that even though there may have
been another edge XC which could have been used in the next
iteration, the algorithm did not use it, nor did it concern
itself with the problem of getting an edge "better" than AC.

By processing the information contained in the distance
between the vertices, we shall try to find the "best™" edge that
has to be used in the next iteration. The way we tackle the

problem is as follows.

Let ¢ and R be the centre and radius of the circle passing
through A, B and C. We shall merely consider the case when the

triangle ABC is obtuse, and /_ ACB is acute. In this case, the



algorithm has to proceed for at least one more iteration. With
no loss of generality, in the following discussions we assume
that B is the obtuse angle. This means that if BB' is the
diameter of the circle, A will be on one side of BB' and C will
lie on the other (see Figure I). We shall process the set of
points in S-{A,B} and attempt to obtain a circle of radius R
centered at ©' which touches exactly two points in S, and yet
spans S. The edge joining the latter two points is used as the

starting edge for the subsequent iteration.

Iheorem I

Let @ and R be the center and radius of the circumcircle of
the obtuse triangle ABC, whose obtuse angle is /__ ABC. Let BB!
be the diameter of the circle. Let YZ® be the arc of the radius
R drawn from C. If ' is any point on YZO, the circle with
center ' and radius R will touch the vertex C, and have A and B

inside it.

Proof

Consider Figure I. Since © is the center of the
circumecircle of ABC,

leal = |eB| = }eC| = R.
Let YZ@ and VW be the arcs of radii R drawn from C and A
respectively,. Let the tangents to these arcs be POQ and SeT
respectively. Since the tangents to the arcs are normal to the
corresponding arcs, @' will definitely lie inside the arec VOW.
Thus |@'A|<R. Arguing in a similar way we can show that |©'B]|<R.

This proves the theorenmn.



The above construction of finding the vertex of minimum
perturbation can be viewed as an augmentation of Jacobsens
[8] technique and the one due to Castells and Melville [2].
By Theorem I, we move 8 in the feasible direction along the
arc OZY (see Figure II). Further we move it to the point
Vy. Let us consider the arc @Vy as the set intersection of
various arcs as,
Arc(eVy) = /\ Arc(eVp) (3)
DeSemicircle
BCB'
Then, if © = % and R = R* (the center and radius of the
MSC),
/\ rc(O*VD) = { o% }
DESemicirclg (1)
BCB'

which is remarkably identical to the formulation of Castells
and Melville [2], given in equations (1) and (2).
Let us suppose we perturb © to the new point Vyg. If the
circle centered at Vx and radius R encloses all the points
in the semicirecle BAB', (and not just A and B), then,
clearly, rather than work with the edge AC, we can more
productively work with the edge CX. This is because of the
fact that whereas the circle with center & and radius R
touches three points in S, the circle with center Vy and
radius R touches gxactly two points, namely X and C, and yet
spans S.
Let X be the vertex of minimum perturbation with respect to

C. Similarly, let Y be the vertex of minimum perturbation

with respect to A. If the circle of radius R centered at VX
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spans all the points in the semicircle BAB', the edge used

in the next iteration is CX. If this circle does not span

all of the points in BAB', we next consider the circle of
radius R centered at Vy, and check if this spans all the
points in BCB'. If it does, the edge AY is used as the best
edge for the next iteration. If neither of these hold true,
clearly the best edge to be used is AC - which is the edge
which the Chrystal-Pierce algorithm would have chosen.

It must be observed that it is a trivial matter to check if
if § is the

a point D is in the semicircle BCB'. Indeed,

vector normal to BB' (in the direction of C), then, the dot

product
§ .6 >0 if D is in the semicircle BCB!'
<0 i D is in the semicircle BAB'
=0 ir D is on BB!

Using the above results we present a procedure GetNextTwo,
Wwhose inputs are S and the three vertices A, B and C. The
procedure outputs the vertices V and W to be used in the

next iteration of the algorithm.
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PROCEDURE GetNextTwo (S, B, A, C, V, W)

Input: The set of points S, and the points A, B and C. B is the
obtuse angle of the triangle ABC.

Qutput: The vertices V and W. The edge VW is the starting edge

for the next iteration.
Assumption: € and R are the centre and radius of the

circumecircle of ABC. These are assumed global.

Method

Compute the image of perturbation Vp for all D in
semicircle BCB'

X = vertex which minimizes IQVD;_ Its image of
perturbation is Vyx

IF IVy-E|<R for all E in semicircle BAB' THEN
Vv=2C
W =X

ELSE
Compute the image of perturbation VE for all E in

semicircle BAB?'

Y = vertex which minimizes levgl. Its image of
perturbation is Vy

IF i{Vy-D|<R for all D in semicircle BCB' THEN
vV =A

W =YX
ELSE {The Case when AC is the best edge}
Vv = A
W =2=cC
ENDIF
ENDIF
RETURN
END

END PROCEDURE GetNextTwo

Using the procedure GetNextTwo we now present our
algorithm, ALGORITHM MSC, which processes the set of points 8,
and yields as its output the MSC of the set. After each
iteration the algorithm calls the above procedure, GetNextTwo,

which yields the edge to be used in the next iteration.
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ALGORITHM MSC

Input: The set of points, S.

Output: The MSC of S. The user has the capability of deciding
on the accuracy of the solution, if he does not want the exact
solution.

Assumpption: As in Algorithm Chrystal-Pierce, the user is
accessible to a procedure GetFirstTwo which yields him the best

two vertices according to the Chakraborti=-Chaudhuri criterion.
Also accessible to the algorithm is the procedure GetNextTwo

presented above.

Method:

Call GetFirstTwo (S,A,B)
Unmarked = S
Done = Satisfied = FALSE
REPEAT UNTIL ((Done) OR (Satisfied))
C = point which minimizes /_ ADB for all DeUnmarked-{A,B}
Unmarked = Unmarked - {D | /_ ADB > n/2}
If / ACB is obtuse THEN
Done = TRUE
MSC = Circle with AB as diameter
ELSEIF triangle ABC is acute THEN
Done = TRUE
MSC = circumcircle of ABC

ELSE
Done = FALSE
MSC = circumcircle of ABC

recompute Satisfied
IF /_  ABC is obtuse THEN
Unmarked = Unmarked - {B}
Call GetNextTwo(S,B,A,C,A,B)
ELSE
Unmarked = Unmarked - {A}
Call GetNextTwo(S,A,B,C,4A,B)
ENDIF
ENDIF
ENDREPEAT
Print Out @ and R of the MSC
END

END ALGORITHM MSC

15



To show the advantage of our algorithm over the traditional
Chrystal-Pierce Algorithm we have shown in Figure III the value
of © in the second iteration using both the algorithms. QA is
the position of the center obtained using the Chrystal-Pierce
algorithm and ©p is the center obtained using Algorithm MSC. The

advantage is obvious.

In terms of complexity, Algorithm MSC cannot do worse than
Algorithm Chrystal-Pierce. In every iteration we require O(N)
computations, and furthermore, we also eliminate the same number
of vertices. However, unlike the latter algorithm, we do not
merely compute the best edge in the initialization process. At
every stage in the algorithm the best two vertices are used as a

starting point to determine the best approximation of the MSC.

CONCLUSIONS

The problem of computing the Minimum Spanning Cirecle of a
set of points was proposed in 1857. Subsequently, three families
of algorithms have emerged which solve the problem. In this
paper we present an algorithm which converges in finite time and
which uses the motivating ideas of all the above mentioned
families. The technique is possibly the fastest known solution

to the problem.
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Figure |. © and R are the center and radius of the circumcircle of ABC.
YZ6 is the arc of radius R with center C. VAW is the arc of
radius R with center A. The tangents to these arcs are PEQ

and SOT respectively.



& *D

>4
w

Figurell. © and R are the center and radius of the circumcircle of ABC.
YW Z6 is the arc of radius R from C. UVpW is the arc of radius R
from D. The point D in the semicircle BCB' which minimizes | V56|
is the vertex of minimum perturbation with respect to C.



Figure lll. © is the center of the circumcircle of ABC. The center of the
circle after the next iteration of the Chrystal-Pierce Algorithm
is 8a. The center of the circle after the next iteration of Algorithm
MSC is Bg. In this case X is the vertex of minimum perturbation
and the approximation of the MSC passes through C,X and E.
Note that 8°is the center of the MSC.
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