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Abstract

We consider graph applications of the well-known paradigm “killing two
birds with one stone”. In the plane, this gives rise to a stage graph as
follows: vertices are the points, and {u,v} is an edge if and only if the
(infinite, straight) line segment joining w to v intersects the stage. Such
graphs are shown to be comparability graphs of ordered sets of dimension
2. Similar graphs can be constructed when we have a fixed number &
of stages on the plane. In this case, {u,v} is an edge if and only if the
(straight) line segment uv intersects one of the k stages. We study stage
representations of stage graphs and give upper and lower bounds on the
number of stages needed to represent a graph.
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1 Introduction

Suppose we have a flock of birds and wish to kill all birds by throwing stones.
As the saying goes, we might be able to kill two birds with one stone. Birds
are stationary and our positions may be delimited by certain areas of the plane
or the space, possibly disconnected due to the presence of e.g., lakes. The
objective is to find shooting positions that will minimize the total number of
stones thrown. Geometrical optimization and graph-theoretic interpretations of
this problem have been studied in [1].

In this paper we consider a new graph representation which is inspired by
this paradigm and study a parameter closely related to this representation, the
stage number of graph. Consider a line segment L, called the stage, contained
in the z-axis of the plane and a set of points X with positive y-coordinates.
We assume that no three points are colinear. We define a graph G(X, L) with
vertex set X in which two vertices are adjacent if the (infinite) line connecting
them intersects L (see Figure 1). G(X, L) is called a plane stage ray-shooting
graph with one stage, or simply a stage graph. We also consider generalizations

Figure 1: Stage representation of the graph with vertices 1,2,3,4,5,6,7 and
edges {1,4},{1,5},{1,6},{2,5},{2,6},{2,7},{3,6}, {3, 7}, {4,5}.

of plane 1-stage ray-shooting graphs to plane ray shooting graphs from several
stages. We assume a collection of n points on the plane in general position (i.e.
no three co-linear) with positive y-coordinates, as well as k fixed but arbitrary
finite, closed, non-intersecting, straight line segments (also called stages) all
lying on the z-axis. We define a graph as follows: Vertices are the given points,
and {u, v} is an edge if and only if the infinite (straight) line segment uv joining
the point u to v intersects one of the k stages. We say that the graph is
represented (via ray-shooting) by k stages.

Our results make use of a characterization theorem first proved in [1]: it



states that a graph G is a stage graph if and only if G is the comparability
graph of an order of dimension 2. Comparability graphs are undirected graphs
G which can be oriented in such a way that if we have u — v and v — w in
G then u — w is also an edge of G. Comparablity graphs of dimension 2 have
received a fair amount of attention in the literature (see [15, 10, 3].

1.1 Results of the paper

For fixed n, let Gi, denote the class of graphs (on n points in general position)
which can be represented by k stages as above. These classes of graphs are shown
to define a hierarchy. We prove upper and lower bounds on the number of stages
needed to represented a graph and establish results on separating the classes Gy.
In particular, we prove the existence of graphs which require Q(n?/logn) stages
for their representation; furthermore, we show how to construct graphs requiring
Q(y/n) stages for their representation. We also study the determination of stage
numbers for several common graphs, including lines, cycles, trees and complete
bipartite.

2 Ray shooting from a stage

2.1 Terminology and Definitions

Consider a line segment L contained in the z-axis of the plane and a set of points
X = {p1,...,pn} in general position with positive y-coordinates. We define a
graph G(X, L) with vertex set X in which two vertices are adjacent if the line
connecting them intersects L (see Figure 1). G(X, L) will be called a plane ray
shooting graph.

A binary relation < over a set X defines a partial order P(X,<) on X
if it is transitive and antisymmetric. The partially ordered set (or poset, for
short) P(X,<) is a linear order if it also satisfies # < y or y < z, for all
distinet #,y € X. Let P(X,<) be a poset. A realizer of P of size k + 1
is a collection of linear orders {<g, <1,...,<x} on the same set X such that
<p N <1 N---N <p=<. It can be proved easily that every poset can be obtained
as the intersection of a number of linear orders. The minimal number of linear
orders realizing a poset is called its dimension.

2.2 Characterization of ray shooting graphs

In this section we characterize ray shooting graphs. The following Theorem is
from [1] and we include only an outline of its proof for completeness.

Theorem 2.1 A graph G is a plane ray shooting graph if and only if G is the
comparability graph of an ordered set of dimension 2.

ProoF (OUTLINE) Consider a set X = {p1,...,pn} of n points on the plane
with y-coordinates greater than 0 and a line segment L contained in the z-axis,



with end points p and ¢. Let G(X, L) be the ray shooting graph of X and
L. We orient the edge {p;,p;} of G(X,L), p; — p; if the y-coordinate of p;
is smaller than that of p;, otherwise we orient p; — p;. It is easy to see that
G(X, L) is a comparability graph. This orientation of G(X, L) defines a partial
order P(X, <) on X in which p; < p; if p; — pj. We call this the ray shooting
ordering of the graph. To show that P(X, <) has dimension 2, we will produce
two linear extensions <3 and <3 of P(X, <) such that <; N <z=<. To produce
<3 sort the points of X in the counterclockwise direction with respect to p, i.e.
p; <1 p; if the slope of the line joining p; to p is smaller than the slope of the
line joining p; to p. In <y we now define p; <y p; if the slope of the line joining
p; to pis greater than the slope of the line joining p; to ¢. It now follows that
<=<1 N 3.

Conversely, let P(X, <) be an ordered set of dimension 2 and <j, <3 be
two total orders on X such that <=<3 N <2. Choose two points p,¢ on the
z-axis. The line segment L has p, ¢ as endpoints. Let p; be an element of X.
Let 7(¢) and s(7) be the ranks of p; in <3 and <3, respectively. Consider a set
{A1,...; An} of n lines through p sorted in increasing order according to their
slopes and a set {f1,...,3,} of n lines through ¢ sorted in decreasing order
according to their slopes such that each A; intersects each 3; at a point with
positive y-coordinate, 1 <4, j < n. Let us label with p; the point at which A,
and f,(;) intersect and identify the points of X with p1,...,p, It is now easy to
see that the set X of points on the plane labeled py, ..., p, and the line segment
L are such that G(X, L) is the ray shooting graph of P(X, <). [ |

Using the fact that recognition of orders of dimension 2 can be done in O(n?)
time [15], it follows that recognizing 2-ray shooting graphs can be done in O(n?)
time. In fact, our characteriztaion theorem implies an O(min{n? n+ mlogn})
time algorithm to recognize stage graphs with n vertices and m edges.

3 Stage Number of Certain Graphs

In this section we determine the stage number of several simple graphs, including
lines, cycles, trees and complete bipartite. For any graph G on n vertices let
ST(G) be the minimum number k of stages needed in order to represent the
graph by k stages as a multiple stage graph on n points. In the sequel we
consider the size ST(G) as a function of the number of vertices of the graph.

Theorem 3.1

1. The line graph L, on n vertices can be represented with a single stage.
Hence sT(Ly) = 1.

2. The cycle C, on n wvertices can be represented with a single stage if and
only if n < 4. Moreover, sT(Cy) = 2, for n > 5.

3. A graph with girth > 5 requires at least two stages for its representation.



Figure 3: Representing the 4-element cycle

Proor

(1) The representation of the line graph L, for n = 7 is depicted in Figure 2.
We draw two pencils of lines from the endpoints of the stage S. It is easy to
check that the n points can be represented with the numbers 1,2,3,...,n as
appropriate intersections of these lines (see Figure 2).

(2) It is easy to represent with one stage the 2- or 3-element cycles. The repre-
sentation of the 4-element cycle is given in Figure 3. The edges

{17 2}7 {27 3}7 {37 4}7 {47 1}

of the corresponding cycle are represented by the dashed lines.

To represent an n-cycle with two stages, we first represent the line graph
L, with one stage and then add an extra stage in order to represent the edge
joinning its two endpoints.

The fact that an n-cycle with n > 5 requires at least two stages will be
derived from a property about partially ordered sets. Let (P, <) be a strict
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Figure 4: Impossibility of representing an ordered 8-cycle as a single stage graph.
Note that any cone that contains vertices 6 and 8 must also contain vertices 2
and 4.

partially ordered set (finite or infinite). Define a graph on P by joinning z,y € P
if and only if either # < y or y < x [8][9.32]. First we show that no cycle of
length > 5 in the graph G can have an odd number of vertices. To see this we
argue as follows. Let a cycle in this graph consist of the points 1,2,...,n, for
some n > 5, where {i, j} is an edge if and only if either j =i+ 1lori= 1,5 = n.
Without loss of generality let us assume that 1 < 2 (a similar argument works
if 2 < 1). Since 1,3 are <-incomparable we must have that 3 < 2. Since 2,4
are incomparable we must also have that 3 < 4, and so on. Hence we have the
following inequalities

3,5<4

e 0

n—2,n<n-1
Now, if 1 < n then also 1 < n — 1, since n < n — 1, we obtain a contradiction;
if n < 1 then also n < 2, since 1 < 2, again yielding a contradiction.

If we apply this result to the partially ordered set induced via ray shooting
from a single stage on the given points of the plane we derive that the only
possible cycles must be of length n, for some even n > 6. Let us assume
without loss of generality that 1 < 2 (the case 2 < 1 is entirely analogous). As
in (1) we can show that

1,3 <2
3,5 <4
ne @
n—3n—1<n—-2

n—1,1<n.

But it is straightforward to check (see Figure 4) that this is an impossible
configuration in the ray shooting ordering.
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Figure 5: Representing K 5

(3) This follows immediately from part (2) of the Theorem. [ ]

Theorem 3.2 The complete bipartite graph K., , can be represented with one
stage.

ProoF The idea for the representation is depicted in Figure 5. To represent
K, we choose two sets A, B of sizes m, n, respectively. Say, A = {1,2,...}
and B = {a,b,...}. Place the sets of points parallel to each other and to the
stage as in Figure 5. ]

3.1 Trees as stage graphs

Next we study the representation of trees as stage graphs. A special case of trees
are caterpillars which have the property that the elimination of a caterpillar’s
leaves results in a line graph.

Theorem 3.3 Caterpillars are precisely the trees representable with one stage.

Proo¥F First of all we show that caterpillars are representable with one stage.
The representation is depicted in Figure 6. The stage is S. We arrange the
points of the body of the caterpillar on the two dashed lines. On the top dashed
line we place the points 1, 3,5,7,9,... and on the bottom dashed line the points
2,4,6,8,.... Each of the these points has its “legs” located on the dotted line.
The odd (respectively, even) points have their legs placed in the region below
(respectively, above) them and delimited by the two dashed lines. It is clear
that in this way we can represent all caterpillars.

If a tree is not a caterpillar then it must contain the tree depicted in the left-
hand side of Figure 7 as a subtree. However it can be shown that this tree can
not be represented with one stage. The idea is the following. If we represented
the subgraph consisting of the nodes 1,2, 3,4,5 using a single stage, say S, as
in the right-hand side of Figure 7, then it can be seen that the nodes 6,7 can
only be placed inside the region marked with R. But then it is clear that they
would both have to be adjacent to 3, which is a contradiction. Hence this tree
is not representable with one stage. ]
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Figure 6: A caterpillar and its representation
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Figure 7: A tree requiring two stages
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Figure 8: Representing a tree with two stages. The points representing the tree
vertices are placed inside the square. There are two stages V, H, one vertical
and one horizontal, respectively, at distance D from the square. D is assumed
to be sufficiently large.

Theorem 3.4 Ewvery tree can be represented with at most two stages.

PrOOF (OUTLINE) The representation of an arbitrary tree with two stages is
depicted in Figure 8 and is achieved as follows. There is horizontal stage H
and a vertical stage V. The vertices of the tree are represented as points on the
plane and are all placed inside the square depicted in Figure 8. The stages are
placed at distance D from the square, where D is chosen sufficiently large.

The main component of the construction are the cones depicted in Figure 9.
There are two types of cones: horizontal and vertical. For the vertical cones the
base is the entire horizontal stage H while for the horizontal cones the base is
the entire vertical stage. Each cone consists of two parts: the “primary” (which
determines the main cone) and the “secondary” which is a line whose slope is
such that its extension at infinity does not intersect either of the two stages.
We position the points by alternating horizontal and vertical cones according
to their tree height.

To represent the nodes of the tree we now place points within these cones.
Points are placed within the square depicted in Figure 8. The root is placed
at the left-top corner of the square. Its children are placed within a vertical
cone whose top is this root. The children of the root are placed within this cone
and on its secondary part. Each child is now the top of a horizontal cone as
depicted in Figure 10. The grandchildren are placed on the secondary parts of
these cones. Moreover we place the chaldren in increasing z-coordinate.



Figure 9: Representing the primary and secondary cones. The parent is placed
at the top of the cone and its children are placed on the slanted thick line of the
secondary cone. The right-hand side of the picture represents the vertical cones
formed by three children and the horizontal stage. A similar representation
holds for the horizontal case.

Root

Figure 10: Representing tree vertices inside the square.
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We now alternate the cones. We place the great grandchildren in vertical
cones of decreasing y-coordinate. The reason for this last requirement is to
guararantee that the of “their” children do not intersect within the square of
Figure 8. And so on.

It is clear that by moving the stage sufficiently far we can guarantee that no
two cones intersect within the square. This completes the proof of the repre-
sentation of trees by two stages. ]

4 Bounds on the Number of Stages

In the sequel we establish upper and lower bounds on the number of stages
needed to represent a graph.

4.1 Upper Bounds

It is easy to see (see proof of Theorem 4.1) that any graph with m edges can be
represented with at most m stages. In general, the following theorem gives an
upper bound on the number of stages.

Theorem 4.1 Every n vertex graph can be represented with at most |n(n —
1)/4] stages.

ProOF Let G be a graph with n vertices and m edges. Represent the graph
on a set of n points in the plane which are in general position such that for
all points u, v in the given set the line segment uv is not parallel to the z-axis.
Further assume all the points lie above the z-axis.

For each edge e of the graph locate a “small” stage S, (i.e. a closed interval)
on the z-axis in such a way that the infinite line segment determined by e
intersects S¢, but for no other edge of the graph does the corresponding infinite
line segment intersect S.. Without loss of generality we may assume the line
segments S,, for e an edge of the graph, are pairwise nointersecting.

Color every such stage S, “blue”. In addition, add a “red” stage for each
non-edge of the graph in such a way that the red and blue stages are pairwise
non-intersecting. There are m blue stages. Let r be the number of red stages.
Notice that
n(n—1)

5

Now traverse the z-axis from —o¢ to 400 and join adjacent stages of the
same color into single stages of that same color. It is clear that the number s
of the resulting blue stages is < min{m, r}. It follows that

m+—+r=

n(n—1)

2s < 2min{m,r} <m+r= 5

which proves that s < [n(n — 1)/4], as desired. [ ]
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4.2 Lower Bounds

In the sequel we give two lower bound proofs. The first result proves the exis-
tence of graphs which require n/logn stages without giving any indication on
how to construct them.

Theorem 4.2 There exist graphs G € G requiring at least Q(n/logn) stages
for their representation.

PrOOF As was shown in section 2, a l-stage graph is a comparibility graph
of dimension 2 and therefore it may be represented using a permutation 7 on
{1,2,...,n} as follows:

1. V={Un():i=1,...,n},
2. G={{(t,7(2), G, m(G)} i < gy 7w(i) < 7(5)}

Thus every such graph can be encoded with a single permutation. Hence a graph
which is representable with k stages can be encoded with 2k — 1 permutations.
In turn, each of these 2k — 1 permutations can be encoded with nlogn bits, for
a total of (2k — 1)nlogn bits.

Now assume that k is such that every graph is representable with k stages.
There are at least 24"°) possible graphs and they can all be encoded with
(2k — 1)nlogn bits. It follows that (2k — 1)nlogn > Q(n?). This proves the
required lower bound. [ |

In the sequel we use a result of H. Warren [17] on the number of sign pat-
terns of a set of polynomials in order to prove the existence of graphs whose
representation requires superlinear number of stages.

Let p1,pz, ..., pm be polynomials in r variables and for # = (#1,...,2,) let
the sign-pattern at # be the vector (sgn pi(z),...,sgn pm(z)) consisting of +1
and —1. Let s(p1, ..., pm) be the number of different sign-patterns for all values
of z € R".

Our main theorem makes use of the following result of H. Warren [17].

Theorem 4.3 Ifpy,..., pm are polynomials in r variables with degree < d then
the number of sign-patterns is

dedm\"
5(p17"'7pm)§ r .

Theorem 4.4 There exist graphs which require Q(n%/logn) stages for their
representation. [ |

Proor If Py,..., P, are points in the plane and [Q1, R1], ..., [Qk, Rx] are the
stages then the resulting graph is determined by the signs of the following set
of polynomials. For any three points P, @, R the sign of the determinant

D(Pa Qa R) = det((an Pya 1)7 (Qxa va 1)7 (Rxa Rya 1))

12



tells us whether point R is to the left or to the right of the directed line PQ.
Now the line determined by P; and P; hits stage [Q;, B if and only if

D(Pza-P]an)D(Pza-P]aRl) < 0.

There are m = (g)k polynomial conditions of degree d = 4 in r = 2n + 4k
variables. By the previous Theorem the number of sign-patterns is bounded by

7l2 k’C 2n+4k
<2n + 4k>
where C is a constant.

In order to represent all possible graphs this quantity must be at least 2(%).
Taking logarithms and ignoring lower order terms this means that

k = Q(n?/logn).

This completes the proof of the Theorem. [ |
A more careful analysis of the proof indicates that a similar result is valid
for any sufficiently large class G of graphs. For example, for an arbitrary class
G we have that
log |G| — 2nloge — 6nlogn
k> .
- 4log(en?)

Thus, we obtain the following result as a corollary.

Theorem 4.5 For any class G of graphs on n wvertices such that log|G| >
cnlogn, for some constant ¢ > 6, there exist graphs G € G requiring at least
Q(log |G|/ logn) stages for their representation. [ |

By using standard results on the number of graphs of specific type (e.g.
regular, bipartite etc) it is possible to determine lower bounds for such classes
of graphs [5][Chapter 15], [4].

4.3 Constructive lower bounds

Nevertheless, Theorems 4.2, 4.4 and 4.5 still give no indication on how to con-
struct graphs requiring a large number of stages. To give such a construction
we use the previous observation that every cycle with 5 or more nodes requires
at least two stages for its representation. This means that graphs which are
representable with a single stage must have girth < 4. We take advantage of
this fact in order to prove the following result.

Theorem 4.6 Every graph G with minimal degree d and girth > 5 requires at
least |d/2] stages for its representation via ray-shooting.

13



PROOF Assume on the contrary that G can be represented with less than |d/2]
stages, say s. Let G; be the subgraph of G corresponding to the ith stage. Let
e,e; be the number of edges of the graphs G, Gy, respectively. Observe that

22::1 €i Z 2e

= Duev dega(u)
> nd.

It follows that for some i < s we must have that e; > nd/2s > n. This
implies that the graph G; must have a cycle. However since the girth of the
graph G is > 5 so is the girth of the graph G;. This means that the graph G;
cannot be representable with one stage, which contradicts its very definition. B

What is the best lower bound that can be achieved via the construction
implied by Theorem 4.67 In other words, for a given d what is the smallest
possible number of nodes n of a regular graph of degree d? A well-known
theorem of Erdés and Tutte [12] (see also [8]10.11]) gives an indication on the
number of stages required by n-node graphs with girth > 5. For completeness
we give 1ts simple proof.

Theorem 4.7 Every graph G with minimal degree d and girth > 5 must have
more than d? vertices.

ProOOF Let u € V' be an arbitrary but fixed vertex of the graph. Let V; be the
set of vertices at distance exactly ¢ from u, where 7 = 0, 1, 2. Notice that since
the girth of the graph is > 5 every vertex v € V; has exactly one edge to a vertex
of V;_,. This means that

Vol = 1, Va] > d, [V2| > (d — 1)|V4].

It follows that n > |Vo| + |Vi| + V2] > d? + 1, as desired [ |

There are constructions in the literature of d-regular graphs with girth 5.
For example, see [12, 13, 14, 9] as well as [2] and the inductive construction
in [16], [8][10.12]. An interesting construction of a regular bipartite graph of
degree p+ 1, p? + p+ 1 nodes and girth 6, p prime, is the projective plane over
the Galois Field on p elements, with p+ 1 lines each line containing exactly p+1
points [8][10.15]. It is clear from Theorem 4.6 that this last graph requires at
least (p+ 1)/2 stages for its representation. This gives a graph G on n vertices
and ©(n%/?) edges such that sT(G) = Q(y/n). It is also known [7][Theorem
4.2] that a graph with n > 2 vertices, girth > 5 can have at most %n«/n -1
edges. Hence, ©(y/n) is the highest possible stage number for a graph obtained
by Theorem 4.6.

5 Conclusion and Open Problems
The notion of stage number, as a graph theoretic parameter, seems to be in-

teresting in its own right. This suggests, the search for tighter (constructive or
not) upper and lower bounds on the stage number of specific classes of graphs.

14



It would be interesting to know whether planar graphs can be represented with
a constant number of stages. Another interesting problem is determining the
complexity of the recognition problem G € Gy, both for fixed as well variable
k. For k = 1 graphs in G; can be recognized in O(n?) time. It has been shown
in [1] that in single stage graphs maximum matchings can be computed in time
O(nlog3 n). It would be interesting to know if there is a similar “maximum
matching” theorem for the graphs in G that takes into account k as a parame-
ter. Our representation of stage graphs asumes that the stages lie on the z-axis
and the points have positive y-coordinates. If we drop this assumption and the
stages and points are allowed to intermingle then our bounds are no longer valid.
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