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Abstract

We consider the problem of constructing virtual path layouts for an ATM network

consisting of a complete network K

n

of n processors in which a certain number of links

may fail. Our main goal is to construct layouts which tolerate any con�guration of

up to f layouts and have the least possible congestion. First, we study the minimal

congestion of 1-hop f -tolerant layouts in K

n

. For any positive integer f we give upper

and lower bounds on this minimal congestion and construct f -tolerant layouts with

congestion corresponding to the upper bounds. Our results are based on a precise

analysis of the diameter of the network K

n

[F ] which results from K

n

by deleting links

from a set F of bounded size. Next we study the minimal congestion of h-hop f -

tolerant layouts in K

n

, for larger values of the number h of hops. We give upper and

lower bounds on the order of magnitude of this congestion, based on results for 1-hop

layouts. Finally, we consider a random, rather than worst case, fault distribution.

Links fail independently with constant probability p < 1. Our goal now is to construct

layouts with low congestion that tolerate the existing faults with high probability. For

any p < 1, we show such layouts in K

n

, with congestion O(logn).
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1 Introduction

Broadband Integrated Digital Services (ISDNs, for short) are meant to accomodate various

kinds of data tra�c, including voice, video, image, �le transfer, as well as interactive. Such

systems provide true high rate �le transfer, video conferencing, on demand HDTV, inter-

face with high-speed LANs, etc. Requirements in new and emerging information services

require a new transfer mode for broadband ISDN. ATM (Asynchronous Transfer Mode) was

developed [3] as a packet structure for broadband ISDNs. ATM is a new multiplexing and

switching technology that results in more cost e�ective solutions of greater 
exibility than

several separate individually optimized technologies [3]. Because of this, it has signi�cant

commercial as well as public service applications. This technology is thoroughly described

in the literature [8, 7].

For standard networks, routing is based either on variable or large size data units, and has

been the topic of extensive studies in the literature, e.g., see [9, 1, 2]. However, this is not

suitable for present day multimedia environments, which have large throughputs of di�erent

types of data services. By contrast, in ATM networks routing is based on relatively small

�xed-sized packets. Such packets are routed through a layout of \virtual" paths, as well as

sequences of such virtual paths, also called \virtual" channels. Although such layouts may

be time-expensive to set-up from scratch by the network user, they remain �xed for relatively

long time.

However, as the size of the networks grows ATM studies must take into account the possibility

of component failures. In a network where links may fail it is important to establish a virtual

path layout which guarantees fault-free transmission of the packets. The construction has to

take into account the available capacity of the existing links, i.e., the congestion bounds of

the links cannot be exceeded. Hence it is important to construct fault-tolerant virtual path

layouts with the least possible congestion.

The model we use in this paper is based on the Virtual Path Layout model introduced

by Gerstel and Zaks [5, 6]. Messages may be transmitted through arbitrarily long virtual

paths. Packets are routed along those paths by maintaining a routing �eld whose sub�elds

determine intermediary destinations of the packet, i.e., end-points of virtual paths on its

way to the �nal destination. In such a network it is important to construct path layouts

that take into account tradeo�s between the hop number (i.e. the number of virtual paths

used to travel between any two nodes) and edge-congestion (i.e. the number of virtual paths

passing through a link).

1.1 Notation and de�nitions

In this paper we consider the problem of constructing virtual path layouts for a complete

network of n processors in which a certain number, say f , of links may fail. We also assume
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that the number of faults may be arbitrary but the network resulting after removing the

faulty links remains connected. Before proceeding with an outline of the main results of the

paper we give the following de�nitions.

� K

n

is the complete network on a set X of n nodes.

� For any set F of links of K

n

, K

n

[F ] is the network resulting from K

n

by deleting all

links from F .

� A virtual path (VP) in a network is a simple chain in this network (i.e., a non-repetitive

sequence (v

1

; :::; v

k

) of nodes).

� A virtual channel (VC) of length k, joining nodes u and v, is a sequence p

1

; p

2

; : : : ; p

k

of VPs such that p

1

begins at node u, p

k

ends at node v and the beginning of p

i+1

coincides with the end of p

i

, for i < k.

� An h-hop (virtual path) layout P in K

n

is a collection of virtual paths, such that every

pair of nodes u and v is joined by a VC of length at most h, composed of VPs from P.

� The congestion of a layout P in K

n

is the maximum number of VPs from P passing

through any link of K

n

.

� A layout P in K

n

is h-hop f -tolerant, for positive integers h and f , if, for any set F

of links such that jFj � f and K

n

[F ] is connected, any pair of nodes u and v is joined

by a VC of length at most h, composed of VPs from P not containing links from F .

� The length of a simple path in a network is the number of links in this path.

� The diameter of a connected network is the maximum over all pairs of distinct nodes

of minimal lengths of paths joining these nodes.

� By [n]

k

, for positive integers n and k, we denote the descending factorial n(n�1) � � � (n�

k + 1). For k � 0, we de�ne [n]

k

= 1.

1.2 Results of the paper

First, we study the minimal congestion of 1-hop f -tolerant layouts in K

n

. For any positive

integer f we give upper and lower bounds on this minimal congestion and construct f -

tolerant layouts with congestion corresponding to the upper bounds. Our results are based

on a precise analysis of the diameter of the network K

n

[F ] when the number jFj of faulty

links is bounded by F (n; k) = k(n�

k+3

2

). The bounds F (n; k) on the number of faults play

an important role in our considerations, as they yield thresholds for the diameter of K

n

[F ].

We show that

� if the number of faults is f = F (n; k) then the minimal congestion of a 1-hop f -tolerant

layout is �(k[n� 2]

k

).

Next we study the minimal congestion of h-hop f -tolerant layouts in K

n

, for larger values

of the number h of hops. We give upper and lower bounds on the order of magnitude of this

congestion. More precisely, assuming that F (n; k) < f � F (n; k + 1) and 0 < h < n, we

show that the congestion depends on the ratio

k

h

, in the following way:
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� there exists a h-hop f -tolerant layout in K

n

with congestion

O

 

k

h

[n� 2]

d

k+2

h

e�1

!

;

� every h-hop f -tolerant layout in K

n

has congestion




 

k

h

2

[n� 2]

b

k

h

c�1

!

:

In the last section, we consider an alternative assumption on the fault distribution. Instead

of imposing an upper bound f on the number of faulty links and assume their worst case

location, we adopt a random approach. Assume that links fail independently with constant

probability p < 1. Our goal is to construct layouts with low congestion that tolerate the

existing faults with high probability. For any p < 1, we show such layouts in K

n

, with

congestion O(log n).

2 Single-hop Layouts

In this section we study the minimal congestion of 1-hop f -tolerant layouts in K

n

. For any

positive integer f we give upper and lower bounds on this minimal congestion and construct

f -tolerant layouts with congestion corresponding to the upper bounds.

We �rst de�ne a sequence of integers which will play an important role in our considerations.

These integers are called key-points. For natural numbers n and k � n� 2 de�ne F (n; k) =

k(n�

k+3

2

). Notice that F (n; k+1) = F (n; k)+n�k�2. Any natural number f �

(n�1)(n�2)

2

can be uniquely represented as F (n; k) + r, where k � n � 2 and 0 < r � n� k � 2.

The following result gives a lower bound on the congestion of any 1-hop f -tolerant layout in

K

n

.

Theorem 2.1 Let f = F (n; k) + r, where k � n � 2 and 0 < r � n � k � 2. Every 1-hop

f-tolerant layout has congestion 
(rk[n � 2]

k

).

Proof: Let f = F (n; k)+r, where k � n�2 and 0 < r � n�k�2. Let (v

0

; v

1

; :::; v

k

; v

k+1

) be

any simple path of length k+1 inK

n

. Consider the networkG on the setX of all nodes, whose

links are those from the above path and those of the complete graph on X n fv

0

; v

1

; :::; v

k�1

g

(see �gure 1). Let F be the set of all links in K

n

which are not links of G. Thus G = K

n

[F ]

and

jFj =

n(n� 1)

2

�

(n� k)(n� k � 1)

2

� k = F (n; k):
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Figure 1: The network G

Consider any 1-hop f -tolerant layout P in K

n

. We claim that there are at least r + 1 VPs

in P joining v

0

and v

k+1

, which have the pre�x (v

0

; v

1

; :::; v

k

). Suppose not and let p

1

; :::; p

t

,

for t � r, be all such VPs in P with this pre�x. Let Y be the set of links in all those VPs

following link (v

k�1

; v

k

). Clearly jY j � r and hence jF [ Y j � f . However, all VPs in P

joining v

0

and v

k+1

must contain links from F [ Y , which contradicts 1-hop f -tolerance of

P.

It follows that for any pair u and v of distinct nodes and for any simple path (u; v

1

; :::; v

k

; v)

of length k+1 joining them, there are at least r+1 VPs in P joining u and v, which have the

pre�x (u; v

1

; :::; v

k

). There are

n(n�1)

2

pairs of nodes and [n� 2]

k

simple paths of length k+1

joining each pair. For each such path, the r+ 1 VPs (of length at least k + 1) contribute at

least (r+ 1)(k + 1) links. Thus the sum of numbers of links in all VPs of the layout P is at

least (r + 1)(k + 1)

n(n�1)

2

[n � 2]

k

. Consequently the congestion of P is at least the average

of this total per link, i.e., (r + 1)(k + 1)[n� 2]

k

= 
(rk[n� 2]

k

). 2

Since F (n; k+1) = F (n; k)+n�k�2, we obtain the following corollary concerning congestion

of 1-hop f -tolerant layouts for f being a key-point.

Corollary 2.1 If f = F (n; k), where k � n � 2 then every 1-hop f-tolerant layout has

congestion 
(k[n� 2]

k

).

Next we focus attention on the upper bound on congestion of 1-hop f -tolerant layouts. We

�rst prove the following lemma.

Lemma 2.1 If jFj � F (n; k) then the diameter of K

n

[F ] is at most k + 1.
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Proof: Let F be any set of links in K

n

such that K

n

[F ] is connected. Suppose that the

diameter of K

n

[F ] exceeds k + 1. Consider any pair of nodes u and v and the shortest path

P in K

n

[F ] joining u and v. First suppose that P has length k + 2. Let Y be the set of all

nodes not belonging to this path. Thus jY j = n� k � 3.

For any node w in Y , the distance between nodes v

1

and v

2

in the path, such that links

(w; v

1

) and (w; v

2

) do not belong to F , is at most 2: otherwise using the detour v

1

; w; v

2

instead of the segment between v

1

and v

2

would create a shortcut, thus contradicting the

minimality of P . It follows that for any node w 2 Y and all but three consecutive nodes v

i

from P , the link (w; v

i

) must belong to F . On the other hand, all links joining nodes from

the path P , except links in this path, must be in F : otherwise a shortcut would again be

possible. Thus the size of F is at least

(n� k � 3)k +

(k + 3)(k + 2)

2

� (k + 2) = F (n; k) + 1:

Consequently, if the shortest path in K

n

[F ] joining u and v has length k + 2, then jFj �

F (n; k) + 1. The same argument shows that if this shortest path has length k + 2 + x, for a

positive integer x, then jFj � F (n; k+ x)+ 1. Since F (n; k) < F (n; k+1), this implies that

if the diameter of K

n

[F ] exceeds k + 1 then jFj � F (n; k) + 1. This concludes the proof. 2

The proofs of theorem 2.1 and lemma 2.1 provide the following characterization of the key-

point F (n; k): this is the maximum number f such that, whenever f links are deleted from

the complete network K

n

, the resulting network has diameter at most k + 1.

Lemma 2.1 implies an upper bound on congestion of 1-hop f -tolerant layouts which matches

the lower bound from theorem 2.1 when f is a key-point (cf. corollary 2.1).

Theorem 2.2 Let f � F (n; k), where k � n � 2. Then the layout consisting of all VPs of

length at most k + 1 is 1-hop f-tolerant and has congestion O(k[n � 2]

k

).

Proof: Lemma 2.1 implies that the layout is 1-hop f -tolerant. In order to estimate its

congestion, notice that, due to symmetry, the number of VPs containing link l is the same,

for any link l. Each VP of length i contributes i to the congestion count. There are [n]

i+1

such VPs, hence the total contribution is

P

k+1

i=1

i[n]

i+1

. Since all links are equally loaded,

in order to obtain congestion, this sum should be divided by

n(n�1)

2

, thus giving congestion

equal to 2

P

k+1

i=1

i[n � 2]

i�1

. Let a

i

= i[n � 2]

i+1

. We have

a

i+1

a

i

� 2 for i � n � 3, hence

the series in question grows faster than geometric and consequently the order of magnitude

of the sum of its initial segment is the same as that of the last term. It follows that the

congestion of our layout is O(k[n� 2]

k

). 2

The upper bound given in the above theorem is not tight for values of f which are not

key-points. In fact we conjecture that it is the lower bound from theorem 2.1 which is tight

for such values, up to a multiplicative constant.
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Conjecture. Let f = F (n; k) + r, where k � n� 2 and 0 < r � n � k � 2. There exists a

1-hop f -tolerant layout with congestion O(r(k + 1)[n� 2]

k

).

Notice that we formulated the conjecture putting O(r(k+1)[n�2]

k

) instead of O(rk[n�2]

k

)

to include the case k = 0. Although we cannot prove this conjecture in general, we construct

an appropriate layout for k = 0, i.e. when f � n � 2. Let v

0

; :::; v

n�1

be a labeling of all

nodes of the complete networkK

n

. In the sequel all operations on node indices are performed

modulo n. We say that two nodes v

i

and v

j

are k-neighbors if k = min(j � i; i� j). Note

that k � b

n

2

c.

Consider the following 1-hop f -tolerant layout P

f

in K

n

, for f � n�2. If f is equal to n�3

or n � 2 then P

f

consists of all VPs of length 1 and 2. For f � n � 4 the layout P

f

is the

union of f + 3 disjoint layouts P

f

0

; :::;P

f

f+2

, de�ned as follows. The layout P

f

0

consists of

all VPs of length 1 in K

n

. All other layouts P

f

i

, for i = 1; :::; f + 2, consist of the following

VPs of length 2. Any pair of k-neighbors in X, for k = 1; :::; b

n

2

c, except pairs (v

i�1

; v

k+i�1

)

and (v

k+i�1

; v

2k+i�1

), is joined by a VP of length 2 with middle node v

k+i�1

. This node is

called central for �xed i and k. (see �gure 2). Notice that, for �xed i and k, every link is in

at most two VPs of P

f

i

(cf. �gure 2).

v

v 2k+i-1i-1

k+i-1

v

Figure 2: VPs joining k-neighbors in P

f

i

Lemma 2.2 For any f � n�2, the layout P

f

is 1-hop f-tolerant and has congestion O(f).
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Proof: For any pair of nodes u and v and all i = 1; :::; f + 2, VPs in layouts P

f

i

joining u

and v have distinct middle nodes and hence are link disjoint. For at most two values of i

the layout P

f

i

does not contain a VP joining these nodes. Hence there are at least f link

disjoint VPs of length 2 in P

f

joining u and v. Together with the VP of length 1 this gives

at least f +1 link disjoint VPs joining these nodes. This proves that the layout P

f

is 1-hop

f -tolerant.

It remains to estimate the congestion of layout P

f

. Fix a link l = (u; v) and i 2 f1; ::; f +2g.

Each of nodes u and v can be central for at most one value of k. For a �xed k, the link l

is in at most two VPs of P

f

i

. Hence there are at most four VPs in P

f

i

containing link l.

This link is also in one VP from P

f

0

. This gives the upper bound 4(f + 2) + 1 = 4f + 9 on

congestion of the layout P

f

.

2

Notice that the gap between the upper and the lower bounds obtained in theorems 2.1 and

2.2 for general values of f = F (n; k) + r, is a factor of

n�k

r

. For k close to n, as well as for f

close to the nearest larger key-point, the orders of magnitude of the upper and lower bounds

meet. In some cases, however, e.g. for r = 1 and k =

n

2

, this gap becomes a factor of �(n).

The exact order of magnitude of the minimal congestion of 1-hop f -tolerant layouts for such

values f remains open (cf. the conjecture).

3 Multi-hop Layouts

In this section we study the minimal congestion of h-hop f -tolerant layouts in K

n

, for larger

values of the number h of hops. We give upper and lower bounds on the order of magnitude

of this congestion.

Theorem 3.1 Assume that F (n; k) < f � F (n; k + 1) and 0 < h < n.

1. There exists a h-hop f-tolerant layout in K

n

with congestion

O

 

k

h

[n� 2]

d

k+2

h

e�1

!

:

2. Every h-hop f-tolerant layout in K

n

has congestion




 

k

h

2

[n� 2]

b

k

h

c�1

!

:

Proof:

1. Let f be as assumed and let jFj � f . According to lemma 2.1, there exists a path P

of length k + 2 in K

n

[F ], between any two nodes u and v. There exists a virtual channel
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C = (P

1

; :::; P

h

) of length h, joining u and v, such that all VPs P

i

are segments of P and

every path P

i

has length at most d

k+2

h

e. It follows that the layout Q consisting of all virtual

paths of length not greater than d

k+2

h

e is h-hop f -tolerant. In view of theorem 2.2, the

congestion of layout Q is O(

k

h

[n� 2]

d

k+2

h

e�1

).

2. Fix a h-hop f -tolerant layout P. Let P = (v

0

; v

1

; :::; v

k

) be any simple path of length

k in K

n

. Consider the unique virtual channel of length h joining v

0

and v

k

whose VPs are

consecutive segments S

1

; :::; S

h

of P such that S

1

; :::; S

i

have length d

k

h

e and S

i+1

; :::; S

h

have

length b

k

h

c, for some i � s.

Consider the set F of links of size F (n; k), de�ned in the proof of theorem 2.1. In the network

G = K

n

[F ] the path P is the only simple path joining v

0

and v

k

. Since f � F (n; k), there

must exist a VP in the layout P which contains one of the segments S

i

. The value i must

be the same, i = i

0

, for at least

[n]

k+1

h

paths P . For a given simple path S of length L, where

L = d

k

h

e or L = b

k

h

c, there exist [n � L � 1]

k+1�L�1

simple paths of length k in which S is

the i

0

th segment. It follows that there are at least

N =

[n]

k+1

h[n� b

k

h

c � 1]

k+1�b

k

h

c�1

VPs of length 
(

k

h

) in the layout P. Consequently, the congestion of P is at least




 

k

h

N

2

n(n� 1)

!

= 


 

k

h

2

[n� 2]

b

k

h

c�1

!

:

2

If h � k + 2, both the upper and the lower bound in the above theorem become constant.

Indeed, in this case the layout consisting of VPs of length 1 (i.e., individual links only) is

h-hop f -tolerant and has congestion 1.

4 Random faults

In this section we consider an alternative assumption on fault distribution. Instead of impos-

ing an upper bound f on the number of faulty links and assume their worst case location, we

adopt a random approach. Assume that links fail independently with constant probability

p < 1. Our goal now is to construct layouts with low congestion that tolerate the existing

faults with high probability. More precisely, a layout P is called h-hop p-safe, for a given

positive real p < 1, if whenever links in the set F are chosen randomly with probability

p, the probability that there exists a VC of length h in K

n

[F ], composed of VPs from P,

between any pair of nodes, is at least 1�

1

n

.

9



Theorem 4.1 For any p < 1, there exists a 1-hop p-safe layout in K

n

, with congestion

O(log n).

Proof: Let q = 1 � (1 � p)

2

, c =

�3

log q

and f = dc log ne. In view of lemma 2.2, the layout

P

f

de�ned in section 2 has congestion O(f) = O(log n). It remains to show that this layout

is p-safe.

Let F be a set of links chosen according to the de�nition of a p-safe layout. Consider any

pair of distinct nodes u and v. There are f (link disjoint) VPs of length 2 joining u and v,

in the layout P

f

. Consider any of those VPs, call it P . The probability that at least one of

the two links of P is in F is equal to q. For distinct link disjoint paths P the above events

are independent. Hence the probability that for every VP in P

f

, joining u and v, at least

one of its links is in F , is at most q

f

� q

c logn

. Since there are less than n

2

pairs (u; v), the

probability that this happens for at least one such pair is at most n

2

q

c logn

. We have

n

2

q

c logn

= n

2

n

c log q

=

1

n

;

in view of c =

�3

log q

. This proves that the layout P

f

is p-safe. 2

Since layout P

f

considered in the above proof consists of VPs of length at most two, the

following corollary holds.

Corollary 4.1 For any p < 1, the layout consisting of all VPs of length one is 2-hop p-safe.

In fact, in the 2-hop case we have n � 2 VC's for each pair of nodes. The probability that

all of them are faulty for some pair is not only at most

1

n

but indeed decreases exponentially

in n.

The comparison of theorems 2.1 and 4.1 shows a dramatic di�erence between the worst case

and random scenarios. Suppose that a �xed fraction, say

1

4

, of all links are faulty, and let

h = 1. If we require worst case fault-tolerance from a layout, theorem 2.1, applied for a k

linear in n, implies that the layout must have congestion exponential in n. However, if we

assume that this fraction of faulty links are distributed randomly in the complete network

K

n

, theorem 4.1 shows that we can construct a layout fault-tolerant with high probability,

which has only logarithmic congestion.

5 Conclusion

We presented upper and lower bounds on the minimal congestion of fault-tolerant layouts in

complete networks, assuming the worst case fault distribution among links. We also showed

10



that congestion can dramatically decrease if faults are distributed randomly and almost

certain, rather than worst case, fault tolerance is required.

In the worst case scenario our bounds on congestion of 1-hop layouts are tight, up to a

multiplicative constant, for some values of the number of faults, called key-points. In between

these values there remain gaps between upper and lower bounds: we conjecture that the lower

bounds are tight. Another interesting problem is to generalize the study of fault-tolerant

layouts from the complete network to other graphs.
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