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Note : This draft improves the results presented in Section 3 of [1].

1 Introduction

We present an O(nlog®n) time algorithm for computing a maximum matching in a per-
mutation graph on n-vertices. Our results are based on the algorithm of [12] for a two
processor scheduling problem of [2]. The algorithm of [12] runs in O(n + m) time, where n
and m are the vertices and dependencies, respectively of the given graph. Through vector
dominance and using computational geometry techniques we provide a novel and improved
algorithm for maximum matching in permutation graphs. We establish that the problem has
an O(nlog®n) solution. Furthermore, if the dependency graph of a scheduling problem is
known to be a permutation graph, then we now have an improved two-processor scheduling
algorithm (if the number of edges is Q(nlog®n)).

2 Maximum Matching in a Permutation Graph

As pointed out, e.g., in [10], there is a strong relation between maximum matchings in co-
comparability graphs and the following scheduling problem: Let G = (V, E) be a directed
acyclic graph; let G have n vertices and m edges. Vertex v € V is a successor of a vertex
u € V if there 1s a directed path from u to v in G. A two-processor scheduling for G is an
assignment of time units 1,2,3,... to the vertices v € V such that
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1. each vertex v € V is assigned exactly one time unit,
2. at most two elements are assigned the same time unit, and
3. if v 1s a successor of w in G, then wu is assigned a lower time unit than v.

The edges of G represent dependencies among the set of n vertices (tasks) to be executed.
The largest time unit assigned to a vertex is called the length of the schedule.

It has been shown that the following holds [4]: Given a directed acyclic graph G with n
vertices then there is a two-processor scheduling for G of length [ iff there is a matching of
size n — [ in the undirected complement graph G’. Two vertices u and v are connected by an
undirected edge in G’ iff neither uv nor vu is an edge in graph G. Moreover, a matching in
G’ can be obtained from a schedule by simply matching all pairs of vertices that are assigned
the same time unit. Note that G’ is a co—comparability graph.

Efficient algorithms for finding a tightest two-processor schedule are known [5]. We follow
the approach of [2] that leads to a linear time algorithm for the scheduling problem [12] when
the graph G is transitively closed. This approach uses a vertex numbering assigning numbers
1,2,... to the n vertices of G in an increasing order. By L(u) we denote the label of vertex
u and by N(u) we denote the list (L(vy), L(va),..., L(vy)) of the labels of the successors v;
of u in G sorted in decreasing order.

Suppose the numbers 1,2....,k — 1 have already been assigned. A vertex u is labeled
with value L(u) = k, if

1. all successors of u in G are already labeled, and
2. for each other vertex u' fulfilling 1, the sorted list N(u') is lexicographically not smaller
than N(u). (Ties are broken arbitrarily.)

Once the vertex labeling is complete, the matching is found in a greedy manner by a list
schedule according to decreasing vertex labels: Starting with the highest label n, a vertex is
matched with the highest label possible.

The |V| + |E| time algorithm of [12] is optimal when the restriction graph G is given
explicitly. This yields a O(n?) time maximum matching algorithm for the corresponding
co—comparability graph G'.

Since permutation graphs can be represented in O(n) space, we are interested in a faster
algorithm for this class of graphs. Using the geometric interpretation of permutation graphs
(i.e. the class of permutation graphs is the same as that of the vector dominance graphs
in the plane, see [1]), we show that simple geometric arguments and data structures suffice
to design a matching algorithm whose run-time is sublinear in the number of edges of the
graph.

To achieve this, partition the vertices into levels. The level of a vertex v € V' is the length
of the longest path from v to a vertex of outdegree zero. It is easy to see that the following
holds: If vertex u € V is at a higher level than vertex v € V, then L(u) > L(v). This can
be shown by an inductive argument. Let [,, [, be the level of u and v respectively. Then, v
has at least one successor at level [, — 1 > [, whereas u has no successor at this level.

This partitioning into levels corresponds to vertex domination in the geometric represen-
tation of a permutation graph. The partition into levels can be done in O(nlogn) time. All
that remains is to determine the order in which the vertices within a level are labeled. In-
stead of determining sorted lists N(v) we use a geometric argument. Denote by DomReg(p)
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Figure 1: The regions Rec(u), Rec(v) and SharedQ(u,v).

the upper right quadrant of an axis-aligned coordinate system whose origin is at point p. In
this section, a point p dominates a point ¢ if ¢ lies in DomReg(p). Let R be any region of
the plane, then Max(R) denotes the maximum label of all labeled points which lie in R, it
is set to zero if R contains no labeled point.

Now let u and v be two points on a common level and assume w.l.o.g. that u lies above
v,i.e. u’s y—coordinate is larger than v’s. The intersection of DomReg(u) and Dom Reg(v)
is a quadrant called Shared@(u,v). Then the region DomReg(u) can be partitioned into
SharedQ(u,v) and the remaining half-open rectangle, called Rec(u); similarly, for v (see
Figure 1). Now, observe that L(u) > L(v) if and ounly if Max(Rec(u)) is greater than
Max(Rec(v)).

This reduces the problem of performing a comparison operation of the form “L(u) > L(v)”
(as needed for sorting each layer) to a comparison between two integers (labels) obtained via
Maximum-Labeled-Element-Queries in half-open rectangles. There are different approaches
to solving such queries: one is to state the problem as a (dynamic) 3-d range searching
problem where the third coordinate is the label, the other, taken here, is to use the range
priority search trees (called as range trees, see e.g., [11]). A range tree stores the points



sorted by wx-coordinate in its leaves. Located at each internal node is a y-sorted list of all
points in its subtree.

To perform a Maximum-Labeled-Element-Query in a half open rectangle R, we must find
the maximum labeled point in R, where R is bounded by [z,, x;] and [y,, +00]. To answer
these queries we build two data structures. The first data structure is a range tree that
reports the maximum layer number [ among all layer numbers corresponding to each point
in R. Given [ and R, the second data structure reports the maximum labeled point in the
layer I, among all points of [ lying inside R.

The (priority) range tree is computed as follows. Sort the points with respect to increasing
x-coordinate. Build a balanced binary search tree T over them. At each internal node u
sort the points, which are in the subtree rooted at w, with respect to their y-coordinates
and determine the maximum label among all points in the subtree. For each point p; at
node u of T', compute the maximum layer number among all points at u which have higher
y-coordinate with respect to p;. Also assume that there are cross-ranking pointers associated
between a node and its parent and between a node and its sibling. It can be seen that the
preprocessing takes O(nlog n) time and O(nlog n) space using the algorithm of [3].

The queries in the first tree are answered as follows. We locate the O(logn) roots of
subtrees spanning the x-range [¢,,x;] and for each of these we use the sorted y-lists to
compute the maximum layer number in its z-range. The maximum layer number is the
maximum of at most O(log n) values computed in the above step. Note that we do not have
to perform a binary search in the sorted y-lists, since we can locate y, using the cross ranking
information. Thus the queries in the first tree can be answered in O(log n) time.

The second data structure is computed for every layer of the point set. Observe that any
layer [ is ¥ — y monotone. Hence [ can be represented by an array A;, where the points
in A; follow the respective order. Given the half open rectangle R, the points of [ in R
can be located by performing a binary search on A; by choosing the appropriate = and y
coordinates as the keys. Note that the points of / in R forms an interval in A;. So the
problem of computing the maximum labeled point in R of [ reduces to that of computing
the maximum element of an interval in 4;. We know that an array containing integers in
the range 1,...,n can be preprocessed in O(n) time and the maximum interval queries can
be reported in O(1) time [6]. Thus the second data structure can be computed in O(n) time
using O(n) storage and the queries can be answered in O(log n) time. Now we describe our
algorithm.

1. Compute the vector dominance representation of the permutation graph.

2. Partition the point set into layers, 1,2,...,k and assign each point its layer number.

3. Build the first data structure - the range tree.

4. Assign arbitrarily the labels to the points in the first layer from the range 1,...,n4,
where ny is the number of points on the first layer. All other points are initialized to 0
as their labels. Build the second data structure for the points in the first layer.

5. For layers : = 2,3,...,k do
sort the points on layer ¢ (using the above described comparison operator) and assign
consecutive labels to the points.

6. Perform a greedy matching on the labeled graph.



Note that the labels for the layer ¢ are computed using (only) the labels of the layers 1
to ¢-1; the locations of all points remain unchanged. The total time per point is therefore
O(log n), since the queries in both data structures can answered in O(logn) time and the
second data structure is built in linear time, once we assign labels to each point on that
layer. If an optimal sorting algorithm is used, the total number of queries can be bounded
by Y%, n;log n;, where n; denotes the cardinality of layer 7. Thus all labels can be assigned
in O(nlog®n) time. Now we show how the greedy matching can be performed.

The matching can be done by a sequence of O(n) Maximum-Labeled-Element-Queries
using the quadrant DomReg(p) for finding point ¢ to be matched with p. It examines points
in decreasing order of their labels and tries to match them. Once p and ¢ are matched, both
of them are deleted from the point set. To compute the matching, a dynamic range-range
priority search tree is used. Sort the points with respect to z-coordinate and arrange them
in a binary search tree (i.e. the primary tree). At each node of the tree, sort all points
in its subtree with respect to y-coordinate and build a binary search tree over them (i.e.
secondary tree). This data structure can be built in O(nlogn) time and O(nlogn) space
using the algorithm of [3]. Given a point p, the maximum-labeled query is performed as
follows. Locate the O(log n) roots of subtrees in the primary tree spanning the z-range of
DomReg(p) and for each of these we use the secondary tree to compute O(log n) roots of
subtrees spanning the y-range of DomReg(p). So in all we have O(log®n) values, and the
maximum labeled point ¢ is the maximum of these values. Thus the maximum point ¢ can be
reported in O(log? n) time. The next step is to remove the point ¢ from the data structure.
Locate the leaf of the primary tree containing the point ¢g. Now walk up this tree till its root
and at each intermediate node, update the secondary tree starting from the leaf containing
q till its root. Since there are only O(logn) secondary trees to be updated, the total time
for deletion of ¢ from the data structure is O(log®n) time. Hence the greedy matching can
be computed in O(nlog®n) time. Above results are summarized in the following theorem.

Theorem 2.1 A maximum matching in permutational graphs can be computed in O(nlog®n)
time where n is the number of vertices of G.

Since complement graphs of permutation graphs are permutation graphs we get the fol-
lowing result.

Theorem 2.2 The two-processor task scheduling for dependency graphs known to be per-
mutation graphs can be solved in O(nlog®n) time where n is the number of processes (not
dependencies).
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