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Abstract

In this paper, we prove a general result on the impact of Sense of Direction. We
show that, in arbitrary graphs, any Sense of Direction has a dramatic effect on the
communication complexity of several important distributed problems: Broadcast,
Depth-First Traversal, Election, and Spanning Tree Construction.

In systems with n nodes and e communication links, the solution for the the Depth
First Traversal and the Broadcast problems require £2(e) messages without labeling;
we show that, with any Sense of Direction, they can be solved exchanging only
O(n) messages, even if the system is anonymous. The problems of Election and of
Spanning-Tree Construction require (e + nlogn) messages in absence of labeling;
on the other hand, with Sense of Direction we show that they can be solved with
O(n) messages

The results presented here completely explain and generalize the existing results
which now follow as corollaries for specific labelings.

Key Words Distributed algorithms, Complexity, Graph algorithms.

1 Introduction

A distributed system is a collection of processing entities (e.g., entities) connected by
a communication network, where each entity has a local non-shared memory and can
communicate by sending messages to and receiving messages from its neighbors. The
communication topology of the system can be viewed as a graph G(V, E) where nodes
correspond to entities and edges correspond to direct bidirectional communication links
between entities. Let E(x) denote the set of edges adjacent to node x.
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Every node z has a local label (also called port number) associated to each of its
incident edges; let A.((z,z)) denote the label associated by x to (x,z) € E(x). In other
words, every link has two labels, one for each of its incident nodes. A classical example
is a ring network where each arc is labeled “right” at an incident node and “left” at the
other.

Thus the system structure is a labeled graph (G, A), where A = {\, : @ € V} is the
labeling function.

A very important fact is that some labelings A have properties which can be exploited
in the solution of distributed problems.

This fact has been made explicit by the result of [13]: the chordallabeling of a complete
graph allows the message complexity of the Election process to be reduced from Q(n log n)
(for the unlabeled case [11]) to O(n) messages, where n is the number of entities in the
system (see also [15, 21]).

Since this first result, the evidence of the impact of specific labelings in particular
graphs has been accumulating in the recent years. For example, in chordal rings without
labeling, the Election process requires Q(nlogn) messages; with the chordal labeling
there exist algorithms whose complexity depends on the chord structure and can be
linear [2, 9, 17]. In these graphs, the properties of this labeling has been efficiently used
for the Weak Unison problem [8] and for Fault-Tolerant Election (e.g., [16]).

Similarly, O(n) Election algorithms exist for an hypercube with the traditional dimen-
sional labeling (e.g., [4, 18]); without labeling, the best known complexity is O(nlogn)
which is probably optimal. An even simpler O(n) technique has been found if the hyper-
cube has the chordal labeling [4].

In systems of unknown topology (the so-called arbitrary graph case), the availability
of the neighboring labeling reduces the complexity of the Election problem from (e +
n log n) (for the unlabeled case [1, 19]) to O(e) messages. With the same labeling,
the message complexity of Depth First Traversal drops from Q(e) to O(n) [20]. The
availability of a “group” labeling [22] reduces the complexity of the Broadcast problem
from Q(e) to Q(n). The same reductions for the Election, the Broadcast, and Depth
First Traversal problems can be obtained also with the simpler chordal labeling [5, 14].

All these labelings differ greatly from each other: the “chordal” labeling in chordal
rings, the “dimensional” labeling in hypercubes, the “neighboring” and the “group”
labeling in arbitrary graphs, etc. What they have in common is that they satisfy the
same set of global consistency constraints, called Sense of Direction [6]. In other words,
all existing results can be seen as evidence of the impact that specific instances of Sense
of Direction has on the communication complexity of distributed problems (in specific
graphs).

In this paper, we prove a general result on the impact of Sense of Direction. We show
that, in arbitrary graphs, any Sense of Direction has a dramatic effect on the communi-
cation complexity of several important distributed problems: Broadcasting, Depth-First
Traversal, Election, and Spanning Tree Construction.

In particular, both Broadcasting and Depth First Traversal require 2(e) messages
without labelings, even if each entity has a unique global identifier. At the same time, we
show that with any Sense of Direction it is possible to solve those problems exchanging



only O(n) messages; this results holds even if the system is anonymous (i.e., the entities
do not have any identity).

Both the problems of Election and of Spanning-Tree Construction require Q(e +
nlog n) messages in absence of labeling. On the other hand, with Sense of Direction we
show that we can construct Election protocols which require only O(nlogn) messages.
Because of the equivalence between the two problems, this results implies a similar bound
for Spanning Tree Construction.

The results presented here completely explain and generalize the results of [12, 14, 20]
which now follow as corollaries for specific labelings.

The paper is organized as follows. The framework is described in Section 2 where the
basic definitions and properties of SD are given. We prove lower-bounds on the com-
munication complexity in unlabeled networks in Section 3; the upper-bounds obtainable
with sense of direction are described in Section 4.

2 The Framework

2.1 Labelings and Sense of Direction

Let G(V, E) be the graph describing the communication topology of a distributed system,
where nodes correspond to entities and edges correspond to direct bidirectional communi-
cation links between entities. Let E(x) denote the set of edges adjacent to node . Every
node x has a label (also called port number) associated to each of its incident edges; let
Az be the local edge-labeling (or labeling) function for # € V' which associates a label [ to
each edge e € E(x): A;({x, z)) denotes the label associated by = to (x,z) € E(x). Each
node x refers to the other nodes using local labels called names. The set of local names
used by x is called the Local View of x; these local names are not necessarily identities
(i.e., unique global identifiers), in fact, the system could be anonymous. Let 3, be the
local node-labeling (or naming) function for ¥ € V which associates a name to each of
the other nodes of the system in such a way that: Vy,z € V 3.(y) = B.(2) iff y = z. let
B:(y) be the name associated by x to y.

The entire system can thus be described by the triple (G, A, 3), where the labeling
A ={\, : 2 € V}is the set of local labeling functions, and naming function § = {3, :
@ € V'} is the set of local naming functions.

Consider a system (G, \, 3). Let £ and N denote the set of edge and of node labels,
respectively; without loss of generality, let N/ C £*. The labeling X is a local orientation
when each node can distinguish among its incident edges; that is Vo € V', Veq, e € E(x),
Az(er) = Ag(eq) iff e; = ey. The set of paths from x to y is denoted by P[x,y|, and P[x]
denotes the set of paths starting from .

A consistent coding function f of a graph (G, A, 3) is a function which maps the
sequences of labels A, (7) associated to any paths 7 from x to y to the local name j3.(y)
used by x to refer to y, more precisely, a coding function f is consistent in (G, A, 3) iff
Ve,y € V, w € Ple,yl, f(Ae(7)) = Buly).

A consistent decoding function h for f is a function which associates a name to a given
name and a label, and allows a node to translate the local views of its neighbors. More



(a) (b)

Figure 1: Graph with (a) Chordal and with (b) Neighboring labeling

precisely, given a consistent coding function f. a decoding function h for f is consistent
i V{r, ) € B(e),7 € Ply, =), A (2, )), (1)) = Bul2).

Given (G, A, 3), Ais a Sense of Direction (SD) iff the following conditions hold [6]:
(1) Ais a Local Orientation,
(2) there exists a consistent coding function f,
(3) there exists a consistent decoding function h for f.

2.2 Instances: Chordal and Neighboring SD

To illustrate some of these concepts, we will describe here the only two types of labeling
known (in the literature) to have an impact on communication complexity in arbitrary
graphs: neighboring and distance.

A chordal (or distance) labeling of a graph G = (V, E), with |V| = n, is defined by
fixing a cyclic ordering of the nodes and labeling each incident link (x,y) of x by the
distance 6(x,y) in the above cycle (see Figure 1).

Let A be a chordal labeling and Ve, y let 8.(y) = 6(x,y), where é(x,y) is the distance
from x to y in the cyclic ordering; note that ' = £ = Z1. This labeling is a Sense of
Direction in (G, A, 3) [6]. For example, a consistent coding function f is the following:
for any path @ = ((xo, x1), (x1,22), ..., (X1, Tm)) € Plao]

m—1

Fhu(m)) = 3 Aul(20, 2i41)) mod n

=0

It is easy to verify that f(A,, (7)) = 6(xo, ¥m) = By (@), and thus, f is consistent.
The corresponding consistent decoding function is the following: V(xo,y0) € E(x¢), V7 €
P[yo]
h(Azo ({0, 90)); F(Ayo (7)) = Auo ({20, 50)) + f(Ayo (7))

m—1

= )\wo(<$o,yo>) + Z )\yi(<yiayi+1>)m0dn = ﬂl’o(xm)

=1
Sometimes called Distance 8D, its impact on the Election problem in arbitrary graphs
has been studied in [14], where a O(nlog n) solution algorithm has bee shown.



In a neighboring labeling, all the links ending in the same node = are labeled with
the same label which we shall denote by () (see Figure 1). If 3.(y) = I Ya,y €
V, then A is a 8D in (G, A, 3) [6]. In fact, the coding function Va € Plxo], 7 =

({xo, x1)y ooy (@Xime1, )
fAs(m)) = Ay ({21, @)
and the decoding function V(xo,y0) € E(xo), V@ € Plyo], # = ((yo,¥1), -+ (Ym-1,Ym))

h(Ano ({20, 30)), F(Ayo (7)) = F(Ay, (7))

are consistent.

This type of labeling is available for example in systems where every node has a
distinct global identifier (the identity) and knows the identities of all its neighbours
(hence the name “neighbouring”). Since distinct global identifiers are easily recoverable
from a Neighbouring labeling, systems with such labelings are not anonymous [6].

It has been shown that, in arbitrary graphs with Neighboring SD, the Election
problem can be solved with O(nlogn) messages [12], and Depth-First Traversal can be
done in O(n) messages [20].

2.3 The Power of Sense of Direction

In Sense of Direction, the existence of a consistent decoding function is clearly the crucial
property which allows the nodes to solve global problems while working solely and truly in
a local mode. In particular, it provides the ability to consistently decode the information
received from another node.

As an example, consider the situation of a node x wanting to send to its neighbor =
information about a node y. Node y is known at « as 3,(y); thus, the message sent by «
will contain information about a node called “3,(y)”. Suppose that this information is
received by z along the edge locally labeled with A.(({z, x)). Informally, if there is sense of
direction, node z, based on the label A.((z,x)) and on the name 3.(y), can deduce that
the received information is about the node locally called 3.(y). In other words, when a
labeling is a Sense of Direction, each node can consistently translate the local views of its
neighbors.

It 1s by exploiting the existence of this property in the neighboring, the group, and
chordal labelings that [12, 20|, [22], and [14], respectively, where able to obtain the
reduction in complexity in arbitrary graphs. In fact, as we show in this paper, it is
possible to obtain the same results with any sense of direction.

3 Lower Bounds

3.1 Problems

In this paper we consider a variety of interrelated distributed processes, briefly described
below. Each process is a transformation of system configurations; an entity will sponta-
neously and independently start the process if in state initiator.



The FElection or Leader Finding (L) is the process to transform an initial system
configuration, where one or more of the entities are in state initiator and the others in
a different state (say, asleep), into a final system configuration where exactly one entity
is in a leader state and all the other entities are in state lost. Notice that there are no
a priori restrictions on which entity can become leader, nor on the number of initiators.
The Election problem is solvable (i.e., there exists a deterministic protocol which will
always correctly solve the problem) if and only if each entity has a unique identity (e.g.,
[1]). In this case, the Election problem is computationally equivalent to the problems
of Spanning-Tree Construction (SPT) and Minimum Finding (M) with an arbitrary
number of initiators (e.g., [19]).

The Depth-First Traversal (DFT) problem consists to arrive from an initial config-
uration where all the entities except one (the initiator) are in the same state to a final
configuration in which a depth-first spanning-tree of the graph rooted at the initiator has
been constructed.

The Broadcast (B) problem consists to arrive from an initial configuration where
exactly one entity (the initiator) has an information, to a configuration where all the
entities have the information. The Broadcast problem is a particular instance of the
Wake-up (W) problem which consists to arrive from an initial configuration where some
entities are in the same state (say awake) while the others are in a different state (say
asleep), to a configuration where all the entities are awake. Namely, a Broadcast is a
Wake-up with only one entity initially awake.

3.2 Complexity in Unlabeled Graphs

Given a distributed problem P, let C(P) denote the message complexity of P in unlabeled
graphs.

Lemma 1 [19] If the entities have unique identities, C(L) = C(SPT) = C(M)
Lemma 2 C(DFT) > C(B)

Proof Trivially, since any traversal performs a broadcast. a
Lemma 3 C(L) > C(B)

Proof Any Election protocol solves the Wake-up problem: the initiators are the initially
awake entities, and both leader and lost entities are awake; thus, C(L) > C(W). Since
a broadcast is just a wake-up with only one initiator, we have C(W) > C(B). It follows
that C(£) > C(B) . 0

Theorem 1 [In arbitrary networks of unknown size C(B) > Q(|E|).

Proof By contradiction. Assume that there is an execution of a broadcast protocol in
G = (V, E) such that some node  did not send to nor receive from a neighbour y.
Counsider the graph G’ = (V', E') such that V' = V U {z}, where = ¢ V, and E' =
EUu{{x,2),{y,2)} — {{x,y)} (see Figure 2).



Figure 2: Proof of Theorem 1

Since the network size is unknown to any solution protocol by hypothesis, and since x
and y did not communicate, the protocol cannot distinguish between G and G’; that
is, the same execution is possible in G'. But, in this execution, z will not receive any
message, thus the broadcast will never be completed. a

This establishes an Q(e) lower bound on the message complexity of £,SPT, M, DFT
problems mentioned above. The proof of the theorem relies on the fact that |V is not
known to the entities.

We now consider the case in which the size of the network is common knowledge to
all the entities. Given a positive integer n, any integer m such that n — 1 < m < @
is said to be an edge-value for n (or, simply, edge-value).

Theorem 2 For any n and edge-value m, and any problem P € {L,SPT, M, DFT},
there exists a graph G(V,E) on n nodes and e edges, m < e < m + n — 2, such that
C(P)[G] > e even if n is common knowledge.

Proof By Lemmas 1,2, and 3.it is sufficient to show that the theorem holds for P = ZT
2(f(n)-1)1].

n—2

Let n be even. Let G’ be a k-regular graph on n’ = n — 2 nodes, where k = [

clearly, G’ has ¢ = ﬂnz_—zl edges, Consider now the graphG obtained from G’ by adding
two new nodes u and v, removing an edge (z,y), and adding the new edges (x,u) and
(y,v). The new graph G has n nodes and e = ¢’ + 1 = ﬂnz_—zl + 1 links. Notice that,
because in the ceiling operator in the definition of k, we have m < e < m 4+ n — 2.
It is easy to see that in G, broadcasting requires O(e) messages even if n is common
knowledge: the two leaf nodes must receive the message, and every internal node has
the same degree and is incapable of distinguishing whether it is one of the two nodes
connected to a leaf. A similar construction and argument holds when n is odd. O

That is, even if the size of the network is common knowledge, for any given size there
exist graphs of almost that size which require Q(|E|) messages.



4 Impact of Sense of Direction

4.1 Distributed Depth First Traversal

In this Section, we consider the distributed problem of constructing a Depth First span-
ning tree of the graph G representing the system.

In unlabeled graphs, this problem requires Q(|E|) messages (see Lemma 2) even if the
system is not anonymous; this bound can be easily achieved (e.g., [3]). An improvement
in the communication complexity has been shown to exists if each entity has a distinct
identity and knows the identities of all its neighbours; in this case, this problem can
be solved with O(n) messages [20]. This result implies that, in presence of Neighboring
Sense of Direction (discussed in Section 2.2), DFT can be performed in O(n) messages.
Recall that graphs with neighboring labelings are not anonymous.

In the following we show that Depth First Traversal can be performed in O(n) mes-
sages with any sense of direction, even if the graph is anonymous.

Algorithm DFT

The algorithm is token-based; at any point in time, at most one node has the “token”.
Initially, the token is held by the initiator node. During each step of the algorithm,
the node holding the “token” transmits it to one of its “untraversed” neighbors; if all
the neighbours have been already traversed, the node “backtracks” the token to the node
from which the token was first received. The algorithm terminates when the owner of the
“token” detects that all the nodes have been traversed. With respect to a D F-traversal of
G, the edges of G can be partitioned into “tree edges” and “back edges”. To achieve the
desired complexity, the “token” must be transmitted only along the tree edges. However,
a node does not know a priori which of its unused edges (i.e., on which no message has
been transmitted or received) is a “tree edge” or a “back edge”. The properties of Sense
of Direction are used to determine exactly this, without message transmissions on “back
edges”.

Let (G, ), 3) be a system with Sense of Direction. Given a set S C V of nodes,
let V.(S) = {B:(s) : s € S} be S as viewed by node x; given a neighbour y of x, let
H,(S)={h(AJ(<y,x>),q): ¢ € V(S)}, where h is the consistent decoding function.

Property 1 For every S CV,x € Viy € E(x), H)(S) =V, (95).

In other words, if a node x transmits its view (i.e., its local names) of a set S of nodes
to a neighbour y, the neighbour is capable of correctly constructing its view of the same
set. This implies that, even in absence of distinct identities, if a node sends a set of local
names, the receiver node can understand to which nodes the sender is referring to.

Furthermore, F(x) = {f(A; < 2,y >) :y € E(x)} = {B.(y) : y € E(x)}, where f is
the consistent coding function. Thus, for any V' C V,, subset of the local view of x € V
it is possible to correctly determine whether or not a neighbour is in V.

Summarizing, if a node transmits its view of a set of nodes, the receiver is capable of
correctly determining whether or not an incident link is connected to a node in that set.
The algorithm is shown in Figure 3.



Theorem 3 [n an anonymous system with Sense of Direction, Depth First Traversal
can be performed using at most 2n — 2 messages and time.

Proof Using Property 1, messages in the algorithm described above are transmitted
only along the tree edges. In particular, a “token” traverses each tree edge twice; the
first time when the edge in “untraversed”, the second time in the backtracking phase. O

It is crucial to note that this bound can be reached even in absence of distinct node
identities. The algorithm of [20] assumed distinct node identities as well as a priori
knowledge at each entity of the identity. Furthermore, the size of the messages in the
two algorithms is the same.

4.2 Broadcast

Without labeling, the complexity of the broadcast problem, denoted by C(B), is Q(|E])
when the size is unknown (by Theorem 1). If the size of the network is common knowl-
edge, for any given size there exists graphs which require Q(|E|) messages, (by Theorem
2).

When the labeling is a chordal sense of direction, there exists an algorithm for solving
the Broadcast problem in O(n) [14] and the same complexity is achievable when the
labeling is a group semnse of direction [22]. We can now generalize the existing results
which hold for specific sense of directions.

Theorem 4 [n an anonymous network with Sense of Direction, the broadcast can be
performed using at most 2n — 2 messages.

Proof Any traversal algorithm solves the broadcast problem; thus, the complexity
follows from Theorem 3. O

Notice that the size of the messages used is the same as the one in the algorithms for the
specific senses of direction of [14, 22].

4.3 Election and Spanning Tree Construction

Consider now non-anonymous systems; i.e., where each entity has a unique value (or
identity). It is well known that in arbitrary unlabeled networks the Election problem
requires (e + n log n) messages (e.g., [19]) and such a bound is achievable (e.g., [7]).

With Chordal SD [14] and Neighboring SD [12, 14], this problem can be solved in
O(nlog n) messages. In the following, we prove that the availability of any SD allows to
achieve the same bound.

Lemma 4 [10] The Election problem can be solved using (f(n) + n)(log n + 1) or
(f(e) 4+ n) messages where f(n) is the message complexity of graph traversal .

Theorem 5 With Sense of Direction, the Election problem can be solved using 3n log n +
O(n) messages.



Local information:

eUnused,: list of labels of edges at node z, initialized to {A;({x,¥)) : y € E(x) }.
eT'ree: list of local node names which represents the set of nodes reached by now.

e Parent,: label of the edge to the parent node in the rooted tree being constructed.

procedure INITIATE

begin

/* entity initiator */
Tree := {z}
SEND (TOKEN,Tree) on edge Ay ((x,y)) € Unused,
Unusedy 1= Unusedy, — {\;({x,y))}

end INITTIATE

Upon RECEIPT of (TOKEN,Tree) on edge labeled Ay ({x,y)) by node x
Parenty 1= A((x,y))
Unusedy := Unused; — {Az({x,y))}
DECODE(Tree, Ay ({z,y)))
Tree := Tree U {a}
for each edge A\, ({z,z)) € Unused,
if 3;(z) € Tree then
Unusedy := Unusedy — {Az({x, z))}

if Unused, # 0 then

SEND (TOKEN,Tree) on an edge labeled Ay ({xz, z)) € Unused,

Unusedy := Unused, —{;({x, 2))}
else /* backtrack */

if [Tree| = n then

Terminate
else
SEND (BACKTRACK, Tree) on edge labeled Parent,
fi
fi
end TOKEN

Upon RECEIPT of (BACKTRACK,Tree) on edge labeled Ay ({(x,y)) by node x
DECODE(Tree, Ay ({z,y)))
for each edge A\, ({z,z)) € Unused,
if 3;(z) € Tree then
Unusedy := Unusedy — {A;({x, z))}
if Unused, # 0 then
SEND (TOKEN,Tree) on an edge labeled Ay ({z, z)) € Unused,
Unusedy := Unused, —{;({x, 2))}
else /* backtrack again *
SEND (BACKTRACK, Tree) on edge labeled Parent,

end BACKTRACK
procedure DECODE(Tree, A, ({z, y)))
begin

foreach r = (,(2) € Tree do r := h(A.((x,y)), By(2))
end DECODE

Figure 3: DFT Algorithm

10



Proof Combining theorem 1 and Lemma 4, where the message complexity of the
election algorithm is bounded by (f(n)+n)(logn+1) and f(n) is the message complexity
of traversing the nodes of the network. More specifically, with the algorithm presented
above, an algorithm with a 3nlogn + O(n) message complexity can be shown.

a

Because of Lemma 1, the same bounds hold also for SP7T and for M. Notice that the
size of the messages is the same as in [12, 14].
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