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Abstract— A common drawback to all the reported self-organizing sequential search
algorithms is that they all fail to consider the size of the list when reorganizing it.
The two extremes are the well-known and most commonly analyzed algorithms, the
move-to-front rule and the transposition rule. This paper presents two new memory-
free self-organizing sequential search algorithms, both of which overcome this draw-
back. The first algorithm is called swap-with-parent (SWP) and the second is called
move-to-parent (MTP). Under the swap-with-parent heuristic, the accessed record
is exchanged with its “parent” (considering the list as a heap structure with no
ordering constraints between parents and their children) and all the other records
are untouched. whereas under the move-to-parent heuristic, the accessed record is
moved to its parent’s positions and all the records in between get shifted back one
position. It is shown that under the SWP heuristic, the Markov chain representing
the scheme is time reversible. This property allows us to derive its asymptotic equi-
librium probabilities a rather complicated expression for its average search cost. We
conjecture that it costs no more than the move-to-front rule and its convergence is
intermediate to the move-to-front rule and the transposition rule. For the perfor-
mance of the move-to-parent rule, empirical comparison shows that it lies between
the move-to-front heuristic and the transposition heuristic, and that it is better than
the swap-with-parent rule.

Keywords— Self organizing lists, the move-to-front rule, the transposition rule,
the swap-with-parent rule, the move-to-parent rule, Markov chains, time reversible
Markov chains.

1 Introduction

Suppose we are given a set of records Rq, R,..., R, which are in an arbitrary order =, so that
R; is in position 7 (z) for 1 <1 < m. At every instant of time one of these records R; is accessed.
We do so by examining each record of the list starting from the first record until R; is found.
This search costs 7 (i) units of time to perform.

Assuming that each record R; is accessed with an unknown probability s; and the accesses
are made independently. Then the expected search cost (average search length) for an ordering
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of the list 7 is _
cost(r) = > sim(s) (1)
1<i<n

To minimize the access cost, it is desirable that the records are ordered in the descending
order of their access probabilities. We shall refer to this kind of list ordering as a perfect ordering
or optimal ordering and refer to a file ordered in this way as a completely organized file. However
the access probabilities are seldom known a priori in practice, and so the list can not be arranged
in the optimal ordering in advance. In this situation we need an algorithm which dynamically
rearranges the list and gradually transforms it to a less costly ordering.

A self-organizing sequential search listis a linear search list in which the order of the records
may be altered each time a sequential search occurs so that after sufficiently many accesses, it
tends to be in the optimal ordering with high probability where the most frequently accessed
record is at the front of the list and the rest of the list is recursively ordered in the same manner.
The most useful and common type of alteration is to move the accessed record forward one or
more positions in the list. In this way more frequently accessed records move towards the front
of the list so that fewer comparisons are needed on subsequent accesses. -

This problem of having a file organize itself has been studied extensively. Various reviews
on self organizing strategies have been published over the years. We refer the reader to the
comprehensive surveys of the papers and results in the area (7, 9, 11] and the surveys on the
applications [2, 11, 19]. Rather than describe the various strategies in any detail, we shall briefly
highlight some of their main features.

An intuitive scheme for reordering a list to a, hopefully, less costly ordering is to keep a
counter of accesses for each record, and maintain the records in the descending order of their
access frequencies. However, as Knuth remarks ( [14] p398 ), this counter scheme is undesirable as
it requires extra memory space which could perhaps be better used by employing nonsequential
search techniques.

The first memory-free self-organizing scheme proposed by McCabe in 1965 [15] is the move-
to-front rule. In this scheme, each time a record is accessed, it is moved to the front of the list,
and all the records before the accessed record are shifted back one position. The asymptotic
search cost of the scheme in terms of the average number of probes required to find a record in
the given list (after it has reached a steady state where many further reorderings on the list are
not expected to increase or decrease the search cost significantly) is

1+2 0% 28, (2)

1<i<j<n

Many other researchers [7, 9, 10, 11] have also extensively studied the M T F rule and various
properties of its limiting convergence characteristics are available in the literature.

McCabe [15] introduced another memory-free scheme called the transposition rule. In this
rule, the accessed record is moved one position closer to the front of the list by interchanging it
with its preceding record unless it is at the front of the list. This was later proved by Rivest [19]
to have lower expected search cost per access than the move-to-front rule, and he conjectured
that the transposition rule is optimal. This conjecture was further strengthened by the result
by Bitner [4] that for some special distributions the transposition rule is optimal over all rules.
However Anderson et al. [1] found a counterexample to this conjecture by deriving a rule that is
better than the transposition rule for a specific distribution. Bitner [3, 4] later showed that while
the transposition rule is asymptotically more efficient, the move-to-front rule converges more
quickly and proposed a hybrid of these two rules that attempts to incorporate the best features



of both. This simple hybrid rule initially uses the move-to-front algorithm until its steady state
is approached, and then switches to the transposition rule. However the difficulty of deciding
when to switch is still a major problem. .

Rivest [19] proposed a compromise between the relative extremes of the move-to-front rule
and the transposition rule, namely the move-ahead-k heuristic where the accessed record is moved
k-positions forward towards the front of the list unless it is in the first k positions, in which case
it is moved to the front. This is a generalization of the transposition rule and the move-to-front
rule as transposition is move-ahead-1 and move-to-front is move-ahead-n. However no absolute
analyses is available for this scheme.

Tenenbaum and Nemes [21] suggested a generalization of the move-to-front rule and the
transposition rule, the POS(k) rule. The POS(k) rule moves the accessed record to position &
of the list if it is in positions £ + 1 to N, or it transposes it with its preceding record if it is
in positions 2 to k. If it is the first in the list, it is left unchanged. Note that POS(1) is the
move-to-front, whereas POS(n — 1) is the transposition strategy.

Notice that all the algorithms described above alter the list on a single access basis. We
shall call such an algorithm a reordering algorithm or permutation algorithm.

McCabe [15] considered reorganizing the list only once every k accesses to reduce the time
spent reordering the list. It is to be used in conjunction with permutation algorithms. In
this scheme, a counter is needed for each record to store the value of k. A record is moved
forward (according to the permutation algorithm chosen) only if it has been accessed k times,
not necessarily in a row, and then the counter for that record is reset. Bitner (4] also studied this
rule and analyzed its performance when used with the move-to-front rule. Bitner also suggested
a modification to it, the wait ¢, move and clear rule. After a record has been accessed c times,
not necessarily in a row, it is moved forward and the counter for every record is reset.

Kan and Ross [12] and Gonnet et al. [9] proposed the k-in-a-row heuristics, where a record
is moved forward only after it is accessed k times in a row. Gonnet et al. [9] proved that (k+1)-
in-a-row is superior to k-in-a-row and suggested a minor modification called the k-tn-a-batch
heuristic, where accesses are grouped into batches of size k, and a record will be moved if it is
accessed k times in a batch. They proved that the batched-k rule is better than the k-in-a-row
rule when in combination with either the move-to-front rule or the transposition rule. Note that
these rules all require extra space for storing the values of k.

Since the Markov chains representing the schemes described above are ergodic. It means that
the list can be in any of its n! configurations. As opposed to ergodic representations, Markovian
behavior can also be absorbing [13, 20]. In an absorbing Markov chain, the chain converges to
one of a (finite) set of absorbing barriers. Oommen and Hansen [17] introduced two absorbing
list organizing schemes, the bounded memory stochastic move-to-front scheme and the stochastic
move-to-rear scheme. In both algorithms, the move operation is performed stochastically in
such a way that ultimately no more move operations are performed. However it is shown that
the first scheme is never better than the deterministic move-to-front algorithm. For the second
scheme, they showed that the probability of convergence to the optimal ordering could be made
as close to unity as desired. Oommen et al. [18] later proposed two deterministic absorbing
schemes, both of which perform move-to-rear operation. One is the deterministic linear-space
move-to-rear scheme, the other is the deterministic constant-space move-to-rear scheme. The
former moves the accessed record to the rear of the list if it has been accessed k times. The
scheme is asymptotically optimal, the probability of being absorbed into the optimal ordering
can be made as close to unity as desired. The second scheme moves the accessed record to the
rear of the list if it has been accessed k consecutive times. It is proven to be expedient. Again
all the above probabilistic schemes require extra memory.



2 Drawback of Reported Schemes and Present Contributions

Notice that there is a common drawback to all the previous algorithms, that is, they all fail to
consider the size of the list when reorganizing it. The two extremes are the well-known move-to-
front rule and transposition rule. The move-to-front rule moves the accessed record to the front
of the list and the transposition rule moves the accessed record one position ahead regardless
of the size of the list. Move-ahead-k heuristic attempts to incorporate the best features of
the move-to-front rule and the transposition rule by moving the accessed record forward a fixed
number of positions (constant distances). Although Hester and Hirschberg [11] point out that the
move-ahead-k rule can be generalized to move a percentage of the distance, no known solutions
or analysis have been published to our knowledge. Other hybrid algorithms and all batched
algorithms are used in conjunction with permutation algorithms, and therefore cannot avoid the
drawbacks which permutation algorithms possess. Probabilistic algorithms move the accessed
record, upon certain conditions, either to the front of the list or to the rear of the list, again
ignoring the size of the list. .

In this paper, we shall present two new memory-free self-organizing sequential search al-
gorithms, both of which take into account the size of the list when reorganizing it. The first
algorithm is called swap-with-parent (SWP) and the second is called move-to-parent (MTP).
Under the swap-with-parent heuristic, the accessed record gets exchanged with its “parent” (con-
sidering the list as a heap structure with no ordering constraints between parents and their
children), and all the other records stay unchanged. Instead of swapping the accessed record
with its “parent”, the move-to-parent heuristic moves the accessed record to its parent’s position
and shifts the parent and all the records between the accessed record and its parent back one
position.

We shall show that under the swap-with-parent heuristic, the Markov chain representing
the scheme is time reversible. (Note that this is also the property that the transposition rule
has and which makes the analysis of the transposition rule greatly simplified [16, 8].) Using this
property, we shall further derive various expression for the asymptotic probabilities and for the
average search cost of the scheme. Although the scheme is no better than the transposition rule
in terms of the average search cost per access, we conjecture that it costs no more than the move-
to-front rule and its convergence is intermediate to the move-to-front rule and the transposition
rule. For the performance of the move-to-parent rule, empirical comparison shows that it lies
between the move-to-front heuristic and the transposition heuristic, and that it is better than
the swap-with-parent rule.

As in the literature concerning the theory of self organizing data structures, we shall use the
terms algorithm, rule, scheme and heuristic interchangeably.

3 The Swap-with-Parent Heuristic

Unlike all the other schemes in the literature, the swap-with-parent heuristic actually takes into
account the size of the list when reorganizing it. Like the move-to-front rule and the transposition
rule, it is memoryless. The scheme is actually a compromise between the tradeoffs of the move-
to-front rule and the transposition rule.

The idea of the scheme comes from self organizing binary search tree operations [5] where the
accessed record, under certain conditions, is rotated upwards to its parent level. Since we don’t
utilize lexicographic ordering, we will not perform rotation operations in the swap-with-parent
scheme, but simply exchange the accessed record with its parent. For any given list of records
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Figure 1: A list viewed as a “heap”.
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Figure 2: A s_heap of height 3.
{R1, Rs,..., Ry}, we can conceptually construct a heap structure with no ordering constraints be-

tween parents and their children. For example, given a list of elements {7, 3,10,16,14,8,9,2,1,4},
the corresponding “heap” structure with no ordering constraints is shown in Figure 1. Note
that in the context of data structures, the term “heap” is defined as an array object that can be
viewed as a complete binary tree with the exception that the leaf level may not be completely
filled (only filled from the left up to a point). Heaps also satisfy the heap property that the value
of every parent is greater than or equal to the values of its children [6]. However because we
ignore lexicographic ordering, our “heap” data structure does not have the heap property, and so
we shall refer to this structure as a sequential_heap or s_heap. Throughout this paper, whenever
we refer to heaps, we shall mean the structure defined here. '

The root of the s heap has index 1, and gwen the index ¢ of a node, the index of its parent,
Parent(%), can be computed simply:

Parent (2) = |1/2]. ‘ (3)

We define the depth of node 7, depth (4), in an s_heap to be the length of the path from the
root to the node 7 as shown in Figure 2, and we define the height of the s_heap to be the depth of
its leaf nodes. Since an s _heap of n elements can be viewed as a complete binary tree, its height
is |lgn |, and the depth of node i, depth (2), is,

depth (3) = |lgi]. (4)
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(e ) list after 16 and 1 are accessed (f) equivalent s_heap after 16 and 1 are accessed

Figure 3: Operations of swapping with parent.



Figure 4: State diagram with three elements per state using the SWP rule.

Suppose we have a set of n records {Ri, Ry, ..., R,} which are in an arbitrary order =, so
that R; is in position 7 (7) for 1 < ¢ < n. Using the swap-with-parent heuristic, whenever a record
R; is found in position (%), the list is rearranged by exchanging the positions of R; and its
parent which is in position [7(7) /2] and leaving all the other records untouched; if R; heads
the list nothing is done. Observe, first of all, a powerful property that unlike the transposition
rule, it takes as few as |lgn | steps for a frequently accessed record to be moved from the back
of the list to the front (root) of the list as opposed to n accesses needed for the transposition
rule, and as few as [lgn | steps for a less frequently accessed record to be moved from the front
of the list to the back of the list as opposed to n accesses needed for the transposition rule.

By way of example, consider a list of 10 elements {7,3,10,16,14,8,9,2,1,4}, using the swap-
with-parent rule, Figure 3 shows the changes on the orders of the list after elements 16 and 1 are
accessed consecutively.

The scheme avoids the slow convergence problem which the transposition rule has. However
it may still tend to make bigger mistakes (like the move-to-front rule) by moving a record to
the front about half way of its current position on the basis of a single access comparing to
the transposition rule. But the “mistakes” too are far more conservative. We shall look at its
performance in the next section.

4 The Performance of the SWP Heuristic

Let us consider a list of three records {a, b, ¢} with respective access probabilities of {s,, sp, s.}.
Figure 4 shows the state diagram for the underlying Markov chain resulted from using the swap-
with-parent rule. .

Observing the paths from state 1 to itself, one path is found if we are looking forward
(clockwise), whichis 1 -+ 2 — 3 — 4 — 5 — 6 — 1, and the reversed path can be seen if we
are looking backward (counter-clockwise), which is 1 -+ 6 — 5 — 4 — 3 — 2 — 1. This gives
us an indication that the Markov chain shown in the diagram is time reversible. This is actually
true for all Markov chains derived from the swap-with-parent heuristic as shown in the following
theorem.

Theorem 4.1 The Markov chain which results from using the swap-with-parent heuristic is time
reversible.



Proof: To prove that the Markov chain resulting from the swap-with-parent rule is time re-
versible, it is sufficient to prove that starting in any state 7, any path back to 7s has the same
probability as the reversed path (see [20] p143). We will carry the proof by induction on the
number of records, n, in the list.

1. Base case n = 3.
For any state =5, say, 7, = {a,b,c}, considering the path from state =, to itself as shown
below (see also the state diagram shown in Figure 4).

HAANAAA

(a,bc)=*(b,ac)=* (c,ab)=(ac,b)=e (b,ac)=e (c,b,a)=(4a,b,c) ‘

The product of the transition probabilities in the forward direction is $53.8,8p5.5, = aZafat

whereas in the reverse direction, it is scspsascspsa = 8282 s2. Therefore, the Markov chain is
time reversible.

2. Case n = 4.

Before going to the case for n = k, we shall see how we can construct the state diagram for
the case of 7 = 4 from that of the case for n = 3. The construction is best illustrated through
the diagram shown in Figure 5.

In the diagram, each small box represents a subset of the chain of the states. Thus, for
example, Iawbwc d|, contains 6 states. Inside each box (sub-chain), the last element remains
in the same position in all 6 states. For example, in sub-chain , element d is the last
element in every state inside the sub-chain; only the other three elements a, b, ¢ permute among
one another. Thus, from any states inside the box, accesses to a, b, ¢ always transform the state
to another state inside this sub-chain; to reach any state in another sub-chain, element d must
be accessed. Note that since we are modifying the list using the swap-with-parent rule, we can
only return to the sub-chain from the states where d is the second element in the
list. Consequently, the sub-chain of the Markov chain which is constrained to be entirely within
sub-chain is actually equivalent to the Markov chain of three elements {a,b,c} per
state as shown in Figure 4, and thus it is time reversible. Note also that all four constituent
boxes which represent the sub-chains are symmetric, and totally constitute the entire chain.

Next we will show that the Markov chain consisting of four elements, {a,b,c,d}, per state
is time reversible. Thus, we shall prove that starting in any state w,, any path back to s has

the same probability as the reversed path. Since all four small sub-chains are symm etric, it will
be sufficient to prove that if we start in any one of the sub-chains, say, starting in

any state 7, from that sub-chain () , any path back to m; has the same probability as
the reversed path.

Without loss of generality, let 7, = {a, b, c,d}, then any path back to 7, from inside the sub-
chain will have the same probability as the reversed path since we have shown that the Markov
chain consisting of states entirely within this sub-chain is time reversible. So it remains to show
that any path back to m; which goes outside the box has the same probability as the reversed
path. We know that to reach any states outside the sub-chain, element d must be accessed. After
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a~b~d~e ¢

Figure 6: Simplified state diagram with five elements per state using the SWP rule.

d is accessed, we are in state {a,d,c,b} in sub-chain , and so to get back to state 7,
we have to get back to sub-chain . Since all sub-chains are symmetrical, we only need

to consider the path back to directly from , which, in turn, means that
the last state we will visit inside right before we get back to must be a

state where d is the second element because of the nature of the swap-with-parent rule. Since
{a,d,c, b} has already been visited when we first entered the sub-chain , we will not

allowed to use it again. There is thus only one choice - we must get back from state {¢,d,a,b}.
Obviously, the shortest path is thus

{a,b,c,d} = {a,d,c,b} = {c,d,a,b} = {c,b,a,d} = {a,b,c,d}.

The product of the transition probabilities in the forward direction is 848:858,, and in the
reverse direction is $.548,8;. . Therefore the forward path has the same probability as the
backward path.

The argument holds for a larger path which goes around visiting more states inside .
This is because the large path inside also starts from state {a,d,c,b} and ends at
state {c, d,a,b}, and it is already proven that sub-chain fawcmd b | is time reversible. A similar
argument can be given for every state in |a~b~c d|. Therefore, the Markov chain for n = 4 is
time reversible. ' '

Similarly, we can construct the state diagram for the Markov chain with five elements. It
can be seen from Figure 6 that it consists of five symmetric sub-chains which are equivalent to

the Markov chains with four elements.

3. Induction hypothesis.

Assuming that the Markov chain for k records {Ry,...,Ri} is time reversible, we shall
prove that the Markov chain for (k + 1) records {Ry,..., Rg, Rx11} is time reversible. The state
diagram with n = k£ 4 1 is shown in Figure 7.

As before, considering any state w,, say 7, = {Ry,..., Rg, Rey1}, from one of the sub-
chains Ry ~ ...~ R} Rk+1—|. We need to prove that starting in 7,, any path back to 7, has

10
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Figure 7: Simplified state diagram with (k + 1) elements per state using the SWP rule.

the same probability as the reversed path. Again, by our hypothesis, we don’t need to consider
paths that are inside the sub-chain, but only paths that go outside the sub-chain. To reach
any state outside the sub-chain, element Rjy; has to be accessed, let R, be the parent of
Ry1, this makes the transition from 7, to {Ry,..., Ry, Riyq, Rpi1,..., Ri, Rp} in sub-chain
Bymiinv By g~ Ry ~o.~v Ry Rp]. Since all sub-chains are symmetrical, to get back
to ms, we only need to consider the path that is directly from sub-chain

Bi~...~v Ry g~ Rypyy~...~ Riyy Ry|. A shortest path which visits only two states inside

le‘\-'...N p_lNRp+1N,..NRk+1 Rp is

{Rl-: Rz, . vey Rk, Rk-l-l} {Rl, Rz, e Rp_]_, Rk+1, Rp+1, Cey Rk, Rp}
{R27 Rl) ey Rp—la Rk-l—ls Rp-l-l’ sy Rks -Rp}
{Rg, R]_, rie niy RP—I’ Rp, Rp-l-ls - Rk, Rk.;.]}

{RI)RQ‘J 5. 'st: Rk-l—l} .

[ A

The product of the transition probabilities in the forward direction is Sk+1528p81, Whereas in
the reverse direction, it is $p8;41818,. The argument holds for any large path for the same
reason stated for the case where n = 4. Therefore, the Markov chain is time reversible, and the
inductive step is complete. m]

Theorem 4.2 For a given set of records {Ry,Ry,...,R,} with respective access probabilities
{s1,82,...,8n}, under the swap-with-parent heuristic the stationary probabilities obey:

P{Rgl "'R’ij"'Rizj - Si.

a1 0
P{ R "'R'i;j"‘Rij v wndigs, ¥ Sigg

and

PlR;: -"Rij"'Rizj+1 o Ri} sy ()
PRy eos Blgery s waliy sendiy ] Sizgs1
for 1<ji<n if s #0 for 1<k <n. m]
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Proof: The results follows immediately from Theorem 4.1 as a consequence of Equation (7.1)
of [20] p138. ' !

Theorem 4.2 shows a relationship between the stationary probabilities of two states where
the list orderings differ by two records which have a parent/child relationship. Corollary 4.1
below shows the relationship between the stationary probabilities of two states where the two
swapped records do not have parent/child relationship. In a more general case, for a given set
of records {Ry,...,R,} with respective access probabilities {s1,...,5,}, we are interested in
the relationship between the stationary probabilities of two arbitrary states. This is given by
Theorem 4.3.

Corollary 4.1 Under the swap-with-parent rule the stationary probabilities obey:

P{. . Ri,Ri,.., Rip, Ry} (&)™ -
B ey, By By aomng Bofyes, B v 8j

where ky; = | |lg(7(?))] — Hg(r(G)] 1], for 1<4,7<n if s; #£ 0. E

Proof: This follows easily by successive swapping using Equation (5) and (6). O

It is advantageous to see the results shown above through an example. Considering a
list of 10 elements {Ri, Ry, R3, R4, Rs, Rg, R7, Rg, Rg, R1o}. Figure 8 illustrates the sequernce
of transformations from state 7, to state m;, where 7, = {R1,R3,R3,Ry,...,Rg, Ry, Ry} and
7y = {R1, R2,Rg, Ry, ..., Rs,R3, Rip}.

To go from state 7, to state 7, swapping element Rg with its parent until it reaches the
root and then swapping R3 with it, now Rg is in the position of R3. Then swapping R, with
R3, then R; with Rz, then R4 with R3. We have reached state 7;. Let 7; denote all the states
during the transformation, then

7s = {Ri,Rs,Rs, R4, Rs, Rg, R7, Rg,Ro, Ry1o},
71 = {Ri, Ry, R3, R, Rs5, Rg, R7, Rs, Ry, Rio},
72 = {Ri,Re,R3,Rz, Rs, Re, R7, Rg, R4, R1o} ,
3 = {Reg, Ry, R3, Ry, Rs, Rg, R7, Rg, Ry, R10},
74 = {Rs,Ri,Ro, Ry, Rs, Rg, R7, Rg, R4, R10} ,
75 = {Ra,Ra, Ry, Ry, Rs, R, Ry, Rs, R4, R10} ,
me = {Ri,Rz,Rg,Ra, Rs, Re, Ry, Rs, Ry, Rio},
m = {Ri,Rs,Re, Ry, Rs, R, Rr, B, Ra, Rao} .

From Equation (5), we have

P{m;} = (sa/s9) P{m1},
P{m} = (s2/s9)P{ma},
P{m} = (s1/s9)P{ms},
P{ms} = (s9/s3)P{m},
P{ns} = (s3]s1) P{ms},
P{ms} = (s3/s2)P{me},
P{mg} = (ss/s4)P{m}.

12
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R8 R4 RI10 (state 6) R8 R3 RI10 (state t)

Figure 8: Transformations from state 7, to m; through 74,..., Te.
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Therefore,
2
84 89 81 89 83 83 83 83
P =— X=X —X—X—X—=x— =[— ;
{ms} ” X ” X 5 X 5 X - X @ X = X P{m:} (39) P{m} (8)
Since depth (R3) = 1 and depth (Rg) = 3, the difference between the depths of R3 and Ry is 2.

Therefore Equation (8) above verifies the result shown in Corollary 4.1.

Theorem 4.3 Under the swap-with-parent heuristic, the stationary probabilities between any
two arbitrary states m, and m; obey:

P{"TS} _ H s@;(’ﬂ't,‘t’l‘;) (9)

P{m} ~ 1<i<n '

where §;(my, ms) = |lg(me(4))] — [lg(ms(3))] for 1 < i < n is the difference between the depths of
R; in ordering 75 and ;.

Proof: Since the Markov chain representing the scheme is time reversible, so we can reach
any state from any other by a sequence of one or more transformations. Assuming that the

sequence of intermediate states which transforms state 7, to state m; are Tiys Mgy« v, M, fOr
1<k < (n!—2), we can write
P{ms} _ P{m,} P{Wfl} P{Tik—;} 5 P{ﬂ'ik}

= X P .
P{"Tt} ‘P{"‘Til} P{Wiz} P{"Tr’fk} P{"Tt}
Corollary 4.1 gives the expression for each of the fractions on the right hand side of the above

equation. Thus
P{ri} _ (su)k
P{m} :E; Sy (10)

for some u and v where 1 <u,v<nand 0< k < [lgn].

Note that each transformation from state 7;; to state m;,,, swaps record R, and record
R,. Note also that if the depth of a record in 7, is shallower than its depth in 7, then its
access probability will appear as a numerator in the expression shown by Equation (10) above.
Similarly, if the depth of a record in 7, is deeper than its depth in 7 , its access probability will
appear as a denominator in Equation (10).

The number of times that record R; will be swapped during the transformations from Ts to
my is the difference in depths from when R; is in 7, to it being in 7, i.e, &i(mg,ms) = |lg(me(2))] -
l1g(7s(2))] - X the depth of record R; in 7, is shallower than its depth in 7 , then the value of
&(7:, ™) will be positive, whereas if its depth in =, is deeper than its depth in 7, the value of
&i(7¢, m5) will be negative. If the depth of R; in 7, is the same as its depth in 7, then the value
of &(ms,ms) is 0. Therefore, '

P{"rs} _ H SE.'{ﬂf:,ffs)
1 b

P{m} 1<i<n

and the result is proved. m|

The procedure of the proof is now clarified by means of an example, which illustrates how
we actually transform an arbitrary state to another through a sequence of swaps. Suppose that
Ts = {3,4,9,8,7,5,2,1,6} and 7; = {1,2,3,4,5,6,7, 8,9}. To transform from =, to 7;, one path
I8 Ty — Ty — Mg — T3 — Ty — T5 — Tg — Ty — Ty as shown in Figure 9.
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(state 6) (state 7)

Figure 9: Transformations from state 7, to 7; through mq,...,77.
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Using the stationary probabilities, we see that

Pirs} _ Plm} Plm} Plas} Plrs} Plrs)
P{m} P{m} = P{m} "~ P{ms} =~ P{me} =~ P{m}

BEGHHEHOE

= (33343333)/(52553§)

— g~3-1,.1.1.0,-1.0.1 .2
= 81 8 83548585 875585

It can be easily verified that Theorem 4.3 produces the same result.

Rivest gave an expression for the asymptotic search cost of the transposition rule (see [19]).
We can now give an analogous result for the average search cost of the swap-with-parent rule.

Theorem 4.4 Let 7o denote the identity permutation on n records m(2) =1 for 1 < i < n,
which is the optimal ordering under our assumption that s; > s;41 for 1 <i<n. Let &i(mo, )
denote the quantity (|1g(i)] — [lg(w(2))]) for any permutation = and 1 < i < n, which is
the difference between the depths of R; in the optimal ordering and in ordering . Then the

asymptotic search cost for the swap-with-parent heuristic is
P{mo} Z H s;gi("foﬂr) Z s;7(7)
all m \1<i<n 1<i<n

where

P{m} = (Z I1 Sf'(wo'ﬂ)) -

all w1<ign
Proof: Note that the average search cost of an algorithm can be calculated by
> (P{W} > Sj'fr(j)) -
all = 1<jSn

(See [7] p16, Equation 2.6.) Using Theorem 4.3, we have,

P{r}=P{m} [] s?"(m”r) for all 7.

1<i<n
Consequently

Average search cost for swap-with-parent

= (i 11 4%9) 5 e0)

all 7 1<i<n 1<j<n
= P{m} Y ([ I] ™7 S 7)),
all v 1<ikn 1<5<n

thus Equation (11) is proved.
Since

E P{{r} =1,

all v
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applying Equation (13), we have
P & (TFO-.'-‘T) = 1
{“TO} Z H S =iy
all 7 \1<i<n
which proves Equation (12). | a
Using time reversibility, we can now prove the following results.

Theorem 4.5 The swap-with-parent heuristic is expedient since

1
P{RJ’ precedes R;}swp > 5 if 85 > 8.

Proof: By Equation (7) we have
oL '
P Lo ey Bivy » vy Bis B0} = (—) P{...,Ry, R;, PRPRINNE |10 : SN

where k;; = |depth (2) — depth (5)| > 0.
. N\ Fis -3 00 £ g sk
Since s; > s;, therefore (:—J‘) & (53;) = 1. The above equation implies that
P{..., R;, Rgl, S R,‘k, Rj,...} < P{..., RJ‘, Ril-,- SR R,‘k, R,‘,...},

summing over all states for which R; precedes R; using the above, we have

> P{7|R;precedes R; in7} < > P{7|R; precedes R; in 7},
state 7 state T

which implies that
P {R; precedes R;} < P {R; precedes R;}.

Since P {R; precedes R;} = 1 — P {R; precedes R;}, it yields
1
P {R; precedes R;} > Y
which completes the proof. O

Theorem 4.6 For any two records R; and R;, let ki = | [lg(n(2))] = lg(x(5))] |, for 1<
1, § < n. Then under the swap-with-parent heuristic we have:

1 S
P{R; precedes R; | k;; =d} = 7 = . T (14)
14 (2)" st
J
Proof: By Equation (7) we have
g Y
Po oy Ry Ry wevs iy Bipesa} & (3_1) P iany Ry Ry, - R Ry, LY,

7
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summing over all states for which R; precedes R; and k;; = d using the above, we have

Z P{w|R; precedes R; in w and k;; =d} =
state T

d
(fl) -ZP{WIijrecedes Riinmand k;jj =d},
%/ stater

which implies that

d
P{R; precedes R; | kij =d} = (—zl) P{R; precedes R; | k;; =d}.
J

Since P {R; precedes R;} =1~ P {R; precedes R;}, it yields

P{R; precedes R; | kij=d} = t - = =\
- d | od
L+ (SJ') !

Hence the result.

O

Using Theorem 4.1, it is very easy to show that the swap-with-parent rule is not as good as
the transposition rule in terms of the asymptotic cost. However we conjecture that it is better
than the move-to-front rule when n > 3. Experimental results shown in Table 1 support our

conjecture. (See section 3.5 for the details of the experiments.)

We shall now present various enumeration arguments which lead us to believe that the swap-
with-parent rule is better than the move-to-front rule. To prove rule A is better than rule B, it
is sufficient to prove that the asymptotic probability that record R; precedes record R; under

rule A is greater than that under rule B given that s; > s; for all j # 7. (See [7] Theorem 2.1

3

p14.) Therefore, to prove that the swap-with-parent rule is superior to the move-to-front rule,

we need to prove that
L7

s,-+sj

P{R; precedes R;}swp > P {R; precedes R;}prF =

given that s; > s; for 1<4,7<n and j#1.

By Theorem 4.6, we know that

d
P {R; precedes R; | kij = d}swp = s‘-ijis‘? for 0 < d < [lgn].
RN
Notice that if 5; > s;, then
P {R; precedes R; | k;j=d =0} = } & t e ik
i P i | Rij = d = swp = 141 1+(£L)_35+3j'
k
P{Rj precedes R; | kij=d= 1}swp = S-‘:‘_js‘ .
i S
P{R; precedes R; | ki; =d > 1} L st %3
5 precedes iy 1] = Swp = e " = = -
1+(§;—) 1+(s_,-) Si + 8;

18



Invoking the law of total probability, we have that in the average case

lgn
P {R; precedes R;}swp = Z (P{R; precedes R; | kij=d}* P{kij=4d}). (18)
d=0

Unfortunately we are unable to find a bound or an expression for the value of P {his = o},
because it is related in a fairly complex way to both the access probabilities of the records R; and
R;, and the required swapping operations. Consequently we have not, as yet, formally proven that
the swap-with-parent rule is better than the move-to-front rule. However, alluding to Equation
(15), (16) and (17) above, we know that to make P {R; precedes R;}swp > (s;/(si+3;)) given
that s; > s;, we would want to make P{k;; = 0} as small as possible and P{k;; = 4 > 0}
as large as possible. That is to say that given two records R; and R; with s; > s;, under the
swap-with-parent heuristic, we hope that the asymptotic probability of these two records being
in the same level in the corresponding s_heap is much (we don’t know how much) smaller than
that of them not being in the same level.

Theorem 4.7 below seems to indicate that this is true, even though the results shown in
the theorem ignore the access probabilities and the required reordering rule. (The proof of the
theorem can be found in [7], Appendix A. A general result can be found in [8].)

Theorem 4.7 Consider a complete binary tree with n records {Ry,...,R,} which are in a
random order, (note that n = 27 — 1 for some ¢ > 1.) For any two records R; and R;, let
ki; = | Qeg(w(2))] — [1g(7(3))] | for 1<, 7 <n. Then the following equations hold:

1
P{k,‘jzcl:()} = 3
1 1
P{kj=d=1} = ;+=,
1 1
P{kij-—d>1} - g—g
a
Theorem 4.7 tells us that when n > 3,
1 2
P{kUZO}:E and P{k,:‘.)O}:g (19)

Notice that the results shown in the above equations are based on the condition that the tree is
complete, i.e., n = 29 — 1 for some ¢ > 1. If this condition is not true, then we have the following
corollary (see [7], Appendix B for the proof. A general result can be found in [8].)

Corollary 4.2 Consider a incomplete binary tree (the leaf level is not full) with n records
{Ry, ..., R,} which are in a random order, (i.e., n # 29 — 1 for some q¢ > 1.) Then for any
two records R; and Rj, if kij = ||lg(w(2))] — |lg(n(45))] | for 1 <1i,j < n, the following
inequalities hold.
1 2
P{k,'j:[)}< 3 and P{k,‘j>0}>§. (20)

O
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Therefore, (19) and (20) together informally seem to imply that the number of cases in which
the swap-with-parent rule performs better than the move-to-front rule exceeds the number of
cases in which it does not. Thus we conjecture that

P {R; precedes R;}swp > P {R; precedes R;}y1F if's; > e
The formal conjecture is given below.

Conjecture 4.1 The asymptotic search cost of the swap-with-parent heuristic is less than or
equal to that of the move-to-front heuristic when n > 3. a

The worst case cost of the swap-with-parent rule is unknown. If locality is allowed in the
access sequence, it may be much worse than the move-to-front rule. For example, if we encounter
the same situation that happens in the transposition rule, where two records are alternately
accessed many times, they will continue to exchange places without advancing toward the front
of the list. This same phenomenon will also happen with the swap-with-parent rule.

The rate of convergence of the swap-with-parent rule is open, no general formula is currently
known for the overwork measure of convergence [3]. Intuition tells us that it should lie between
the move-to-front rule and the transposition rule.

5 Implementation Details

Implementation of the swap-with-parent heuristic is very simple. It can be done with no addi-
tional pointers. The parent of the accessed record can be easily computed by using Equation (3),
ie.,
Parent (¢) = [#/2].

Thus the array implementation is straightforward. Since each record in the list can be referred to
by its index directly, whenever record R; is found in position (%), its parent must be in position
| 7(2)/2] . Simply switching the indices of these two records yields the actual swap-with-parent
operation.

The linked list implementation can be done by having a temporary variable ‘parent’ which is
initially pointing at the front of the list, and then moved to the next position whenever the current
pointer is moved twice. Whenever record R; is found, ‘swap-with-parent’ simply ezchanges the
contents of the current pointer (R;) and the parent pointer (parent of R;).

6 Drawbacks of the SWP Heuristic

If some of the records have access probabilities zero or a negligible small value, then a potential
drawback would be present when using the swap-with-parent heuristic to organize a list.

For example, if we have a list of 15 elements which are initially ordered as shown in Figure 10.
Assuming element 2 has access probability 0, then eventually it will fall to the position 8, 9, 10
or 11, and it will never be moved again. Therefore the cost of future accesses to the elements
behind element 2 in the leaf level will be increased, and the situation will never get better. The
worst case happens when one of the elements with zero access probabilities falls to the leftmost
position on the leaf level since about half of the elements reside on the leaf level, and so the
cost of access to these elements will always be sub-optimal. Therefore the elements with zero
(or negligible) access probabilities will prove to be a drag to the entire access strategy. Indeed,
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zero or negligible small 1
access probability

8 9 10 11 12 13 14 15

Figure 10: An s heap of 15 elements.

in a more general setting, the elements with lower access probabilities may still cause a similar
problem once they are at the leaf level.

One solution to this problem is to shift all the records between the accesséd record and its
parent (including the parent) back one position, instead of swapping the accessed record and its
parent and leaving all the records in between unchanged. We call this scheme move-to-parent
scheme. It is presented in the next section.

7 A Modification to the SWP Heuristic -
the Move-to-Parent Heuristic

Under the move-to-parent (MTP) heuristic, the accessed record in the s_heap is moved to its
parent’s position and all the records after the parent record (including the parent record) and
before the accessed record are shifted back one position. This is actually a move-head-k heuristic
where k is not a constant but a function of the current position of the accessed record, or more
explicitly its depth in the s_heap.

The move-to-parent rule avoids the drawbacks of many other algorithms. As we have seen
in the previous section, it avoids the drawback caused by accessing records with zero or small
access probability in the swap-with-parent heuristic. It also avoids the large asymptotic search
cost of the move-to-front heuristic as every time a record with low access probability is accessed,
it is moved only half way to the front of the list instead of all the way to the front of the list,
which increases the costs of future accesses to only half of the records that the move-to-front rule
does. It obviously avoids the slow convergence problem that the transposition rule has.

The most important of all is that when locality is considered, the move-to-parent heuristic
avoids all the drawbacks related to locality that the move-to-front, transposition and swap-with-
parent rules may have. Bitner’s hybrid algorithm tends to control the locality problem, however,
as we pointed out, it is difficult to know when to switch from move-to-front to transposition.
Since the distance that a record is moved forward is dynamically changing under the move-to-
parent heuristic, and all the records in between are moved back one position, it responds much
better to the effects of locality. We shall address this problem again in Section 9.

Absolute analysis is currently not available for this scheme. We conjecture that its average
search cost is in between that of the transposition rule and the move-to-front rule when n > 3.
Note that when n < 3, the move-to-parent rule is exactly the same as the move-to-front rule.
Empirical evidence shown in Table 1 supports our conjecture.



Implementation of the move-to-parent scheme is similar to that of the swap-with-parent
scheme. It is achieved by keeping a temporary variable which points at the parent of the current
accessed record.

8 Empirical Results

Simulating the behaviors of the algorithms is another way to compare them. In the absence of
analytic results, many researchers have used simulations to test their algorithms, where in most
cases, access sequences follow some known probability distributions.

A set of experiments was run to compare the asymptotic search cost of the swap-with-
parent heuristic, the move-to-parent heuristic, the move-to-front heuristic and the transposition
heuristic. The measure of the cost used is the number of probes required to find a record in the
given list. Five different types of distributions were used to describe the access sequences:

1. Zupf’s distribution. The individual probabilities obey:

1 for1<i< i
= = or 7 n
1 Hy, - =

Si

where H, = Y 7.,(1/k) is the nth harmonic number.

2. “80-207 distribution. The individual probabilities obey:

1 . log0.20
5£=W forlgzgnandé?:%gmm,o.li}%

where B = S 2=1(1/k'7%) is the nth harmonic number of order (1 — 4).

3. Lotka’s distribution. The individual probabilities obey:

1

m fOTléZSn

8 =

where B = S r—1(1/k?) is the nth harmonic number of order 2.

4. Ezponential distribution. The individual probabilities obey:

1

e for1<i:<mn

§; =

where K = 3°7_,(1/2).
5. Linear distribution. The individual probabilities obey:

8 = K(n—-141) for1<i<n

where K =1/3 7, k.

There were 12 parallel experiments conducted for lists with 100 records for each type of
probability distributions. In each experiment, 300,000 accesses were performed on the list. Ta-
ble 1 shows the average asymptotic search cost in terms of the number of probes required to
locate a record under the move-to-front, swap-with-parent, move-to-parent and the transposi-
tion heuristics for each type of probability distributions listed above. In each case, the results
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Zipf’s 80-20 Lotka’s Exponential Linear
Scheme | Distribution | Distribution | Distribution | Distribution | Distribution
MTF 26.439 31.703 4.484 27.722 41.735
SWP 24.276 29.245 4.235 27.719 41.379
MTP 22.118 27.008 3.771 23.235 38.660
SWP 19.717 24,237 3.419 20.357 34.515

Table 1: Simulation results (cost) for MTF, SWP, MTP and SWP rules.

Zipf’s 80-20 Lotka’s Exponential Linear
Scheme | Distribution | Distribution | Distribution | Distribution | Distribution
(within 1%) | (within 1%) | (within 5%) | (within 2%) | (within 1%)
MTF 9000 30000 3000 5500 -1000
SWP 25000 20000 30000 20000 2500
MTP 20000 30000 20000 60000 20000
SWP 170000 160000 250000 270000 130000

Table 2: Simulation results (convergence) for MTF, SWP, MTP and SWP rules.

shown are the average result of the last 50,000 queries since the first 250,000 queries were utilized
to permit the scheme to converge. Table 2 shows the approzimate number of accesses required
for the scheme to converge to its steady state (when the cost is within a certain percentage of
the asymptotic cost as shown in the table) based on two experiments. !

From the simulation results shown in Table 1, we can see that the average search cost of the
swap-with-parent scheme is no worse than the move-to-front heuristic, and the average search
cost of the move-to-parent heuristic is approximately intermediate to the move-to-front heuristic
and the transposition heuristic. Table 2 shows that the transposition rule is the slowest rule in
terms of the number of accesses needed to converge to its steady state whereas the move-to-front
rule is the fastest rule. The convergence of the swap-with-parent rule and the move-to-parent
rule is between the move-to-front rule and the transposition rule.

9 The Swap-with-Parent Heuristic and Locality

In self-organizing sequential search algorithms, it is commonly assumed that the accesses to the
record in the list are made independent of previous accesses and that the access probabilities do
not vary with respect to time, (stationary). Consequently, the majority of the analyses on self-
organizing sequential search algorithms assume that all access sequences which have the same
set of access probabilities are equally likely.

!Twelve experiments were done for evaluating the cost values reported in Table 1. However only two experiments
were done for the convergence rate since it is tedious. Unlike testing the cost where we only need the final result,
testing for the convergence rate requires sampling the cost for every 1000 iterations out of total 300,000 iteration
and for every distribution.
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This assumption does not take into account a common attribute of access sequences called
locality which makes the assumption unreasonable in many applications. Locality means that
some “subsequences of the entire access sequence may have relative access frequencies that are
drastically different from the overall relative access frequencies” [11].

Hester and Hirschberg [11] showed how the locality of the access sequence affects the average
search cost of a scheme through the following example. Consider a list of 26 records which are

the 26 English letters {a,b,...,2} in a random order. Each record is accessed exactly 10 times,
that is, s, = sy =...= s, = 1/26. Let us assume that the reordering rule is the move-to-front.
If the access sequence is as below, '
Bynn Bl Bponns® & van Wyensy B (21)
\‘—N/—/ S — H——:
10 times

then under the move-to-front rule, accesses to each record (except the first access of each record)
will always take 26 probes. Therefore the total number of probes required to access the records
in the input sequence (except the first access to each record) is 9 X 26 x 26, and the first access
takes between 26 and the position of the record in the list. The best-case scenario happens when
the list is initially in alphabetical order. Then the cost of the move-to-front rule will be:

9%26x26+32% 4
260

Now consider another access sequence which has the same probability distribution as the
previous, but are in a different order shown below.

= 24.75

Baewaaity Uws 5.ly 5 53 By vsan (22)
e N ———
10 tzmes 10 times 10 timnes

In this case, all accesses (except the first) to each record will only take one probe. The worst-case
scenario happens when the list is initially in the reversed alphabetical order, and the cost of the

move-to-front rule is:
9X26x 1+ 78 4

260

Note that the worst-case cost of the second scenario is far less than the best-case cost of
the first scenario. This indicates that the cost of a scheme can differ greatly for the same fixed
probability distribution under the move-to-front rule when the order of the actual input sequences
are different.

It is easy to check that the swap-with-parent rule does not have this problem in the above
example. Neither does the move-to-parent rule have it. Since the move-to-parent rule is not as
drastic as the move-to-front rule when moving a record forward, it can be easily verified that
the cost of the first input sequence in the above example under the move-to-parent rule is less
than that of the move-to-front rule. Simultaneously, the cost of the second sequence in the above
example under the move-to-parent rule is more than that of the move-to-front rule. Therefore
for the same fixed probability distribution, when the order of the actual input sequences are
different, the cost of the move-to-parent rule does not differ as much as the move-to-front rule.
This demonstrates that the move-to-parent heuristic responds in a superior fashion when it
encounters this kind of ‘locality’.

Another case that can happen when using the transposition rule and the swap-with-parent
rule is when two records are alternately accessed many times, they will continue exchanging
places without advancing toward the front of the list. However, the move-to-parent rule does not
have this problem.

= 3.5




10 Conclusion

In this paper, we have presented two new memory-free self-organizing sequential search algo-
rithms - the swap-with-parent heuristic and the move-to-parent heuristic. Under the swap-with-
parent heuristic, the accessed record is exchanged with its “parent” (considering the list as a
heap structure with no ordering constraints between parents and their children) and all the
other records are untouched, whereas under the move-to-parent heuristic, the accessed record is
moved to its parent’s positions and all the records in between get shifted back one position.

We have shown that under the swap-with-parent heuristic, the Markov chain representing
the scheme is time reversible. We then derived various expressions for the stationary probabilities
and for the average search cost of the swap-with-parent heuristic using this property. The result
looks similar to the corresponding result of the transposition rule due to the time reversibility of
the Markov chains, it is actually significantly different because of the underlying s_heap structure
of the list. The scheme is no better than the transposition rule. We conjecture that it is better
than the move-to-front rule and that its convergence is far superior to the transposition rule.
Absolute analysis for the move-to-parent rule is not available. We conjecture that its performance
is intermediate to the move-to-front rule and the transposition rule, and that it is better than
the swap-with-parent rule. Empirical comparisons support our conjectures.

The difference between these two algorithms and all the other algorithms presented in this
paper is that unlike all the other algorithms, these two algorithms consider the size of the list
when they achieve reorganization. Although our analysis assumes no locality, it is easy to check
that both these rules perform better for various scenarios when locality is considered.
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