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Abstract— Self organizing linear search algorithms have been in the literature for al-
most 30 years, and numerous schemes have been proposed during that time. Among
all the previous algorithms, the move-to-front rule and the transposition rule are
the most extensively analyzed schemes. Recently we have proposed and thoroughly
analyzed a new scheme, the swap-with-parent rule, which views the list as a heap
structure with no ordering constraints between parents and their children [15]. From
the analyses of the transposition rule and the swap-with-parent rule, it can be seen
that the fundamental property of the corresponding Markov chain being time re-
versible greatly simplifies the analysis of the algorithm. In this paper, we shall show
the existence of a class of time reversible Markov chains resulting from performing
swaps on “implicit” tree structures (called ss.trees) which generalize and extend the
results concerning the transposition heuristic and the swap-with-parent heuristic.
This paper introduces a generalization of the transposition rule and the swap-
with-parent rule - the swap-with-parent-in-an-ss_tree heuristic and its modification
- the move-to-parent-in-an-ss_tree heuristic. Detailed expressions for the asymptotic
probabilities and the asymptotic search cost of the scheme have been derived.

Keywords— Self organizing lists, the move-to-front rule, the transposition rule, the
swap-with-parent rule, time reversible Markov chains, ss_trees, swap-with-parent-in-
an-ss_tree, move-to-parent-in-an-ss_tree.

1 Introduction

This paper presents a novel approach to designing arbitrary, user-defined self-organizing sequen-
tial search algorithms by viewing the list as an implicit tree.

Suppose we are given a set of records Ry, R, ..., R, which are in an arbitrary order T, S0
that R; is in position x(z) for 1 < 2 < n. At every instant of time one of these records R; is
accessed. We do so by examining each record of the list starting from the first record until R;is
found. This search costs n (%) units of time to perform.

We assume that each record R; is accessed with an unknown probability s; and that the ac-
cesses are made independently. The expected search cost (average search length) for an ordering
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of the list 7 is thus )
cost(m) = > sm(d). (1)

. 1<i<n

To minimize the access cost, it is desirable that the records are ordered in the descending
order of their access probabilitics. We shall refer to this kind of list ordering as a perfect ordering
or optimal ordering and refer to a file ordered in this way as a completely organized file. However
the access probabilities are seldom known a priors in practice, and so the list can not be arranged
in the optimal ordering in advance. In this situation we need an algorithm which dynamically
rearranges the list and gradually transforms it to a less costly ordering.

A self-organizing sequential search list is a linear search list in which the order of the records
may be altered each time a sequential search occurs so that after sufficiently many accesses, it
tends to be in the optimal ordering with high probability where the most frequently accessed
record is at the front of the list and the rest of the list is recursively ordered in the same manner.
The most useful and common type of alteration is to move the accessed record forward one or
more positions in the list. In this way more frequently accessed records move towards the front
of the list so that fewer comparisons are needed on subsequent accesses.

This problem of having a file organize itself has been studied extensively. Various reviews
on self organizing strategies have been published over the years. We refer the reader to the
comprehensive surveys of the papers and results in the area [5, 6, 8] and the surveys on the
applications [2, 8, 19]. Rather than describe the various strategies in any detail, we shall briefly
highlight some of their main features.

An intuitive scheme for reordering a list to a, hopefully, less costly ordering is to keep a
counter of accesses for each record, and maintain the records in the descending order of their
access frequencies. However, as Knuth remarks ( [12] p398 ), this counter scheme is undesirable as
it requires extra memory space which could perhaps be better used by employing nonsequential
search techniques.

The first memory-free self-organizing scheme proposed by McCabe in 1965 [13] is the move-
to-front rule. In this scheme, each time a record is accessed, it is moved to the front of the list,
and all the records before the accessed record are shifted back one position. The asymptotic
search cost of the scheme in terms of the average number of probes required to find a record in
the given list (after it has reached a steady state where many further reorderings on the list are
not expected to increase or decrease the search cost significantly) is

Many other researchers [5, 6, 7, 8] have also extensively studied the MTF rule and various
properties of its limiting convergence characteristics are available in the literature.

McCabe [13] introduced another memory-free scheme called the transposition rule. In this
rule, the accessed record is moved one position closer to the front of the list by interchanging it
with its preceding record unless it is at the front of the list. This was later proved by Rivest [19]
to have lower expected search cost per access than the move-to-front rule, and he conjectured
that the transposition rule is optimal. This conjecture was further strengthened by the result
by Bitner [4] that for some special distributions the transposition rule is optimal over all rules.
However Anderson et al. [1] found a counterexample to this conjecture by deriving a rule that is
better than the transposition rule for a specific distribution. Bitner [3, 4] later showed that while
the transposition rule is asymptotically more efficient, the move-to-front rule converges more
quickly and proposed a hybrid of these two rules that attempts to incorporate the best features



of both. This simple hybrid rule initially uses the move-to-front algorithm until its steady state
is approached, and then switches to the transposition rule. However the difficulty of deciding
when to switch is still a major problem.

Rivest [19] proposed a compromise between the relative extremes of the move-to-front rule
and the transposition rule, namely the move-ahead-k heuristic where the accessed record is moved
k-positions forward towards the front of the list unless it is in the first & positions, in which case
it is moved to the front. This is a generalization of the transposition rule and the move-to-front
rule as transposition is move-ahead-1 and move-to-front is move-ahead-n. However no absolute
analyses is available for this scheme.

Tenenbaum and Nemes [21] suggested a generalization of the move-to-front rule and the
transposition rule, the POS(k) rule. The POS(k) rule moves the accessed record to position &
of the list if it is in positions £ + 1 to N, or it transposes it with its preceding record if it is
in positions 2 to k. If it is the first in the list, it is left unchanged. Note that POS(1) is the
move-to-front, whereas POS(n — 1) is the transposition strategy.

Notice that all the algorithms described above alter the list on a single access basis. We
shall call such an algorithm a reordering algorithm or permutation algorithm.

McCabe [13] considered reorganizing the list only once every & accesses to reduce the time
spent reordering the list. It is to be used in conjunction with permutation algorithms. In
this scheme, a counter is needed for each record to store the value of k. A record is moved
forward (according to the permutation algorithm chosen) only if it has been accessed k times,
not necessarily in a row, and then the counter for that record is reset. Bitner [4] also studied this
rule and analyzed its performance when used with the move-to-front rule. Bitner also suggested
a modification to it, the wait ¢, move and clear rule. After a record has been accessed ¢ times,
not necessarily in a row, it is moved forward and the counter for every record is reset.

Kan and Ross [9] and Gonnet et al. [6] proposed the k-in-a-row heuristics, where a record
is moved forward only after it is accessed & times in a row. Gonnet et al. [6] proved that (k+1)-
in-a-row is superior to k-in-a-row and suggested a minor modification called the k-in-a-batch
heuristic, where accesses are grouped into batches of size &, and a record will be moved if it is
accessed k times in a batch. They proved that the batched-k rule is better than the k-in-a-row
rule when in combination with either the move-to-front rule or the transposition rule. Note that
these rules all require extra space for storing the values of k.

Since the Markov chains representing the schemes described above are ergodic, the list can
be in any of its n! configurations. As opposed to ergodic representations, Markovian behavior can
also be absorbing [11, 20]. In an absorbing Markov chain, the chain converges to one of a (finite)
set of absorbing barriers. Oommen and Hansen [16] introduced two absorbing list organizing
schemes, the bounded memory stochastic move-to-front scheme and the stochastic move-to-rear
scheme. In both algorithms, the move operation is performed stochastically in such a way that
ultimately no more move operations are performed. However it is shown that the first scheme is
never better than the deterministic move-to-front algorithm. For the second scheme, they showed
that the probability of convergence to the optimal ordering could be made as close to unity as
desired. Oommen et al. [17] later proposed two deterministic absorbing schemes, both of which
perform move-to-rear operation. One is the deterministic linear-space move-to-rear scheme, the
other is the deterministic constant-space move-to-rear scheme. The former moves the accessed
record to the rear of the list if it has been accessed k times. The scheme is asymptotically
optimal, the probability of being absorbed into the optimal ordering can be made as close to
unity as desired. The second scheme moves the accessed record to the rear of the list if it has
been accessed k consecutive times. It is proven to be expedient and its variant was proven to be
optimal [18]. Again all the above probabilistic schemes require extra memory.



Notice that there is a common drawback to all the algorithms described above, that is, they
all fail to consider the size of the list when reorganizing it. The two extremes are the well-known
move-to-front rule and transposition rule. Oommen and Dong recently proposed two memory-
free algorithms [5, 15], both of which take into account the size of the list when reorganizing
it. The first algorithm is called swap-with-parent (SWP) and the second is called move-to-parent
(MTP).

Under the swap-with-parent heuristic, the accessed record gets exchanged with its “parent”
(considering the list as a heap structure with no ordering constraints between parents and their
children), and all the other records stay unchanged. Instead of swapping the accessed record
with its “parent”, the move-fo-parent heuristic moves the accessed record to its parent’s position
and shifts the parent and all the records between the accessed record and its parent back one
position. They showed that under the swap-with-parent heuristic, the Markov chain representing
the scheme is time reversible. Using this property, they further derived various expression for
the asymptotic probabilities and for the average search cost of the scheme. Although the scheme
is no better than the transposition rule in terms of the average search cost per access, they
conjecture that it costs no more than the move-to-front rule and its convergence is intermediate
to the move-to-front rule and the transposition rule. It takes as few as |lgn| steps for a
frequently accessed record to be moved from the back of the list to the front (root) of the list
as opposed to n accesses needed for the transposition rule, and as few as |lgn | steps for a
less frequently accessed record to be moved from the front of the list to the back of the list as
opposed to n accesses needed for the transposition rule. The appendix of this paper contains
various expressions which we have derived for this scheme.

For the performance of the move-to-parent rule, empirical comparison shows that it lies
between the move-to-front heuristic and the transposition heuristic, and that it is better than
the swap-with-parent rule.

Among all the previous algorithms, the move-to-front rule, the transposition rule and the
swap-with-parent rule are the three algorithms which have been most thoroughly analyzed. We
notice from the analyses of the transposition rule and the swap-with-parent rule, that the fun-
damental property of the corresponding Markov chain being time reversible makes the analysis
of the algorithm possible and greatly simplified.

This paper shows the existence of a class of time reversible Markov chains resulting from
performing swaps on “implicit” tree structures (ss_trees) which generalize and extend the results
concerning the transposition heuristic and the swap-with-parent heuristic. It, thereafter, intro-
duces a generalization of the transposition rule and the swap-with-parent rule - the swap-with-
parent-in-an-ss_tree (SWPSST) heuristic and its modification - the move-to-parent-in-an-ss_tree
(MTPSST) heuristic.

The performance of both of the schemes depends heavily on the type of the underlying
ss_tree used. In both of the schemes, we believe that in terms of accuracy, the best-case scenario
happens if the underlying ss_tree is the unary tree, i.e., the tree with one branch, in which
case the scheme is actually the transposition rule. This heuristic, however, is the most sluggish
scheme in terms of convergence. The worst-case scenario occurs if the underlying ss_tree is an
(n — 1)-branch tree. Generally speaking, the ’bushier’ the ss_tree is, the more the algorithms
costs, and the faster the convergence rate is. We conjecture that SWPSST heuristic costs less
than the move-to-front heuristic and that the MTPSST heuristic is even better. Further analyses
for both of the schemes are needed. This indeed gives rise to numerous open problems.

As in the literature concerning the theory of self organizing data structures, we shall use the
terms algorithm, rule, scheme and heuristic interchangeably.

We will first give a brief description of time reversible Markov chains.



2 Time Reversible Markov Chains

Some Markov chains have the property that the process behaves in just the same way regardless
of whether time is measured forwards or backwards. Kelly [10] made an analogy saying that, “if
we take a film of such a process and then run the film backwards the resulting process will be
statistically indistinguishable from the original process.” This property is described formally in
the following definition. '

Definition 2.1 A stochastic process X (t) is time reversible if a sequence of states
(X(t1), X(t2),..., X (tn)) has the same distribution as the reversed sequence
X () s E {ta—t) s wos X8} ST 0l t15 80y s 005 T O

Consider a stationary ergodic Markov chain (that is, a Markov chain that has been in
operation for a long time) having transition probabilities M, and stationary probabilities P {r,}.
Suppose that starting at some time we trace the sequence of states going backwards in time.
That is, starting at time ¢, consider the sequence of states Xy, Xy_1, X; 9, ... Xo, It turns
out that this sequence of states is itself a Markov chain with transition probabilities Q, =
(P{m:}/P{ms}) * Mys. If Qs = My for all s, t, then the Markov chain is said to be time
reversible. Note that the condition for time reversibility, namely Q, = M,;, can also be
expressed as

P{rs} My = P{m;} My, for all s # t. (3)

The condition in the above equation can be stated as, for all states s and ¢, the rate at which
the process goes from s to ¢ (namely P{m,} M) is equal to the rate at which the process goes
from ¢ to s (namely P{m;} M;,). It is worth noting that this is an obvious necessary condition
for time reversibility since a transition from s to ¢ going backward in time is equivalent to a
transition from ¢ to s going forward in time. Thus, if 7,, = s and 7,,_; =, then a transition
from s to ¢ is observed if we are looking backward, and one from ¢ to s if we are looking forward
in time.

The following theorem adapted from Ross ([20]) gives the necessary and sufficient condition
for a finite ergodic Markov chain to be time reversible. The proof of the theorem can be found
in [20] p.143.

Theorem 2.1 A finite ergodic Markov chain for which My = 0 whenever M;; = 0 is time
reversible if and only if starting in state s, any path back to s has the same probability as the
reversed path. That 1s, if

Mo Mg, sy .. My, s = Mo, Mg, s, | .. Mg s
for all states s, sq, ..., sg. O

Using the above theorem, we shall show, in the next section, that any tree structure associ-
ated with finite stationary Markov process is time reversible.

3 A Class of Time Reversible Markov Chains

Inspired from the result that the Markov chain representing the swap-with-parent heuristic is
time reversible [5, 15], we now follow the avenue of thought that a Markov chain resulting from



The ordering of the tree on the left is:
{7,10,5,8,3,9,11,6 }

(a)
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{7,10,5,8,3,9, 11,6 } {7,10,5,9,3,8, 11,6} {9,10,5,7,3,8,11,6 }

(b)

Figure 1: Tree orderings and transformations on repeated accesses of record “9”.

the “swapping” operation on any tree structure is time reversible. In fact, this result is not
totally new. Kelly ([10], p9) proved the following lemma.

Lemma (Adapted from Kelly [10].) If the graph G associated with a stationary Markov process
15 a tree, then the process is time reversible. O

Although Kelly reported this result, he did not demonstrate how to associate a tree with a
stationary Markov chain. In this section, we shall give a formal definition for such a tree structure
in the self-organizing list application domain and prove the corresponding theorem regarding its
time reversibility.

Let T' be an arbitrary tree structure with n nodes. Let the ordering of the tree be the
sequential order of the nodes in the tree (see Figure 1 (a)). At every time instant one of the node
in the tree is accessed, with probability s;, and it is swapped with its parent. Therefore every
swap transforms the tree from one ordering to another, and there are total of n! tree orderings.
Let the ordering of the tree be the states of a system. Since it is possible to reach any state from
any other by a sequence of one or more transformations (see Figure 1 (b)), the transformations
form an irreducible ergodic Markov chain with the state at any time being the tree ordering at
that time. The transition probabilities M, for the Markov chain are determined by the access
probabilities s; of the nodes and the swapping operation used. Each M, will either be zero or
one of the s;’s. The eigenvector of M = {M;; |1 <s<n! and 1 <t <!} corresponding to
the eigenvalue unity gives the stationary probabilities P {m,} of the states 7, (1 < s < n!) of the
system. We shall call such a process a tree transformation process.

Using this tree transformation process we now introduce a generalization of the transpo-
sition and the swap-with-parent heuristic. We shall call it the swap-with-parent-in-an-ss_tree



(SWPSST) heuristic invoked by what we call a sequential search trees (ss-trees). Before we go
into any details, we shall first define the underlying tree structure.

3.1 Sequential Search Trees

Oommen and Dong introduced the concept of sequential heap or s_heap where we view a list as
a heap without the heap property [5, 15] (see also the Appendix of this paper). Here we shall
define a similar tree structure, the sequential search tree or ss_tree.

Definition 3.1 A sequential search tree is an unordered list viewed as a tree. The ordering of
the tree is the ordering of the list, and the position of the parent of each node is fully defined in
terms of the position of the node itself. Trivially, the parent of the root is the root itself.

The structure of an ss_tree is not a tree, but an unordered list. It is only a tree on a conceptual
level (“implicit”) like the s_heap we defined in [5, 15]. Therefore there is no lexicographic ordering
among the nodes. We therefore cannot perform any tree operations such as rotation etc.. Figure 2
shows various ss_trees given in the following examples. ’

Example 1.
A unary ss_tree is a list viewed as a tree with only one branch. The parent of each node is its

previous node. The list operated by the transposition rule is a unary ss_tree, and the operation
performed on the list is the generalized “swap with parent” of the ss_tree. Figure 2 (a) shows a
list with 5 elements viewed as a unary ss_tree.

Example 2.
A binary ss_tree is the s_heap introduced in [5. 15]. In this case, if node R; has index 7 (%) in the

list, then the parent of R; has index [(7(z)/2)] in the list, and the children of node R; have index
2m(i) and (27(i)+1). A list with 9 elements viewed as a binary ss_tree is shown in Figure 2 (b).

Example 3.

We now define a k-branch ss_tree where k < n. The root node has k children and every other
node has one child. Therefore if node R; has index () > k in the list, then its parent has index
7(%) — k. Conversely if 7(¢) < k, the parent of node R; is the root. Similarly the children of the
root are the nodes with index {2,...,k+1}, and the only child of the node with index 7 > 1has
index (7 4 k). A list with 13 elements viewed as a 3-branch ss_tree is shown in Figure 2 (c).

Example 4.
A leftist binary ss_tree is a tree in which the root of the tree has two children and every left
child of a node has two children (except at the leaf level) but every right child of a node has no
children. Therefore if node R; has index 7(7) > 3 and () is an even number, then the parent
of node R; has index ((4) — 2). However, if 7(1) is an odd number, the parent of node R; has
index (7 (i) —3). I x(é) < 3, the parent of node R; is the root node. Figure 2 (d1) shows a leftist
binary ss_tree with 7 elements and k = 2. _
Similarly we can define the leftist k-ary ss_trees Figure 2 (d2) and (d3) show the ss_trees
with £ = 3 and k = 4 respectively.

Example 5.

A rightist binary ss_tree is symmetric to the leftist tree. The root of the tree has two children
and every right child of a node has two children (except at the leaf level) but every left child of a
node has no children. Therefore if node R; has index 7 (i) > 3 and 7(4) is an even number, then
the parent of node R; has index (7 () —1). However, if 7 (1) is an odd number, the parent of node
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(e) (f) (g)

Figure 2: Various ss_trees. The number beside each node represents the index of the node in the
List.



R; has index (7(¢) — 2). If n(i) < 3, then the parent of node R; is the root node. Figure 2 (e)
shows a rightist binary ss_tree with 8 elements.
Similarly we can define the rightist k-ary ss_trees.

Example 6.
Arbitrary ss_trees are trees where there is no pre-defined ordering but only the parent/child
ordering for specific positions. Examples of these are shown in Figure 2 (f) and (g). In these
case, the parent/child relationship must be tabulated.

We shall show that if we apply the tree transformation process described in the previous
section to an ss_tree associated with a list, then the resulting Markov chain is time reversible.
That is to say, if we have an ss_tree, and the only operation allowed on the ss_tree is that of
swapping a node with its parent, the resulting Markov chain is time reversible. This leads us to
a new class of heuristics for self-organizing sequential search. '

3.2 The Swap-with-Parent-in-an-SS_Tree Heuristic

Suppose we are given a list of records {Ry, Rs,...,R,} and an ss_tree associated with it. At
every time instant one of these records R; is accessed with probability s;. Whenever a record is
accessed, it is swapped with its parent in the corresponding ss_tree. We call this list reordering
rule the swap-with-parent-in-an-ss_tree (SWPSST) rule.

First of all, note that the SWPSST rule is memory-free. Since, by the definition of the
ss_trees, the index of the parent of each record is fully defined by the index of the child record, in
the actual implementation, the only thing we need is to have a temporary variable to store the
position of the parent of the accessed record during the search. The scheme is a generalization
of the transposition heuristic and the swap-with-parent heuristic as the transposition heuristic
is swap-with-parent-in-an-unary-ss_tree and the swap-with-parent heuristic is swap-with-parent-
in-a-binary-ss_tree. As we shall see later, many results that hold for the transposition rule and
the swap-with-parent rule can be generalized for the swap-with-parent-in-an-ss_tree rule. The
most straightforward one is the time reversibility shown in the theorem below.

Theorem 3.1 The Markov chain which results from using the swap-with-parent-in-an-ss_tree
heuristic is time reversible.

Proof: We will carry the proof by induction on the number of elements, n, in the tree, and we
will use the ‘box’ (sub-chain) notation which we developed for the proof of the time reversibility
of the transposition rule (see [5, 14]).

1. Base case m = 3.
For any tree with three elements, the tree can be in only one of the two structures shown

below:

g
~— tree ordering: { a,b,c }—*

b Cl(a)

If the tree structure is 1(a), then the scenario is the same as the swap-with-parent rule on
an s_heap of three elements. Similarly, if the tree structure is 1(b), then the scenario is the same



Figure 3: Simplified state diagram with four elements per state using the SWPSST rule with an
arbitrary ss.tree.

as the transposition rule. Since in both cases, the Markov chain is time reversible, therefore, the
Markov chain with three elements is time reversible in all cases.

2. Case n =4. ;
Before we start the induction hypothesis, we shall look at the case of n = 4.
Using Theorem 2.1, to prove that a Markov chain is time reversible, it is sufficient to prove
that starting in any state 7,, any path back to 7, has the same probability as the reversed path.

The Markov chain for n = 3, has six states resulting from permuting the three elements
a,b,c. Regardless of the tree structure, using the ‘box’ notation, the Markov chain can always
be denoted by . After adding one more element ‘d’ to the list, the simplified state
diagram for the ‘four element’ Markov chain can be represented by Figure 3.

Since each sub-chain represented by a box in Figure 3 is exactly the same as the Markov

chain with three elements (e.g., the chain represented by is actually the chain with

the first three elements, ), transitions within each ‘box’ preserve time reversibility. Also,
since all four sub-chains are symmetric, it will be sufficient to prove that if we start in any one
of the sub-chains, say, , and in any state 7; from that sub-chain (), any
path back to 7, has the same probability as the reversed path.

Without loss of generality, let 75 = {a,b,¢,d}, and assume that the parent of ‘d’ is ‘a’, then
any path back to 7, from inside the sub-chain will have the same probability as the reversed path
since we have shown that the Markov chain consisting of states entirely within this sub-chain
is time reversible. So it remains to show that any path back to «, which goes outside the hox
has the same probability as the reversed path. We know that to reach any states outside the
sub-chain, element d must be accessed. After d is accessed, we are in state {d,b,c,a} (since
‘a’ is the parent of ‘d’) in sub-chain , and so to get back to state 7, we have to get
back to sub-chain . Since all sub-chains are symmetrical, we only need to consider

the path back to directly from , which, in turn, means that the last state
we will visit inside right before we get back to must be a state where ‘d’

is the parent of ‘a’. Since {d, b, c,a} has already been visited when we first entered the sub-chain

, we will not be allowed to use it again. There is thus only one choice - we must get
back from state {d, ¢, b,a}. Obviously, the shortest path is then

{a,b,¢,d} = {d,b,c,a} = {d,c,b,a} = {a,c,b,d} = {a,b,c,d}.

The product of the transition probabilities in the forward direction is 848c828p, and in the
reverse direction is s.s4s58,. . The equality in Theorem 2.1 holds.

10



The argument holds for a larger path which goes around visiting more states inside .
This is because the large path inside also starts from state {d,b,c,a} and ends at

state {d, ¢, b,a}, and it is already proven that sub-chain is time reversible.

A similar argument can be given for every state in . Therefore, the Markov

chain for n = 4 1s time reversible.

8. Induction hypothesis.

Assuming that the Markov chain for & elements {R1,..., R;} is time reversible, we shall
prove that the Markov chain for (k + 1) elements {Ry,..., Rg, Rry1} is time reversible.

Note that the Markov chain with (k + 1) elements will have (k 4 1) sub-chains which are all
symmetric and are all actually the same as the Markov chain for k£ elements.

As before, take any state m,, say 7, = {Ry,...,Rj_1, Rj, Rj41,..., Rk, Riy1}, from one
of the sub-chains | Ry ~ ...~ Ry Riyq I, and assume that the parent of Ryq is R;. We need
to prove that starting in m;, any path back to m; has the same probability as the reversed
path. Again, by our hypothesis, we don’t need to consider paths that are entirely inside
the sub-chain, but only paths that go outside the sub-chain. To reach any state outside the
sub-chain, element Rjy; has to be accessed. This makes the transition of the chain from 7,
to {Rl, s Rj.,,]_,Rk+1, .Rj+1, ey Rk, RJ} in sub-chain Rl e R 17 15 B Rj+1 I Rk+1 RJ -
Since all sub-chains are symmetric, to get back to 7,, we only need to consider the path that
is directly from sub-chain |R1 s 2 Tng ve Ripy wwore Rggy B i Assuming that records R;
and R;, are with parent/child relationship, a shortest path which visits only two states inside

|R1N...NRjHINRj+1...NRk+1 RJ . 18

{Rl,...,R,'p, S T T,
= {Ry,...,Rip,...,Riy...,R41,..., Rj}
w2 { B ooy Bion e sellmpases slls)
— {Rl,...,R,‘,...,R,‘P,...,Rj,...,Rk+1}
= {Rl,...,pr,...,R,-,...,Rj,.‘.,Rk_,_l}.

The product of the transition probabilities in the forward direction which is Sk+18;8;8;, equals
to that in the reverse direction which is s;s5418:,8;. The argument holds for any large path for
the same reason stated for the case where n = 4. Therefore, the Markov chain is time reversible,
and the inductive step is complete. The result follows. i

It directly leads to the equation shown in Corollary 3.1.

Corollary 3.1 Under the swap-with-parent-in-an-ss_tree heuristic, the stationary probabilities

obey
P { By oo Rparent(i_{) . -Rij v Rin} __ Sparent(i;) (4)
Pl s R; .. 'Rparent(ij) s & BBt ) 8i;

where parent(i;) is the indez of the parent of R;; in the corresponding ss_tree. O

Corollary 3.2 Under the swap-with-parent-in-an-ss_tree heuristic the stationary probabilities
obey:

B o oy By Yy wooorg By R} s kij "
P{""Rj’Rili"'}Rik;Ri,--.} - 85
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where k;ij = | depth (n(i)) — depth (7(5))| (in the corresponding ss_tree) and
1L 8 F<n 4F ¢ 50

Proof: This follows easily by successive swapping on the corresponding ss_tree using Equation
(4). O
Corollary 3.3 Under the swap-with-parent-in-an-ss_tree heuristic, the stationary probabilities

between any two arbitrary states w4 and m; obey:

P{ms} Ei(me,ms)
I : 6
P{} E 5 (6)

where £;(71,7s) = depth (m4(3)) — depth (m4(2)) for 1 < i < n is the difference between the depths
of R; in ordering w, and m;. * O

See [5, 15] for the proof of the above corollary.

Using the above we can present the expression for the asymptotic search cost of the SWPSST
heuristic. It is a generalization of the one for the transposition rule and the swap-with-parent
rule [5, 15, 19].

Theorem 3.2 Let my denote the identity permutation on n records mo(2) =1 for 1 < i < n,
which is the optimal ordering under our assumption that s; > s;y1 for 1 <i<mn. Let &i(mo, )
denote the quantity (depth (i) — depth (7(2))) for any permutation 7 and 1 < i < n, which is the
difference between the depths of R; in the optimal ordering and in ordering of the corresponding
ss_tree. Then the asymptotic search cost for the swap-with-parent-in-an-ss_tree heuristic is

P{m} ) (H sfilrom) o Sﬂr(j)) (7)
all 7 \1<ign 1<5<n

where

-1
P{m} = (Z II sf*‘““”’)) : 8)

all w1<ign

Proof: The average search cost of an algorithm can be calculated by
>, (P{W} o Sj?f(j)) -
all 7 1<j<n

Using Corollary 3.3, we have,
P{r}=P{m} ][] Sf"(m’") . forallw. (9)

1<i<n .
Consequently

Average search cost for SWPSST

= Z ((P{':To} H Sfi(ﬂo’ﬂ)) Z Sj’fr(j))

all T 1<i<n 1<j<n
= P{m} > || II &™) 3 sin(i)],
all T 1<i<n 1<;<n



thus Equation (7) is proved.
Since

> P{r} =1,
all v

applying Equation (9), we have

P ¥ [ L7 -,

all 7 \ 1<i<n

which proves Equation (8). O

Therefore, to find the cost of the SWPSST rule with a specific ss_tree, the only thing we
need to do is to find the value of £;(mp, ) and replace it in Equation (7) and (8). For example,
the value of {;(mo, 7) for the 3-branch tree shown in Figure 2 (d2) is

Similar straightforward expressions can be written for each of the ss_tree structures given in
Figure 2 except (f) and (g). They are omitted in the interest of brevity.

Using time reversibility, we can prove the following results. The proof of the results is
very close to the proof of their analogous theorems for the swap-with-parent heuristic [5, 15].
Therefore, in the interest of brevity, we will not show the proofs here.

Theorem 3.3 The swap-with-parent-in-an-ss_tree heuristic is ezpedient since

1 .
P {R; precedes Ri}swpsst > > if 8; > 8.

O

Theorem 3.4 For any two records R; and Rj, let ki; = |depth (n(3)) — depth (m(7))| in the
corresponding ss_tree. Then under the swap-with-parent-in-an-ss_tree heuristic we have:

P {R; precedes R; | kij =d} = ! = o

(10)

O

The performance of the SWPSST heuristic (both asymptotic search cost and convergence)
depends heavily on the type of the underlying ss_tree. It is not difficult to see that the rule
will not cost less than the transposition rule when the corresponding ss_tree has more than one
branch. However we conjecture that it costs less than the move-to-front rule. Furthermore,
the smaller the number of records in the leaf level in the corresponding ss_tree, the better the
algorithm will be. Equivalently, the bushier (more branches) the tree is, the worse the algorithm
will be. This is because to make the algorithm better than the move-to-front rule, we would like

that
g

s,——l—si

P {R; precedes R;}swpsst > P {R; precedes R;}yrF =
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given that s; > s; for 1<4,7<n and j#1.

From Theorem 3.4 above, we know that if s; < s;, then

P {R; precedes R; | kij =d = 0}swpsst < % . (11)
7 i + 85

P{R; precedes R; | ki; =d > 1}swpssT > 5 . (12)
$i+ 55

Therefore we would like the asymptotic probability of two records being in the same level in
the corresponding ss_tree to be smaller than that of them not being in the same level. In other
words, the smaller the number of branches the tree has, the less the algorithm costs.

The best-case performance of the algorithm happens when the underlying ss_tree is an unary
tree, in which case the algorithm is equivalent to the transposition rule. The worst-case occurs
when the underlying ss_tree has (n — 1) branches, i.e., the first record is the parent of all other
records in the list. However, the speed of convergence of the algorithm will be more than that
of the transposition. .

Let us revisit some of the examples of the various ss_trees are shown from Section 3.1 (see
also Figure 2). The k-branch ss_tree shown in Example 3 (Figure 2 (¢)) when k is chosen properly,
and the ss_tree shown in Example 6 (Figure 2 (f)) will be better choices for the underlying ss_tree
when using the swap-with-parent-in-an-ss_tree heuristic. The ss_trees shown in Example 4 and
5 (Figure 2 (d1), (d2), (d3) and (e)) are the bad choices for the reasons listed above.

3.3 Drawbacks of the SWPSST Rule and its Modification -
the Move-to-Parent-in-an-SS_Tree Rule

The drawback of the swap-with-parent heuristic persists in the SWPSST heuristic. The scenario
is exactly the same - the elements with zero (or negligible) access probabilities will prove to be a
drag to the entire access strategy. After those elements eventually fall to the leaf level, they will
not be moved again, therefore the cost of future accesses to the elements behind them in the list
will be increased, and the situation will not get better. This is again the reason why we prefer
the ss_tree not to be ‘bushy’.

The solution to this problem is the same as the solution to the swap-with-parent heuristic.
Instead of swapping the accessed record with its parent in the associated ss_tree and leaving all
the records in between unchanged, we will move the accessed record to its parent’s position and
shift its parent and all the records in between back one position. We shall call this scheme the
move-to-parent-in-an-ss_tree (MTPSST) heuristic.

Notice that if the underlying ss_tree is an k-branch ss_tree (see Example 3 in Section 3.1
and Figure 2 (c)), the corresponding MTPSST is the move-ahead-k scheme. If the ss_tree is an
(n — 1)-branch tree, the scheme is the move-to-front scheme, and if the ss_tree is a unary ss_tree
(one-branch tree), the scheme is the transposition scheme.

We conjecture that its average search cost is lower than the move-to-front rule and higher
than the transposition rule. Absolute analysis of it is needed to allow realistic comparisons. Also,
like the move-to-parent heuristic, this scheme avoids the drawbacks of many other algorithms
including the drawbacks related to ‘locality’ mentioned in [5, 8, 15] as is explained below.

4 The MTPSST Heuristics and Locality

In self-organizing sequential search algorithms, it is commonly assumed that the accesses to the
record in the list are made independent of previous accesses and that the access probabilities do

14



not vary with respect to time, (stationary). Consequently, the majority of the analyses on self-
organizing sequential search algorithms assume that all access sequences which have the same
set of access probabilities are equally likely.

This assumption does not take into account a common attribute of access sequences called
locality which makes the assumption unreasonable in many applications. Locality means that
some “subsequences of the entire access sequence may have relative access frequencies that are
drastically different from the overall relative access frequencies” [8].

Hester and Hirschberg [8] showed how the locality of the access sequence affects the average
search cost of a scheme through the following example. Consider a list of 26 records which are
the 26 English letters {a,b,...,2z} in a random order. Each record is accessed exactly 10 times,
that is, s, = 8y =...= s, = 1/26. Let us assume that the reordering rule is the move-to-front.

If the access sequence is as below,

@y oy By Wy vwog By o vig By wvoney' (13)
=~
10 tzmes

then under the move-to-front rule, accesses to each record (except the first access of each record)
will always take 26 probes. Therefore the total number of probes required to access the records
in the input sequence (except the first access to each record) is 9 x 26 x 26, and the first access
takes between 26 and the position of the record in the list. The best-case scenario happens when
the list is initially in alphabetical order. Then the cost of the move-to-front rule will be:

26 .
9X26X26+3 2,1 - 9475
260

Now consider another access sequence which has the same probability distribution as the
previous, but are in a different order shown below.

ay...,a, b,....b, ..., 2z,...,2 (14)
S et M ——
10 ttmes 10 ttmes 10 times

In this case, all accesses (except the first) to each record will only take one probe. The worst-case
scenario happens when the list is initially in the reversed alphabetical order, and the cost of the
move-to-front rule is:
9x26x1+328 4
260

Note that the worst-case cost of the second scenario is far less than the best-case cost of
the first scenario. This indicates that the cost of a scheme can differ greatly for the same fixed
probability distribution under the move-to-front rule when the order of the actual input sequences
are different. ' )

However, when the underlying ss_tree is not the (n — 1)-branch tree, the MTPSST rules
will not have the above problem since the rules will not be as drastic as the move-to-front rule
when moving a record forward. It can be easily verified that the cost of the first input sequence
in the above example under any of the MTPSST rules (except when the corresponding ss_tree
is the (n — 1)-branch tree) is less than that of the move-to-front rule. Simultaneously, the
cost of the second sequence in the above example will be more than that of the move-to-front
rule. Therefore for the same fixed probability distribution, when the order of the actual input
sequences are different, the cost of the MTPSST rules (when the corresponding ss_tree is not the
(n — 1)-branch tree) will not differ as much as the move-to-front rule. This demonstrates that
such MTPSST rules respond in a superior fashion when it encounters this kind of ‘locality’.

= 3.5
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Another case that can happen when using the transposition rule and the swap-with-parent
rule is when two records are alternately accessed many times, they will continue exchanging
places without advancing toward the front of the list. However, the MTPSST rules will not have

this problem.

5 Conclusion

In this paper, we have formally defined the tree transformation process and introduced a gener-
alization of the transposition rule and the swap-with-parent rule - the swap-with-parent-in-an-
ss_tree (SWPSST) heuristic and its modification - the move-to-parent-in-an-ss_tree (MTPSST)
heuristic. Both of these are defined on the underlying implicit tree structure defined on the
list - a structure we have called the sequential search tree or ss.tree. We have shown the time
reversibility of the SWPSST schemes and a variety of results which specialize to the analogous
results for transposition rule and the swap-with-parent rule.

The performance of both of the schemes depends heavily on the type of the underlying
ss_tree used. In both of the schemes, we believe that in terms of accuracy, the best-case scenario
happens if the underlying ss_tree is the unary tree, i.e., the tree with one branch, in which case
the scheme is actually the transposition rule. This heuristic is the most sluggish scheme in terms
of convergence. The worst-case scenario occurs if the underlying ss_tree is an (n— 1)-branch tree.
Generally speaking, the "bushier’ the ss_tree is, the more the algorithms costs, and the faster the
convergence rate is.

We conjecture that SWPSST heuristic costs less than the move-to-front heuristic and that
the MTPSST heuristic is even better. Further analyses for both of the schemes are needed. This
indeed gives rise to numerous open problems.

Appendix

A Summary of the Swap-with-Parent Scheme

Throughout this paper we have alluded to our recently designed algorithm, the swap-with-parent
(SWP) heuristic. However as this is yet unpublished, we have included the key results concerning
the scheme in this Appendix to assist the reader. !

For any given list of records { Ry, Ra, ..., Ry}, we can conceptually construct a heap structure
with no ordering constraints between parents and their children. For example, given a list
of elements {7,3,10,16,14,8,9,2,1,4}, the corresponding “heap” structure with no ordering
constraints is shown in Figure 4. We shall refer to this structure as a sequential_heap or s_heap.

Suppose we have a set of n records {R;, Rg,..., R,} which are in an arbitrary order 7, so
that R; is in position 7(2) for 1 < ¢ < n. Using the swap-with-parent heuristic, whenever a record
R; is found in position 7 (1), the list is rearranged by exchanging the positions of R; and its parent
which is in position | 7(z) /2| and leaving all the other records untouched; if R; heads the list
nothing is done.

By way of example, consider a list of 10 elements {7, 3, 10,16, 14, 8,9, 2, 1,4}, using the swap-
with-parent rule, Figure 5 shows the changes on the orders of the list after elements 16 and 1 are
accessed consecutively.

! At the discretion of the editor, we are willing to delete this Appendix in the final manuscript.
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(a) Alist of 10 elements ( b) The corresponding heap

Figure 4: A list viewed as a “heap”.

The major results of the swap-with-parent rule are shown in the following theorems and
corollaries. All the proofs can be found in [5, 15].

Theorem A.1 The Markov chain which results from using the swap-with-parent heuristic is

time reversible. i
Theorem A.2 For a given set of records {Ry, Ra,...,R,} with respective access probabilities
{51,82,...,8n}, under the swap-with-parent heuristic the stationary probabilities obey:

P{R; "‘Rij"‘Rizj - sy

(15)

P { R, -~-R-i2j---Rij vu s Bi - Sigg
and
PIR; siin Bhbycie Bllggaa o oo B} _ Sy (16)
P4 R, "‘Rizj+l."‘Rij s sl } Bisiya
for 1<j<n if s #0 for 1<k < n. O

Corollary A.1 Under the swap-with-parent rule the stationary probabilities obey:

ki
P{.. Ry, Rqy,...,Ri,,Ry,...} _ (si) ; (17)

B s v B Btin s sacllions By wad - g
where ki; = | |lg(n(2))] — g(x(G))] |, for 1 <4, <n if s5#0. O

It is advantageous to see the results shown above through an example. Considering a
list of 10 elements {R, B2, R3, R4, Rs, Rg, R7, Rg, Rg, R10}. Figure 6 illustrates the séquence
of transformations from state 7, to state 7y, where 7, = {R;, R3,R3, R4,...,Rg,Rg, R1o} and
7t = {R1,R2,Ro, Ry,..., Rs,R3, Rio}.

To go from state 7 to state m;, swapping element Rg with its parent until it reaches the
root and then swapping R3 with it, now Rg is in the position of Rs. Then swapping R; with
R3, then R, with Rz, then R4 with R3. We have reached state ;. Let 7; denote all the states
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( a) list before 16 is accessed ( b) equivalent s_heap before 16 is accessed .

+ swapping 16 and 3

(¢ ) list before 1 is accessed (d) equivalent s_heap before 1 is accessed

* swapping 1 and 3

7iis1ot {1ai81902{3(4]

(e ) List after 16 and 1 are accessed ( ) equivalent s_heap after 16 and 1 are accessed

Figure 5: Operations of swapping with parent.
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R8 R4 RI0O (state 2) RS R4 RI10 (state 3)

R8 R4 RI0 (state 6) R8 R3 RI0 (state t)

Figure 6: Transformations from state 75 to m; through q,...,ms.
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during the transformation, then

Ts = {R1,Ra,Rs, Ry, Rs, R, R7, Rg, Rg, Ryo},
71 = {Ri1, Ry, R3,Re, Rs, R, R7, Rg, Ry, Ryo},
Ty = {R1,Rg, B3, Rz, Rs, Re, Ry, Rg, R4, R10} ,
73 = {Rg,Ra,R3, Ry, Rs, Re, Ry, R, R4, R1o},
74 = {Rs, R1,Re, Ry, Rs, Rg, R7, Rg, R4, R10},
s = {Ra,Ras, Ry, Ry, Rs, Rs, R7, Rg, R4, R10},
¢ = {Ri,Rz,Rg,Ras, Rs, Rg, R7, Rg, Ry, R10},
7 = {Ri,R2,Re, Ry, Ry, Rs, Ry, Rg, R, Rio} .

From Equation (15), we have

P{ﬂ's} = (34/39)P{7(1},

P{m} = (sa/s9)P{ma},
Plms) = (5] %) Plwe}s
P{ms} = (so/s3)P{ms},
P{ms} = (s3/s1)P{ms},
P{wms} = (s3/s2)P{me},
P{me} = (s3/s4) P{m}.
Therefore,
Plry =S xSy B By By R piry = (2) Pirg. (9

Since depth (R3) = 1 and depth (Rg) = 3, the difference between the depths of Rz and Rg is 2.
Therefore Equation (18) above verifies the result shown in Corollary A.1.

Theorem A.3 Under the swap-with-parent heuristic, the stationary probabilities between any
two arbitrary states w, and T obey:

P{ms} - H sf.‘(m,ws) (19)

P{m} 1<i<n

where &(ms,7s) = [1g(7:(i))] — |1g(7s(%))] for 1 < i < n is the difference between the depths of
R; in ordering 7, and ;. ]

Rivest gave an expression for the asymptotic search cost of the transposition rule (see [19]).
The analogous result for the average search cost of the swap-with-parent rule is given below.

Theorem A.4 Let mg denote the identity permutation on n records mo(i) = % for 1 <'i < m,
which is the optimal ordering under our assumption that s; > s;y1 for 1 <4 < n. Let &(mo,7)
denote the quantity (|1g(7)] — [lg(7(3))]) for any permutation * and 1 < i < n, which is
the difference between the depths of R; in the optimal ordering and in ordering w. Then the
asymptotic search cost for the swap-with-parent heuristic is

P{mp} Z (H Sf:’(ﬂo:“) Z Sjﬂ'(j)) (20)

all w \1<i<n 1<j8n



where

P{m} = (Z II s;?f(“f”“’) : (21)

all 7 1<ign
O
Using time reversibility, we can now prove the following results.
Theorem A.5 The swap-with-parent heuristic is ezpedient since
P {R; precedes R;}swp > % if 8; > ;.
O

Other results for the scheme can be found in [5, 15].
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