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Abstract

We consider a fundamental problem in Syntactic Pattern Recognition (PR) in which we are
required to recognize a string from its noisy version. We assume that the system has a dictionary
which is a collection of all the ideal representations of the objects in question. When a noisy
sample has to be processed, the system compares it with every element in the dictionary based
on a nearest-neighbor philosophy. This is typically achieved using three standard edit operations
- substitution, insertion and deletion. To accomplish this, one usually assigns a distance for the
elementary symbol operations, d(.,.), and the inter-pattern distance, D(.,.), is computed as a
function of these symbol edit distances. In this paper we consider the assignment of the inter-
symbol distances in terms of the novel and interesting assignments - the parametric distances -
recently introduced by Bunke et al. [4]. We show how the classifier can be trained to get the
optimal parametric distance using vector quantization in the meta-space, and report classification
results after such a training process. In all our experiments, the training was typically achieved
in a very few iterations. The subsequent classification accuracy we obtained using this single-
parameter scheme was 96.13 %. The power of the scheme is obvious if we compare it to 96.67%,
which is the accuracy of the scheme which uses the complete array of inter-symbol distances
derived from a knowledge of all the confusion probabilities.

1 Introduction

We consider a fundamental problem in Syntactic Pattern Recognition (PR) in which we are
required to recognize a string from its noisy version. As opposed to the field of statistical PR,
where testing and training are achieved using numerical features, in syntactic PR the classifiers
are designed by representing the patterns symbolically using primitive or elementary symbols.
The PR system essentially models the noisy variations of typical samples of the patterns sym-
bolically, and these models are utilized in both the training and testing phases. Notice that
in statistical PR, the noisy samples from a given class are modeled either parametrically or
non-parametrically using probability distributions, but the analogous problem in syntactic PR
involves characterizing the set of noisy strings within each class.

In this paper we assume that the system has a dictionary which is a collection of all the ideal
representations of the objects in question. Although a detailed survey of the types of dictionaries
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If for all @, b € A these distances are assigned unit values as below :

ds(a,b) = 1 ifa#b
= 0 ifa=5b (1)
di(a) =de(a) = 1 foralla

the inter-string edit distance is called the Levenshtein distance.

In general, however, these distances can be real numbers, and the training of the classifier
involves determining the optimal values of the inter-symbol distances so as to minimize the
classification error (for example, in typewritten text, assigning a smaller distance for adjacent
letters of the keyboard, or in molecular biology, for amino acids which are more prone to be
replaced by other amino acids).

There are currently three ways of assigning the inter-symbol edit distances. The first method
involves assigning the distances in terms of the negative logarithms of the confusion probabilities

as follows :
do(a,b) = —ln%ﬁ ifatb

de(a) = -In Pi [[Z:i] for all a (2)

di(a) = Kide(a)

where K; is an empirically determined constant, and Pr [a — ] is the probability that the symbol
'a’ was transformed into the b’

Although this method has been used, [8, 9, 16, 17, 19] to set the values of these distances, the
method assumes that the confusion probabilities are known a priori - prior to the training phase.
Similar methods have also been used to compute the so-called PAM matrices in comparing
biological macromolecules.

Besides the above method we are aware of two other schemes that have been used in learning
the inter-symbol distances [18, 21]. The method of Ristad et al. [18] is a recent work and is a
comprehensive demonstration of the fact that the distances can be obtained as explicit functions
of the garbling probabilities for a variety of stochastic models. The authors of [18] have first
proposed various stochastic models for the string edit distance, and in each case the model and
the corresponding estimation procedure have been developed to yield the optimal set of inter-
symbol edit distances from a corpus of examples. The work is fascinating and powerful, and
has been tested for the problem of learning the pronunciation of words in conversational speech.
Although we have not experimentally tested their algorithms, we believe that their scheme will
have powerful applications.

The other method which we would like to particularly highlight is due to Vidal et al. [21].
Their method is a classic and brilliant scheme which demonstrates how traditional statistical PR
methods can be applied to syntactic problems. The idea which they have used is akin to the
acclaimed algorithm which learns the best weight vector describing the discriminant function
in the case of linearly separable classes. Vidal et al. have shown how to map the syntactic
problem into a statistical setting, and then used a hill-climbing scheme to converge to the set of
inter-symbol distances.

In this paper we consider how we can utilize the novel and interesting distance assignments
- the Parametric String Distances (PSDs) - recently introduced by Bunke et al. [4]. In this case,
these distances are assigned values as below for all a,b € A :

ds(a,b) = r ifa#b
0 ifa=b (3)
1 for all a.

dz(a) = de(a)



Indeed, we shall investigate the way of optimally assigning the parameter when the input to
the problem is data specifying the set of true words and their garbled versions. We shall show
how the parameter 'r’ can be optimally chosen if such a parameter which discriminates patterns
perfectly actually exists.

In their paper Bunke et al. [4] alluded to a strategy by which the optimal parameter could
be learnt, but we shall show that the time complexity required for their process is prohibitive.
On the other hand, we shall present a scheme which utilizes the excellent properties of Bunke’s
parametric string distance, but converges to the optimal parameter by a variant of vector quanti-
zation. This demonstrates that these properties present us with a platform to tackle the problem
of inferring a systematic set of edit costs (which are not entirely symbol dependent) based on a
sample set of true and noisy patterns. Furthermore, the scheme does not require the estimation
of the confusion probabilities, but utilizes a strategy which dynamically adjusts the edit costs via
the parameter 7. It is also noteworthy that like any vector quantization strategy, these costs will
be capable of tracking and adapting to a dynamically changing environment, where the confusion
probabilities are non-stationary. Indeed, in our setting, vector quantization will be performed in
the meta-space (as opposed to the physical space in which the features are), to assign the optimal
value of the parameter.

Although, we shall discuss in greater detail how this vector quantization is achieved, before
we proceed, we shall first present Bunke’s PSD for strings and specify the properties which render
such a learning strategy feasible. A brief overview of vector quantization is also presented to
clarify the salient features of our algorithm.

2 Parametric String Edit Distance

2.1 Overview

As mentioned earlier, Bunke and Csirik proposed a new Parametric String Distance (PSD) mea-
sure [4] which is a special case of the Generalized Levenshtein Distance! which can be computed
using the Wagner and Fischer [22] algorithm. The edit cost for the insertion and deletion oper-
ations are assigned the value unity, but the substitution (replacement) cost, ds(a,b) is given as
a parameter, r, whenever the symbols a # b, and is assigned the value zero otherwise. Thus,
the edit distance between two strings is almost entirely computed in terms of the parameter it
which due to the triangular inequality is bounded by 2. This bound is obvious, since when the
value of r exceeds two, the edit process will not utilize the substitution edit operation at all.

Using the edit cost function defined in terms of the parameter , Bunke and Csirik [4]
specified the properties of the inter-string edit distance. If the distance for a pair of strings is
uniquely minimum over the interval 7 = (0,2), we will obtain a unique distance function (in
terms of r). If, however, the distance function associated with a pair of strings is not uniquely
defined, then the inter-string distance is specified in terms of a variety of distance functions, and
each function is uniquely minimal for a given interval of the value of r. To clarify the situation,
consider the following example.

Let A = {a,b,c}, and let X = baacb and ¥ = acba. The resulting PSD as computed by the
algorithm described in [4] for the strings is shown in Table 1. Table 1 is essentially a modified
trellis which shows the associated PSD with their corresponding intervals of r-values instead of
merely the usual numeric edit distance.

We shall refer to items in the modified trellis in a matrix-like manner where D(4, j) refers
to the distance tabulated in row ¢ and column j. From the table we see that until D(2,2), all

'We assume that the reader is reasonably aware of the properties of the Levenshtein Distance and the algorithm
due to Wagner and Fischer [22].
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Table 1: The modified trellis for the PSD. Every element in the modified trellis is a pair of the
form [D, ] where D is the PSD, and i is the interval in which D is defined.

distances in the trellis are uniquely defined over the entire r-interval. In other words, for all
values of r between zero and two, the same distance function can be used to produce a minimum
edit distance with respect to the value of r. Thus, for example, at D(1,1), to compute D('a’, t/),
the edit distance could be due to a substitution which implies a value of r, or an insertion-
deletion pair which implies a value of 2. Now, since r € (0,2), the minimum value at D(1,1)
will obviously be 7. Things become more interesting at D(2,2) where the distance function
due to a substitution is 2r, while the distances due to an insertion and a deletion are 24r and
2 respectively. Consequently, it can be seen that the distance function due to a substitution,
namely 2r, is minimum when r € (0,1), while in the interval where r € (1,2), the distance
function due to an insertion, namely 2, is minimum.

Subsequent to this juncture, the computations could proceed in one of two ways. The
first deals only in the interval where » € (0,1) while the second computes the distances for
the functions when r € (1,2). This, of course, is done sequentially where computations are
performed first for 7 = (0,1). The computations will be performed recursively until the ends of
the strings (in our case, it is D(5,4)) are encountered. When this is done, the algorithm will
return to position D(2,2) in the trellis to re-compute the distances for 7 € (1,2). As a result of
this, subsequent trellis elements can potentially have identical distance functions with adjacent
intervals (eg. [1+2r, (0,1)] and [142r, (1,2)] in the same trellis entry), and in these situations,
the distance functions will be merged. The value of D(5,4) will eventually denote the actual
PSD between the strings ‘baach’ and ‘acba’. From Table 1, we can conclude that

1+3ifr € (0,2/3)

D(X,Y)={ 3if r € (2/3,2)

Bunke and Csirik [4] proved the following properties about the PSD :

Property 1 : At any position D(i,5), 1 <i < N, i < j < M, in the cost matriz, the distance



between X; and Y; obeys the following functional form:

ar+birif0=rp<r<nr
. az +bor ifry <r <y
D(i,j) = D(Xs, Y5) =< .
ap +bpr f rg—1 ST <=2,

where 0 =719 < r; <71y < -+ <71 = 2 are rationals and ay,---,a, by, - , b are non-negative
integers.

Property 2 : Fori=1,---,k— 1 the following relations hold:
1. a; + biry = ajp1 + bypary
2. b; > b,;.,_l.

Property 3 :
b; < min(N, M), where N and M are the lengths of the two strings.

Property 4 : For the PSD of any two strings of length N and M respectively given in the form
of Property 1, the number of subintervals (of values of r) is less than or equal to min(N, M ).

Property 5 : The time complexity of the algorithm for PSD computation is O(N?M ) where N
and M are the lengths of the two strings to be compared, and N = min(N, M ).

In [4], Bunke and Csirik had alluded to using the PSD in applications of PR with the
intention of determining a suitable value of r such that the classification criteria for the training
problem are satisfied. In order to achieve this, they considered the problem of combining different
PSDs or distance functions (in term of r) of pairs of strings. The combination of the PSD
functions is crucial in locating the perfect value of r for a given PR setting since we have to
maximize Or minimize a criterion function which varies with . In other words, in order to
find the value of r that, for example, maximized the training classification accuracy, we need to
consider all the resulting distance functions that emerge from a given set of patterns.

Now, given a criterion function T, one can definitely maximize (or minimize) T by a brute
force method by computing 7" for all possible values of r and then selecting the value of r that
maximizes (or minimizes) 7. This is, however, not feasible since r € (0,2) is real. Fortunately,
Bunke and Csirik proved in [4] that we do not need to consider every possible value of », but
rather only need to examine the critical points of the set of distance functions available from the
set of data, where the critical points are defined below.

Consider a set of distance functions, S = {D;(r), Da(r), -+, Dg(r)}, where D;(r) is as
defined in Property 1 and is of the form:

agi) + bgi)r if 0 = 'r(()i) ol g T'gi)
(@) (@), :¢ () (4)
as’ +by'rif ry <o <
Di(r) = -2 2 1‘ﬁ e

) (0 _
i_ISTS’FLi—Q

agg + bgg'r if v"g)
Then, the set of critical points of S is completely defined by the following rules:

1. Any interval border Ts(ii) is a critical point; ¢ =1,---, K ; j=0,---,L;



2. Any point of intersection between two distinct linear pieces of distinct D;(r) and Dj(r) is
a critical point. Thus, if _ ' _
a}(:) + b‘,(:)r = al(t} + bl(z)'r

for i, =1, K; i # 5 k€ {1+, Lik; (o, o # aff, %),
then r is a critical point.

In addition, Bunke and Csirik also defined a basic interval as follows. Given a set of critical
points {rp,71,-+,r} of the set of distance functions S where 0 =rp <71 < .- < r, = 2, a basic
interval is the interval (rj,7;41) for j = 0,---, L—1. Intervals defined for each individual distance
function D; (intervals in which different string edit distance functions attain the minimum over
the intervals as described earlier) are also defined as basic intervals. Bunke and Csirik proved
that there are at most LK? basic intervals where K is the number of distance functions in S and
L is the number of basic intervals for each distance function in S. With the definition of critical
points and basic intervals, Bunke and Csirik proved the following property of the PSD.

Property 6 : Given a set of distance functions, S, if a mazimum (or minimum) of a criterion
function occurs within a basic interval, this extreme point also occurs at least at one of the borders
of the interval (i.e., it also occurs at one of the critical points bounding the basic interval).

Property 6 has an important implication on the problem of systematically inferring the edit
costs based on a sample set of training data and an associated criterion function, for example,
the training classification accuracy. Indeed, utilizing the PSD one can intelligently assign values
of edit costs without the exhaustive enumeration of all possible edit costs.

2.2 Drawback of Bunke’s Result
Although the PSD allows for the assignment of edit costs without explicit and exhaustive enu-

meration of all possible edit costs, the computation that is required would still be prohibitive
when the set of sample patterns is large. This is because in order to obtain the set critical points,
all possible pairs of strings in the sample set and their corresponding sets of basic intervals would
have to be considered. This leads us to the following results.

Theorem 1 : To assign a suitable value of v, the substitution cost, for a given set of sample
data and a given criterion function, each possible pair of strings in the set has to be considered.

Proof : Bunke et al. have shown in [4] that to compute the optimal » we will have to determine
all the critical points in a given set of sample patterns. Using these we should be in a position
to determine the maximum (or minimum) of the given criterion function with respect to r. In
order to obtain all the critical points, the corresponding distance functions for every possible pair
of strings in the sample set will have to be evaluated. Only with this complete set of distance
functions will we be able to determine all the possible critical points which, in turn, are crucial
for the computation of the intersecting points of the distance functions. Subsequently, these can
be used to learn the critical points that extremize the criterion function. =

Directly from Theorem 1, we can obtain the following result.

Theorem 2 : The time required by Bunke and Csirik’s algorithm is O(J2Q*N2MLp ) where J
is the number of strings in the sample set, Q is the size of the dictionary, N and M are the sizes
of the strings in the set, L the number of basic intervals as defined earlier (prior to Property 6)
and p the number of critical points derivadle from the distance functions of the sample set.



Proof : Assume that there are J strings in the sample set, all of length M, and that there are
Q words, all of length? N, in the dictionary, H.

This means that the number of possible pairs of strings to be compared is O(JQ). Further-
more, by Property 5, for each pair, a time of O(N2M) is required to perform the computations
to obtain the PSD. Thus, in order to obtain all the necessary distance functions (by Theorem 1),
we require O(JQN2M). Additionally, to correctly evaluate the optimal value of r we will also
have to locate all the intersecting points among the set of distance functions found previously.
This requires another O(JQL) time, where L is the maximum number of basic intervals of a
distance function. Finally, given that we have obtained p critical points, we need O(p)time in
order to determine the correct value of r from among these points. Combining these terms yields
the required time complexity. o

Due to the prohibitive time required, the method described in [4] cannot be realistically
applied to infer the edit costs in a practical PR setting. This has motivated us to investigate
an alternative approach to inferring the edit costs. As alluded to earlier, we shall be utilizing
vector quantization together with the properties of the PSD discussed above. Before describing
our proposed method, we shall give a brief overview on vector quantization.

3 Vector Quantization

Vector quantization (VQ) is based on concepts that have been applied traditionally in the esti-
mation of probability density functions. A probability density function, P(u) is approximated
using a finite set of codebook vectors, {m; | i« = 1,---,k} by the VQ process, where each m;
approximates the value at u. Given a set of codebook vectors, the approximation of u involves
finding the reference vector m, closest to u.

With the introduction of codebook vectors, VQ essentially compresses the amount of in-
formation received. This is important and extremely practical in applying VQ to applications
which process large amounts of information, as in signal processing. It is interesting to note that
VQ represents data in the actual feature space through the use of the codebook vectors. These
codebook vectors are migrated in the feature domain so that they collectively represent the
distribution under consideration.

Traditionally, the codebook vectors are initially randomly selected from the feature space.
The algorithm is repeatedly presented with a sample data point and using an appropriate up-
dating (or migrating) algorithm, it locates the closest codebook vector and migrates the vector
towards the data point. Explicitly, the updating algorithm can be described as follows:

{ (I — a)m;(t) + ap if m; is the closest point to the data point p
mi(t+1) = -

m;(t) otherwise,

where ¢ is the time or iteration number.

The choice of « is rather significant in obtaining a respectable estimation of the true dis-
tribution in terms of codebook vectors. As recommended in the literature [10], o should be
decremented linearly from unity for the initial learning phase and in the subsequent phase, a
small value of a is recommended. The subsequent phase is utilized to fine-tune the codebook
vectors and thus require no significant changes. It is recommended that in this fine-tuning phase,
a should decrease linearly from a value of (.2.

%If the words are of different lengths, N; and M ; would be the lengths of X; and the §** word compared. The
complexity argument is however, in principle, the same.



The discussion of vector quantization presented here is by no means complete - it is not
appropriate for us to describe VQ in any more depth here. Interested readers are referred to an
excellent survey by Kohonen in [10]. However, with this general overview of vector quantization,
we are now in a position to describe our proposed algorithm for optimally inferring edit costs in
a PR setting.

4 Optimal Parametric String Editing Using Vector Quantization
in the Meta-space

The algorithm that we propose here is based on vector quantization in the meta-space - the
space of all possible values of r, the parameter used in the PSD. Traditionally, as described in
the previous section, vector quantization works on a sample set of data from the set of patterns
presented. This sample set, also known as codebook vectors, are then migrated in its feature
domain to represent the distribution that is implicit from the given set of patterns. However,
this is not directly applicable in our case since our aim is to assign the value of r based on the
discriminant criterion function. Instead, in our quest for obtaining the optimal value of r, we
shall not work in the space where the features (the strings/symbols) reside, but rather in the
meta-space where the parameter r resides, since evolving the value of » will enable us to maximize
the training classification accuracy. A detailed description of our algorithm presented below.

The algorithm is presented with a particular set (dictionary) of prototypical strings, H and
an associated set of typical noisy samples. We assume that the strings are linearly separable
by using the PSD and a suitable parameter 7*. Thus for each noisy string ¥ the algorithm is
provided with the true word X* € H which it represents. These noisy samples are compared
with each individual element of H using a string comparison algorithm [22], and classified to be
the noisy version of the closest word in H. If this results in a misclassification, the PSD functions
associated with the noisy string and the mis-classified string, X, and the correct string, X*,
respectively are generated using the algorithm proposed in [4] and their associated critical points,
¢ are computed.

For each critical point, ¢, let the PSD functions based on the strings X* and X+ be D*
and D™ respectively. Let the actual values of D* and Dt when evaluated at the corresponding
critical points ¢; and ¢g be D}, and D, respectively. The question now is one of determining how
we can get the value of » for the next iteration in the VQ cycle. Indeed, in the true philosophy
of VQ the next value of r is obtained by migrating the current values of r towards one of these
critical points. The criterion function for determining which critical point is to be chosen in the
migration for the next value for r is obtained by evaluating the difference of the distances, P2l
and DJ, relative to the critical point ¢, where F is the criterion function given below:

-+ *
_ B =Dg
c

F

Indeed, we have chosen the above function, because in the true spirit of VQ, the migration
of r is done in the direction of the critical point that maximizes the distance between ¥ and
X*, and simultaneously minimizes the distance between Y and X*. Thus, the new r is obtained
by moving in the direction of the linear discriminant, and consequently increases the rate of
classification in the nearest neighbor PR setting. The algorithm is given formally below and its
convergence properties follow.



Algorithm Compute_Optim_Param

Input:
1. The dictionary of prototype strings, H.
2. The set of noisy strings assumed to be linearly separable.
processed is Y.
3. An initial value of the substitution edit cost, 7.
4. Number of training iterations, Iteration_num.
5. Edit cost migration factor, a.
Output: The optimal substitution edit cost, 7.
Method:
Loop

(Iteration_num times) Or

(until a training cycle with 100% recognition rate)

/* Start of a training cycle */

Classify Y by comparing it with every X € H

If Y is incorrectly classified to X+ instead of X* Then

Determine the distance functions, D*, of ¥ and X*
Determine the distance functions, DT, of Y and X+
Determine the associated critical points as in [4]
Each Distance function is of the form a + br
Each critical point is a potential optimal value of »
For each critical point (¢) Do
e Calculate the value of the particular functions of the
form a + be in D* and Dt
e Calculate p, the criterion ratio by evaluating the
difference of distafces*at ¢ for D* and D* realtive
to ¢ where p = D;"’:&L
End For
e Choose ¢ which maximizes p to be the new optimal
edit cost and set this value to ryig
or = (1l—a)r+ army

End If
End Loop
Return r
End Algorithm Compute_Optim_Param

The current noisy string

10

Theorem 3 : If the samples are linearly separable using a PSD criterion, the algorithm will
converge to an optimal value of r - even though such an optimal value may not be unique.

Proof : From the results of [4], we can see that to recognize a particular string, Y, the optimal
value of r lies in an interval described by the critical points of the various distance functions.
This is because, as proven in (4], each critical point is bounded by two mutually exclusive basic
intervals. Hence, for a specific Y, given a critical point r;,, the optimal values of » may also
exist in either of the neighboring intervals (r;_1,,, r3,) and/or (ry, ), rit1,.). But since the PSD
functions intersect each other at the critical points, the optimal value could also have been at
Ti—1 OF Ti41. We refer to these left and right boundaries of any one such interval for Y as rr; (Y)




and rg,(Y") respectively. This proves that if the string classification accuracy of a single string is
considered as a function of r, the function is maximized in a sequence of intervals each of which
is defined by the end-points r7,(Y) and rg,(Y’), and within each such interval the classification
is perfect because the strings are assumed to be linearly separable.

We are now searching for a value of r, say r* which will classify every noisy sample to its
true un-garbled element of the dictionary. Since the strings are linearly separable, it is clear that
any such 7* lies in the intersection of the regions defined for each individual Y. Thus,

r* e UNre, V), ra; (D),
7Y

where each intersecting region Ny [rz,(Y"),rgr,;(Y)] represents a domain where all the strings will
be correctly classified.

Consider now an iteration in the algorithm in which X™* is the true word in H, from which
Y was derived, and that the current value of r has mis-classified ¥ to X+ s X*. This implies
that as far as this particular Y is concerned, the classification is not at its maximum at this
current value of r. Consequently, a migration in the direction of one of the maxima will lead
us to a local maximum. But, in this case, all the local maxima are also global maxima, since
all the maxima attain the value unity. Thus, we are guaranteed that by migrating towards the
appropriate boundary point r7,(Y") or rg,(Y) we will definitely be moving towards one of the
global maximum. Indeed, this is achieved by maximizing p, because we move in the direction
which minimizes the PSD between ¥ and X™ and which simultaneously maximizes the PSD
between Y and X*.

Just like the perceptron algorithms [7, 10|, since the VQ process eventually converges for
these two strings in H to mmiy, we are guaranteed that every time X* and X+ compete, the
current value of r will be forced to migrate to this optimal boundary value which will correctly
classify the corresponding noisy string ¥ to X*.

The result follows since this is true for every single pair of strings in H which could be
competing elements for any Y, and since every intersection of corresponding sets must contain a
solution 7*. O

The advantage of our proposed algorithm is obvious. First of all it is amazingly simple
in principle and easy to implement. It also converges extremely rapidly. Although Bunke and
Csirik’s algorithm [4] enables us to concretely obtain the value of the desired parameter, it is
difficult to apply it to a practical problem because the time required is prohibitive. Also, unlike
the traditional method which relates the inter-symbol distances to the confusion probabilities
[8, 9, 16, 17, 19] and the scheme proposed by Ristad [18], we do not require the algorithm
perform any estimation procedure in the assignment of the weights. And finally, unlike the
classical method of Vidal et al. [21] we do not have to map our problem into a statistical domain
where the learning is achieved. Instead, our algorithm is very easy to implement and practical
since we always only perform comparisons between individual pairs of strings, and do not have
to consider the overall recognition accuracy. Indeed, we believe that an analogous algorithm can
be developed which considers the overall recognition accuracy (instead of the individual string
recognition accuracy) at every step of the migration process. The reasoning for this is given
below.

Let Y* be the noisy version of an unknown string X*. For the given PSD classification
scheme with a parameter r € [o,7), the distance function Dp(X *,Yk) represents a distance
measure between the noisy string Y* and the true string X*.

11



We can now define

1 iff DX YRy —mitnigesn DX, ¥
ky T ) g T )
A7) = { 0 otherwise (4)
where H is a dictionary of strings.

Thus, A,(Y*) is an indicator function which indicates whether or not the given string will
be classified correctly under the PSD scheme with a given dictionary H and a parameter r.

In the same vein, for a given a dictionary H, we can also define a function A%(r) which

represents the classification power of the PSD scheme as a function of the parameter r, as:

J

Ay(r) =" A(Y?),¥r € [0,7] (5)
k=1

Now assume that for each noisy string Y* there exists a range of parameter values o < o* <
r < v* < ~ for which the PSD scheme correctly classifies Y*. Thus,

A(Y®) = 1 of<rgqf
= (0 otherwise.

(6)

We are now ready to state and prove an important property of the classification power
function Aj, (7).

Theorem 4 : If there exists a parameter r* such that the PSD scheme with dictionary H cor-
rectly classifies all noisy strings Y* k = 1,---,J for this parameter value, then the function
() has no local mazimum for any parameter r in the range [o,7) defined above.

Proof : We prove the theorem by contradiction. Assume that, there exists at least a single local
maximum, say, for the parameter r* € [o,v). We have the two possibilities,

o<r*<rt <y
c<rt<rt <.

In the first case, consider any parameter value ' between r* and r*, ie., r* < ¢ < rt.
Then, by definition of a local maximum, we have,

A4 (™) > Ay (r') < Ay (rT).

By substituting from the definition of A% (r*) from ( 5), we get,
N N N
Y A (¥F) >3 Au(Y*) < 3 A (¥E)
k=1 k=1 k=1

This means that there exists at least some string Y'* which is correctly classified by the PSD
scheme for parameter r* but not for parameter r’. Further, by hypothesis, A% (r*) = N, since
every string is correctly classified by the PSD scheme for parameter r*. That is,

An(Y®) = 1
As(Y®) = 0
Ax(Y*) = 1.

12



Since 7* < 7' < rT, this is impossible given the assumption in ( 6) and hence, we arrive at
a contradiction.
The proof of the theorem is identical for the other case where o < r+ < r* < 4. [

Since the classification function has a unique maximum in each such interval, we believe
that the fundamental principle of migrating the current value of r to a point within this interval
will still lead to an efficient training procedure. However, this is still unproven. Indeed, the
development of a training procedure/classifier which uses the overall classification accuracy as a
criterion remains open.

5 Experimental Results

We have tested our algorithm to demonstrate its use in the training and testing of a PR system
in which the dictionary, H, consisted of 310 words which was a subset of the most common words
in English augmented with words used in the computer literature [6]. The length of the strings
was greater than or equal to 7 and the average length of a string was approximately 8 characters.
From these, a set of 930 noisy strings were generated using the method described in [15]. This
method is given below in the interest of completeness so that the results can be verified.

5.1 Noisy String Generation
Let us suppose that we have to obtain a noisy version of a string U € A*, where A is the alphabet

under consideration. The generation process assumes the definition of three distributions, G, R
and § defined as follows. G is a distribution over the set of positive integers and defines the
number of insertions performed in the mutating process and it satisfies :

Y G(2) =1

z>0

Examples of the distribution G are the Poisson and the Geometric Distributions.

The second distribution required is the distribution R, where the quantity R(a) is the prob-
ability that a € A will be the inserted symbol conditioned on the fact that an insertion operation
is to be performed. Note that R has to satisfy the following constraint :

Z Bla)=1.

acA

Finally, apart from G and R, the generation requires a probability distribution S over A x (AUA),
where ) is the null symbol. S is called the Substitution and Deletion Distribution. The quantity
S(b|a) is the conditional probability that the given symbol a € A in the input string is mutated
by a stochastic substitution or deletion - in which case it will be transformed into a symbol
be (AUN). Hence, S(c|a) is the conditional probability of a € A being substituted for by c € 4,
and analogously, S(\|a) is the conditional probability of a € A being deleted. Observe that S
has to satisfy the following constraint for all a € A:

> S(bla) =1.

be(AUA)

In our case, the matrix of confusion probabilities was based on the proximity of keys on the
typewriter keyboard.

Using the above distributions we now describe the garbling algorithm (the noisy string
generation process). Let U| = N. Using the distribution G, we first randomly decide on the
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Original String Noisy String
according acvording
account acchouuint
addition manxdction
address aJddvdregss
administration xadministeatiin
affairs apgijrk
afternoon aftderxgooin
against whagaincst
altogether dltoghetnr
announced snnouncwd
apparently apparyeontly
approach apprwioixach
approximately appeoxivpnaterfly
arrived rrived
artillery artixlxery
attacks attaawcrks
attention srtention
attitude atgitudr
authority jauthorit]
available aallaxbtle

Table 2: A subset of the original strings in the dictionary H and their corresponding noisy
versions.

number of symbols to be inserted, say, k. The algorithm then determines the position of the
insertions among the individual symbols of U. In this case, each of the J;T\,Tkk, I possible positions
are assumed equally likely. Using this, the individual symbols of the alphabet are inserted using
the distribution R at the inserted positions. Finally, the actual symbols of U which are not at
the inserted positions are now substituted or deleted using the distribution 5.

The above process has been shown to be stochastically consistent and functionally complete
in [15] and is to our knowledge, the only reported method by which noisy strings with arbitrary
noise characteristics can be generated.

5.2 Training and Testing Results
A subset of the strings in the dictionary and their respective noisy versions are given in Table 2.

To test the hypothesis that our scheme could be used in training linearly separable classes,
samples which were not linearly separable for the true (but unknown) value of r* were discarded.

Qur proposed algorithm was tested on this set of data and after only a single iteration (as
given in the formal description in the previous section), the algorithm was able to find an optimal
value of the substitution edit cost, r which correctly classified all the training samples. In our
case it converged to a value of r = 1.271.

The system was now tested using this value of r for a different set of 930 noisy strings
generated from the same dictionary. Of these 930 test strings, 894 were correctly classified -
yielding an accuracy of 96.13%. The same noisy strings were then classified using the complete
set of inter-symbol distances. These distances were obtained assuming the knowledge of the
the true confusion probabilities and were explicitly related to them in terms of their negative
logarithms as explained in (2). In this case, the accuracy obtained was 96.67% ( 899 of the 930
noisy strings were correctly classified). The power of the scheme is obvious, especially because
we have not used symbol-dependent distances, but a single parameter. Furthermore, we have
achieved this level of learning accuracy without invoking any estimation strategy which learns
the inter-symbol and operation garbling probabilities.
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6 Conclusions

In this paper we have considered the training and testing problem in Syntactic Pattern Recogni-
tion (PR) in which we are required to recognize a string from its noisy version after training the
classifier using noisy versions of the true un-garbled strings. We assume that the system has a
dictionary which is a collection of all the ideal representations of the objects in question. In the
testing phase, whenever a noisy sample has to be processed, the system compares it with every
element in the dictionary based on a nearest-neighbor philosophy using three standard edit op-
erations - substitution, insertion and deletion. To accomplish this, one usually assigns a distance
for the elementary symbol operations, d(.,.) and the inter-pattern distance, D(.,.) is computed
as a function of these symbol edit distances. In this paper we have considered the training of the
classifier using the recently introduced distance assignments - the parametric distances due to
Bunke et al. [4]. Although the latter distances have very interesting properties, we have shown
that it is infeasible to utilize it in a PR setting because the time required to obtain the best
value of r can be prohibitive. Instead, we have shown how the classifier can be trained to get the
optimal parametric distance using vector quantization in the meta-space (the space containing 7,
and not the feature/primitive space typically utilized in PR problems). We have also reported
classification results after such a training process. The training algorithm is very easy to both
understand and implement and converges very quickly - in our experiments it converged in a
single iteration - i.e., after considering every noisy string exactly once. Furthermore, the scheme
we propose does not require any estimation of the garbling probabilities and is extremely easy
to both implement and use.

Acknowledgments : The authors are very grateful to our friend Raghu (Mr. Govin-
dachari Raghunath) for providing us with the Proof of Theorem 4. This paper was partially
supported by the Natural Sciences and Engineering Research Council of Canada.
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