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ABSTRACT
This paper examines the use of objective-biasing weights in
Multi-Objective Ant Colony Optimization (MOACO). Past
literature pertaining to objective weights in MOACO is ex-
amined. A new formalism is proposed to consolidate descrip-
tions of various weight setting strategies. Experimentation
is performed to analyze consequences of various objective
weight design choices in terms of their effect on solution
quality and fitness space coverage.

1. INTRODUCTION
In the endeavour to create artificial intelligence techniques
that are applicable to real world problems, the need to tackle
multi-objective domains becomes emphasized. The addi-
tional complexity of multiple objectives over typical single-
objective problems makes this area particularly enticing for
research using heuristic optimization techniques. A num-
ber of multi-objective extensions to known single-objective
heuristic optimization techniques such as Ant Colony Opti-
mization (ACO), Genetic Algorithms, and Particle Swarm
Optimization have been developed and improvements to these
continue to surface over time [2, 5, 13, 16, 21, 22, 23].

This paper focusses on the application of the ACO meta-
heuristic to problems in the multi-objective domain. The
relevant body of literature has expanded rapidly since the
inception of this topic. As such, a large number of compar-
isons, reviews, and taxonomies have been presented. Pro-
ceeding from these, this paper explores the design decisions
and consequences related to various strategies for setting
objective-biasing weights. Strategies are compared based
on their relative effects on solution quality, exploration, and
exploitation, given a common algorithmic base.

The contributions of this work are:

- A survey of existing MOACO taxonomies, and various ob-
jective weight setting strategies found in the literature,

- An expansion of the formal description of MOACO algo-
rithms, and

- An analysis of the impacts of weight setting design choices.

The remainder of the paper is organized as follows. The next
section presents background information on related topics
such as multi-objective optimization, the test problems to
be used, and the Ant Colony Optimization metaheuristic.

Following this, Section 3 presents a survey of literature rel-
evant to this study. The implementation details and other
setup related information are described in Section 4. Section
5 contains the findings of this paper, and Section 6 presents
the concluding remarks.

2. BACKGROUND
This section presents background information for the con-
cepts required of the rest of the paper. A reader well-versed
in these topics may skip the corresponding sections without
detriment to their understanding of this paper.

2.1 Multi-Objective Combinatorial Optimiza-
tion

When dealing with multiple (and often conflicting) objec-
tives, it is typically impractical to name a single best so-
lution. To this end, the set of desirable solutions along a
trade-off surface, known as the pareto front, are sought for
optimality. Using heuristic optimization techniques, an ap-
proximation to the Pareto front is developed and returned
as the best results of a given run. This is known as the set
of non-dominated solutions. A solution a dominates a solu-
tion b (in terms of a maximization problem) if the following
condition is true:

∀g ∈ G : fg(a) ≥ fg(b) and ∃g∗ ∈ G : fg∗(a) > fg∗(b) (1)

where G is the set of all objectives, and fg(a) is the fitness of
solution a with respect to objective g. That is, a solution is
dominated if there exists another solution that is not worse
in any objective, and better in at least one objective. A
solution is said to be non-dominated if it is not dominated
by any other candidate solution. The set of all discovered
non-dominated solutions is used as an estimate of the Pareto
front.

As a result of having a set of best solutions to a given prob-
lem, it is not readily apparent which technique performs
better in a direct comparison. Traditional means of sta-
tistical comparison are ineffective in this multi-dimensional
domain. To address this issue, this paper uses the following
multi-objective comparison techniques.

2.1.1 Coverage
The most straight-forward comparison metric used is the
coverage of two sets. This is the calculation of the ratio
of solutions from one set which are weakly dominated by
solutions from a second set. Given two sets of solutions X′

and X′′, the coverage is calculated as follows.



C(X ′, X ′′) =
|{a′′ ∈ X ′′, ∃a′ ∈ X ′ : a′ � a′′}|

|X ′′| (2)

This reduces the multi-dimensional comparison to a value in
the range [0,1] where C(X′,X′′)=1 means that all points in
X” are dominated by points in X′. It should be noted, how-
ever, that the coverage calculation is not symmetric. That
is, C(X′,X′′) 6= 1-C(X′′,X′). So for comparison purposes
both C(X′,X′′) and C(X′′,X′) are calculated and presented.

2.1.2 Hypervolume
The hypervolume metric was proposed by Zitzler et al. [25]
as a means of evaluating a Pareto-front’s quality with re-
spect to the spread of solutions (as opposed to the density
of good solutions, potentially in only a small area). The hy-
pervolume of a set of solutions is calculated as the volume
of a union of hyper-rectangles defined between each solution
(n-dimensional point in fitness space) and the origin1. The
hypervolume only requires a single set of solutions for calcu-
lation; however, given two sets of solutions, the dominated
volumes of each set over one another can be calculated. This
provides a straightforward means of comparison of the com-
prehensiveness of each solution set.

2.1.3 Univariate analysis
The third technique applied to the comparison and analysis
of Pareto fronts is referred to here as univariate analysis.
This technique was proposed by Fonseca and Fleming [12]
and is further explained in [18]. Univariate analysis is a
multi-step approach aimed at reducing the dimensionality
of the solution sets so that traditional statistical operators
can then be applied. The first step, given a solution set, is to
determine the attainment surface. The attainment surface is
defined as the set of hyperplanes along the dimension of each
objective that connect the solution set in a way that makes
minimal assumptions about the the quality of solutions in
between points of the set. Once the attainment surface is
defined for all pareto fronts to be compared, then a number
of sample vectors are drawn from the origin through the at-
tainment surfaces. The points of intersection along the each
sample vector define a 1-dimensional (univariate) distribu-
tion of the various surfaces being considered. Thus, given
several fronts from each algorithm to be compared, tradi-
tional statistical comparisons can be applied. The imple-
mentation used in this paper2 compares the algorithms us-
ing a Mann-Whitney-Wilcoxon (MWW) rank-sum test with
a 95% confidence interval.

Both hypervolume and univariate metrics are based on cal-
culating the attainment surface, the difference being that the
former calculates the raw difference between two surfaces,
while the latter performs a statistical analysis on samples of
the attainment surface.

2.2 Multi-Objective Knapsack Problem
As a preliminary, the single-objective knapsack problem can
be described as follows: Given a set of objects, each with
1Hypervolume implementation available online at:
http://www.tik.ee.ethz.ch/sop/download/supplementary/
2Univariate analysis implementation available online at:
http://dbkgroup.org/knowles/multi/

a given weight and profit value, select the subset of those
objects which maximizes the total profit without exceeding
the weight capacity of the knapsack.

Using that description, the multi-objective knapsack prob-
lem (MOKP) can be described as using a single index vec-
tor to simultaneously solve an arbitrary number of single-
objective knapsack problems. Formally:

Maximize : fh =
∑n
i=1 p

h
i xi ∀h ∈ 1...H (3)

Subject to :
∑n
i=1 w

h
i xi ≤ ch ∀h ∈ 1...H (4)

xi ∈ 0, 1 i = 1, ..., n (5)

where n is the number of objects in the given instance, H
is the number of objectives, phi is the profit of the ith object
with respect to objective h, whi is the weight of the ith object
with respect to objective h, ch is the weight capacity of
knapsack h, and x is a solution vector comprised of {0, 1}
such that xi = 0 means the the ith object is not included in
the solution subset and xi = 1 means that it is.

An individual knapsack exists for each objective, and each
knapsack is associated with its own weight capacity. There
exists an independent set of objects for each objective, all
with their own weights and profit values, but with shared
indexes. Thus, a value of 1 in an element of the x vector
adds one object from each objective to its corresponding
knapsack.

The MOKP instances used in this paper were first presented
in [26], and are available online3.

2.3 Single-Objective Ant Colony Optimization
Ant Colony Optimization (ACO) is a metaheuristic mod-
elled on the natural optimization behaviour of real ants. In
reality, a population of ants cooperate by use of pheromone
trails to find optimal paths between a nest and a food source.
The concept of pheromone was borrowed for ACO to act as
a means of balancing between exploration and exploitation
in a combinatorial optimization search space. The ACO
metaheuristic can be broken down into three main phases:
generate solutions, daemon actions, and update pheromone.
Several instantiations of the ACO metaheuristic exist. This
paper addresses an extension to the simplest such instantia-
tion, known as the Ant System (AS), thus details described
here pertain to the AS implementation where pertinent. For
an in-depth description of AS and its extensions see [11].

The first phase of the ACO metaheuristic encompasses the
construction of solutions to the given problem. Solutions
are in the form of paths through the problem graph. At
each step during construction each ant adds one vertex to
its path using roulette wheel selection. The probability of
moving from the current vertex i, to an adjacent vertex j in
the neighbourhood of i is calculated as follows:

pij =
[τij ]

α · [ηij ]β∑
h∈Ni,k

[τih]α · [ηih]β
∀j ∈ Nik (6)

where Nik is the neighbourhood of vertex i given the current

3The MOKP instances are available online:
http://www.tik.ee.ethz.ch/∼zitzler/testdata.html



state of the solution constructed by ant k, τij is the amount
of pheromone on edgeij , and ηij is the desirability of edgeij
which is the a priori information known about the problem.
The exponents α and β are parameters which control the
degree of exploration versus exploitation via weighting the
influence of τ and η on the final probability respectively.

The second phase of the ACO metaheuristic, daemon ac-
tions, is an optional phase. This is used to perform any
post-processing steps, such as local search, to the solutions
generated in the previous phase prior to evaluation.

Once each ant in the population has constructed a solution
(and optionally performed daemon actions), the third phase,
known as the pheromone update, takes place. The phero-
mone update can be separated into two steps: evaporation
and deposit. In the evaporation step, the decayed amount
of pheromone is calculated as follows:

τij = (1− ρ)τij (7)

where τij is the amount of pheromone on edgeij , and ρ is a
parameter in the range [0,1] that controls the rate of evapo-
ration. This equation is applied globally to all edges in the
graph.

The second step, deposit, is calculated for each ant over
the path it took through the graph, and for maximization
problems typically takes the form:

∆τij,k =

{
1− 1

f(ψk)
, if ant k traverses edgeij

0, otherwise
(8)

where f(ψk) is the fitness of the kth ant’s solution.

Through the iterative application of Equations 6, 7, and 8,
the amount of pheromone will accumulate on edges which
appear to be parts of good solutions to the problem thus
attracting future ants towards those edges.

3. MULTI-OBJECTIVE ANT COLONY OP-
TIMIZATION

In the past decade or so, a large number of multi-objective
applications of the ACO metaheuristic have been presented.
Most of which were presented as unique innovations with-
out relation to one another. Following from this trend, a
number of taxonomies have been proposed in order to cat-
egorize and unify the various approaches. This section first
covers a number of these taxonomies in a bid to describe the
fundamental ideas of MOACO. Following this, several of the
individual approaches pertinent to this study are examined.
It should be noted that the treatment of these approaches
is focussed primarily on the techniques employed for aggre-
gation of information relating to multiple objectives. The
interested reader looking for a more detailed study of the
past MOACO approaches is encouraged to review [5], [13],
and [20]. Equations that are reproduced in this section may
have been modified to maintain consistency of presentation,
but their meaning remains unaltered. All reproductions of
edge selection formulas are subject to the typical neighbour-
hood constraint, although it is not displayed in Equations
10 or 20 for brevity.

The most current taxonomy as of writing this paper is pre-
sented by Angus and Woodward [5]. The proposed tax-
onomy is designed to remain close to the traditional ACO
metaheuristic while addressing the many possible ways of
extending the metaheuristic to the multi-objective domain.
It contains five categories of MOACO algorithm components
that can be loosely mapped to stages of an ACO algorithm’s
execution. An initialization phase of such a taxonomic al-
gorithm would consist of the definition of single or multiple
pheromone matrices. Not mentioned in the taxonomy is the
analogous decision for the heuristic matrices. Following this
initialization, each ant constructs a solution. This category
is described in greater detail below. Once an MOACO al-
gorithm has constructed a population of solutions they are
evaluated. This category distinguishes between algorithms
that use Pareto dominance in evaluation and those that do
not (e.g., solutions are evaluated for a single objective, or
using a technique such as weighted sum). Once solutions
are evaluated, the taxonomic algorithm undergoes a dae-
mon action stage where it is decided how to maintain the
population of non-dominated solutions. Whether solutions
are kept aside as a record of the best-so-far in a ‘Hall of
Fame’ style, are kept more closely tied to pheromone update
procedures, or only kept long enough to update the phero-
mone matrices, is distinguished in this category of the taxon-
omy. Following daemon actions, both the ACO metaheuris-
tic and the proposed taxonomy dictate that the pheromone
matrix(/matrices) is to be updated. If multiple pheromone
matrices are being used then the taxonomy distinguishes
between pheromone updates in a single matrix or in multi-
ple (or all) matrices at once. While this taxonomy provides
a solid basis for exploring the variations of MOACO algo-
rithms, it does not contributed to an experimental analysis
of the categories considered.

The category of this taxonomy that is of particular relevance
to the study at hand is the solution construction category.
This largely describes how various MOACO algorithms han-
dle the aggregation of information pertaining to multiple ob-
jectives using the edge selection formula. In this category
the algorithms are one of three types: Targeted, Dynamic,
or Fixed. Targeted refers to algorithms that use specific ob-
jectives to construct solutions; in other words, the objectives
are never aggregated. Fixed means that the ratios or weight-
ing used for aggregation are set a priori and remain constant
throughout execution. Dynamic is a general term referring
to the fact that the specific bias of construction is capable
of changing during execution; for example, by assignment of
different objective weights per ant, or by varying a single set
of global weights. This is a fairly broad categorization en-
compassing the majority of MOACO algorithms considered.
Looking deeper into this category could yield more classifi-
cations between implementations with regards to their use
of weight setting strategies. The taxonomy does go a step
further and presents a generalized form of the ACO decision
formula tailored to dynamically constructed multi-objective
optimization, reproduced below.

pij,k =


A∏
a=1

[τij,a]
αa ·

B∏
b=1

[ηij,b]
βb

∑
h∈Ni,k

A∏
a=1

[τih,a]
αa ·

B∏
b=1

[ηih,b]
βb

, if j ∈ Ni,k

0, otherwise

(9)



where pij,k is the probability of moving from node i to node
j for ant k, A and B are the number of pheromone matrices
and heuristic matrices respectively, τij,a is the pheromone
from matrix a on edgeij , ηij,b is the bth heuristic desirability
measure associated with edgeij , αa is the weighting asso-
ciated with pheromone matrix a, βb is the weighting asso-
ciated with heuristic measure b, and Ni,k is the accessible
neighbourhood for ant k from node i. The values for A and
B are commonly set to either 1 or the number of objectives.
It should be noted that while the above equation aggregates
information as a product of objective values, this is only
one potential mechanism. This matter is discussed in more
detail at the end of this section.

Garćıa-Mart́ınez et al.[13] propose a two-dimensional taxon-
omy of MOACO algorithms based on the number of phero-
mone matrices and heuristic matrices in the design of each.
In [13] a comprehensive listing of MOACO algorithms that
precede it are provided. A reader interested in studying
the variety of MOACO algorithms is encouraged to read
this review. The considered MOACO algorithms are com-
pared based on their performance at solving instances of
the bi-objective TSP. It is concluded that the proposed tax-
onomy does not accurately describe the observable differ-
ences in the solution qualities of each MOACO algorithm.
Additional observations includes the favourable quality of
MOACO results as compared to the state-of-the-art Multi-
Objective Genetic Algorithm (MOGA) results for the prob-
lems considered. Also, while the results between MOACO
algorithms are presented to be of similar quality to each
other, three algorithms are mentioned as being the most
promising: P-ACO, MONACO, and the so-called Bicrite-
rionMC (the update by region method of the multi-colony
approach proposed for the Bicriterion Ant Algorithm), each
are described later in this section. Interestingly, these three
approaches are all classified as using ‘dynamic’ solution con-
struction in the previously mentioned taxonomy by Angus
and Woodward.

López-Ibáñez et al.[20, 19] analyze several components of
MOACO algorithms in terms of the effect the design de-
cisions have on the quality of solutions found for the bi-
objective TSP and bi-objective Quadratic Assignment Prob-
lem (QAP). López-Ibáñez et al. examine Local Search, Phero-
mone Information, Weight Setting Strategies, Pheromone
Deposit, and Multiple Colonies as the categorical distinc-
tions. Of particular relevance to this paper is their treatment
of Weight Setting Strategies used to aggregate information
from multiple pheromone matrices. Two such strategies are
considered: either all ants use the same weights which shift,
or every ant is given its own set of weights (linearly dis-
tributed over the two objectives) which remain static. The
resulting conclusion is that a single set of shifting weights
obtains superior results when compared to using a static set
of weights for each ant. These two weight setting strategies
are a non-exhaustive sample of the set of all possible strate-
gies. A similar comparison involving additional strategies is
the focus of later sections of this paper.

Alaya et al.[1] list three main categorical distinctions of
ACO applications to multi-objective problems: the num-
ber of pheromone matrices, the number of heuristic mea-
sures, and the selection of solutions to reward. According

to this taxonomy, there are two approaches to extending
the traditional single pheromone matrix to multi-objective
domains. One is to aggregate the information for all ob-
jectives into a single pheromone matrix using a technique
such as weighted sum. The second approach is to main-
tain multiple pheromone matrices, one for each objective.
Again, this takes two forms. In one situation ants may be
assigned to a specific pheromone matrix, as is often the case
when using multiple ant colonies. This then necessitates an
additional cooperation mechanism for the colonies to share
their objective-based knowledge. Alternatively, one might
maintain an independent pheromone matrix per objective,
then aggregate the knowledge from the separate matrices
at construction time without the need for multiple colonies.
Objective weights are commonly used to combine informa-
tion between objectives, either at construction time (in the
case of multiple independent matrices) or during pheromone
deposit (in the case of a single pheromone matrix). This pa-
per focusses on the former. Similarly, heuristic factors may
be treated separately or as an aggregate function. The se-
lection of solutions to reward describes how the concept of
elitism (a single-best ant depositing pheromone) is extended
to MOACO. This distinguishes between allowing all of the
non-dominated solutions to deposit pheromone and allowing
only the best-per-objective to deposit. Alternatively, one
could allow all ants to deposit pheromone relative to the
quality of their solutions as in the traditional AS algorithm
(i.e., no elitism).

Following the identification of three MOACO component
categories (see above), Alaya et al. [1] propose a generic
framework for defining MOACO implementations (deemed
m-ACO). The m-ACO framework is parametrized by the
number of colonies, and the number of pheromone trails.
The number of colonies is either one more than the number
of objectives or just 1, and the number of pheromone ma-
trices is either equal to the number of objectives or set to 1.
Ants will concentrate on a single pheromone matrix when
constructing a complete solution, either the matrix associ-
ated with their home colony, or a randomly selected one.
Where required, the multiple pheromone matrices may be
combined into a single matrix via a linear sum (no objective
weighting is used, or equivalently all weights are set to 1).
An analogous technique is used for heuristic factors as well.

The preceding taxonomies are attempts to unify the existing
MOACO literature into a single framework, not unlike the
ACO metaheuristic described in Section 2.3. There are ob-
vious differences in the components chosen to be highlighted
by each taxonomy. However, it is believed that the reader’s
observation of all taxonomies combined will provide a firm
understanding of the broad diversity and limited (but exis-
tent) constraints placed on the design choices of MOACO
algorithms. The remainder of this section looks at a sub-
set of individual MOACO implementations that showcase
unique or original implementations of objective weight set-
ting strategies.

Iredi et al.[17] implement and compare several variations of
a MOACO algorithm for bi-criterion optimization problems.
Variations include single or multiple colonies, two kinds of
information sharing amongst multiple colonies (update by
origin and update by region), and three rules for calculating



objective weights. Aggregation of information is found both
in the pheromone deposit rules and in the solution construc-
tion. The pheromone deposit takes two forms; in one ants
only deposit pheromone in the colonies to which they belong.
In the second form each colony is responsible for a section
of the pareto front. Ants then update the pheromone in the
colony which is responsible for the area of the pareto front
in which their solution resides. This inter-colony pheromone
deposit is considered a form of information aggregation since
the individual colonies are shown to specialize in areas of
the solution space. More explicit aggregation via the use of
objective weights is found in the bi-criterion edge selection
formula:

pij,k =
[τij,1]

αλk ·[τij,2]α(1−λk)·[ηij,1]βλk ·[ηij,2]β(1−λk)∑
h∈Ni,k

[τih,1]
αλk ·[τih,2]α(1−λk)·[ηih,1]βλk ·[ηih,2]β(1−λk)

(10)

where [τij,g]
αλk is the pheromone on edgeij associated with

objective g weighted by the parameter α and the objective
weight λk (analogous for η and β). The objective weight
λk is different for each ant k, and is distributed uniformly
across all ants using the following equation:

λk =
k − 1

K/(C − 1)
(11)

where K is the number of ants and C is the number of
colonies. Two variations on this rule are tested in [17],
disjoint λ-intervals where each colony has a section of the
range of lambda values, and overlapping λ-intervals simi-
lar to the disjoint rule, but with some overlap between ‘ad-
jacent’ colonies. The λ-rule or linearly-distributed weight-
ing concept is popular among weight setting strategies and
is found in many other bi-objective ACO implementations.
This is due to the notion that it evenly distributes the search
priority of each objective amongst the population of ants.
The down-side of this strategy is that it does not scale be-
yond bi-objective use in a straight-forward manner.

Cardoso et al.[7] propose a variant of the ACO heuristic for
multi-objective network optimization known as MONACO.
Information about each objective is kept in separate phero-
mone matrices and aggregated using parameter-based weight-
ings at decision time using the equation:

pij =


[djt]

−α0
G∏
g=1

[τij,g,t]
αg

∑
h∈Ni

[dht]
−α0

G∏
g=1

[τih,g,t]
αg

if j ∈ Ni

0 otherwise

(12)

where t is the destination node (specific to the network op-
timization domain), and djt is the Euclidean distance from
node j to the destination node. Here αg is the weight for
objective g, provided as a parameter and remains constant
for the entire run. This technique presumes some advanced
knowledge about the priorities or qualities of each objec-
tive prior to the execution of the ACO algorithm in order
to set appropriate values to the weights. This is considered
‘fixed’ information aggregation as described in [5]; however,
the developed system is designed in the form of ‘dynamic’
information aggregation such that the weight values could
be readily changeable [4].

Doerner et al. present an application of MOACO called
Pareto Ant Colony Optimization (P-ACO) to the task of
portfolio selection [8, 9]. The approach to aggregation of
multiple pheromone matrices is via randomly selected ob-
jective weights for each ant. The objective weights are se-
lected from a uniform distribution in the range [0,1). These
are applied during the solution construction phase using the
following variant of the edge selection formula to determine
the probability of adding project i to the current portfolio
x:

pi,k(x) =


[
G∑
g=1

(ωk,g·τi,g)]α·[ηi(x)]β

∑
h∈Nk(x)

([
G∑
g=1

(ωk,g·τh,g)]α·[ηh(x)]β)
if i ∈ Nk(x)

0 otherwise

(13)
where ωk,g is the weighting associated with objective g for
ant k.

Barán and Schaerer [6] consider a 3-objective variant of the
VRPTW by adapting the ACS algorithm. A single ant-
colony is used on a single pheromone trail. Information
from the best (non-dominated) solutions concerning two of
the three objectives is aggregated as an unweighted product
into the pheromone trail by each depositing ant, using the
equation:

τij =
ρ

f1(ψ) ∗ f2(ψ)
, ∀edgeij ∈ ψ (14)

where fg(ψ) is the fitness of solution ψ with regards to ob-
jective g. This single pheromone matrix is then used in
conjunction with two desirability values, one for each of the
same two objectives used in the pheromone. Thus the edge
selection formula used by ant k is of the form:

pij,k =


τij ·[ηij,1]λkβ ·[ηij,2](1−λk)β∑

h∈Ni,k
τih·[ηih,1]λkβ ·[ηih,2](1−λk)β if j ∈ Ni,k

0 otherwise

(15)
where λk = k/K with k being the current ant’s index and
K the total number of ants. Note that this is a simplified
version (using a single ant colony) of the λ-rule described
in the paper by Iredi et al. (see above). This gives the
population of ants a linearly distributed view of the search
space with regards to the desirability measures and a con-
sistent view with regards to pheromone. Information about
the third objective is not considered by the ants, and thus
is not aggregated. Instead it is optimized as a by-product of
the construction procedure.

Guntsch and Middendorf [15] extend Population-based ACO
(PACO) [14] to multi-criteria optimization (PACO-MO). This
extension performs a dynamic weight-based construction where
the weights are repeatedly updated based on the qualities of
solutions in the population. First, a probability distribution
is calculated over each objective using the single-objective
ACO decision rule (6). These probabilities are then com-
bined via a weighted sum:

pij =
G∑
g

ωg · pij,g (16)

where pij,g is the probability of selecting edgeij with respect



to objective g using the single-objective ACO edge selection
formula, and wg is the weighting of objective g. Weights
are calculated based on the relative quality of the solutions
considered, formally:

ωg =
1

|P |

|P |∑
k=1

ωg(ψk) (17)

where |P | is the size of the population (see [14] for a descrip-
tion of PACO population management), and ωg(ψk) is the
weight of objective g with respect to solution ψk, which is
calculated as follows:

ωg(ψk) =
rg(ψk)∑G
g rg(ψk)

(18)

here, rg(ψk) is the rank of the kth ant’s solution, ψk, with re-
spected to objective g. Thus the individual solution weight-
ings are calculated as the relative quality of one objective
as compared to all other objectives. The end result of this
is a highly dynamic form of global objective weighting. Ob-
jective weights are ‘dynamic’ in that a given weight will be
recalculated many times throughout an experiment, and are
‘global’ in the sense that all ants in the population use the
same weights at any given time.

Angus [3] later extends the PACO-MO algorithm. Among
the alterations is the use of a single pheromone matrix to
represent a ranking-based measure of the quality of a so-
lution component (as opposed to several fitness-based mea-
sures). Individual heuristic matrices are maintained for each
objective when available. Instead of calculating and main-
taining objective preference weights, each ant is assigned a
random-valued weight per objective. This is designed to
allow varying degrees of heuristic exploitation per objective
while sharing a single pheromone matrix. The edge selection
formula used is adjusted accordingly:

pij,k =


[τij ]

α·
G∏
g=1

[ηij ]
ωg,k·β

∑
h∈Ni,k

[τih]
α·

G∏
g=1

[ηih]
ωg,k·β

if j ∈ Ni,k

0 otherwise

(19)

where ωg,k is the weighting applied to objective g by ant
k. This is similar to the technique used in [6], with random
valued weights instead of linearly distributed ones.

To summarize, there are a large number of MOACO appli-
cations that use the concept of objective weights in a variety
of different forms. There exists in the literature variations
not only on the mechanism used to set these weights, but
also in the subsequent use of the weights. The general form
of the MOACO decision formula presented in Equation 9
can be modified to be made more general in light of the
above implementations. Firstly, it can be modified to incor-
porate the notion of heterogeneous colonies of ants, where
each ant may have a unique set of weights. A colony can be
defined as a subset of the population of ants, typically asso-
ciated with a single objective or region of the search space.
The lack of a specific colony implementation is equivalent to
the use of a single colony. Thus, to allow for heterogeneous
colonies, each ant may be treated independently with shared
constraints where appropriate. An additional modification
to Equation 9 concerns the implementation-specific option

to use the sum or product over the various values per ob-
jective. The updated general MOACO decision formula is
presented in Equation 20.

pij,k,t =
FAa=0([τij,a]αa,k,t) · FBb=0([ηij,b]

βb,k,t)∑
h∈Ni,k

(FAa=0([τih,a]αa,k,t) · FBb=0([ηih,b]βb,k,t))

(20)
where F is a function that gives either the sum or product
of its parameters depending on the current implementation.

An important distinction among the MOACO implemen-
tations presented above are the restrictions placed on the
possible values of the objective weighting variables. Often
cited as a means of facilitating diversification or directing the
search towards desirable areas of the search space, MOACO
algorithms impose a number of implicit and explicit con-
straints on the objective weights. To this end, the values
of α and β in Equation 20 may be subject to a number of
implementation dependent constraints. Examples of such
constraints which may be inferred from the literature are
presented in Table 1.4 Note that there exist two types of
constraints here: initialization constraints, and adjustment
constraints. Initialization constraints (denoted αa,k,0) are
applied once at the beginning of execution, whereas adjust-
ment constraints (denoted αa,k,t) are applied as a daemon
action step in the MOACO metaheuristic once per iteration.
Weight values in the absence of any adjustment constraints
are defined as constant values upon initialization. Therefore
adjustment constraints may be considered optional while ini-
tialization constraints may not.

Table 1: Example weighting constraints
Constraint Description
αa,k,0 = x Explicit setting of weight,

where x is a parameter.

αa,k,0 = k−1
K/(C−1) ‘λ-rule’ from [17].

αa,k,0 = U[0,1) Uniform random number [8].
αa,k,0 = 1 ∀a ∈ A Unweighted [1].
αa∗,k,0 = 1, αa,k,0 = 0
∀a 6= a∗ ∈ A Single-objective focus [1].

αa,k,t = ra(ψk)∑A
a ra(ψk)

Rank-based dynamic weight
setting from [6].

αa,k,t+1 = αa,k,t +
U [−0.1, 0.1)

Weights vary by a small ran-
dom shift at each time step.

αa,k,t = αa,k∗,t ∀k ∈ K Homogeneous weightings for
all ants in a colony or popu-
lation.

It should be noted that while many of the reviewed im-
plementations use both the traditional α and β symbols to
weight the relative importance of pheromone and heuristic
information respectively as well as an additional symbol to
control the objective weights (e.g., λ or ω), the generalized
decision formula uses only α and β. This is not a limitation
as constraints can be readily designed to contain both forms
of information. For example, αa,k = x ∗ U [0, 1) could be
considered equivalent to α ∗ ω in a case where the objective

4Shown are constraints on the α value. An analogous case
may be made for β values as well.



weight ω is set randomly and the pheromone weight α is
equal to x.

This constraint-based form of representation represents a
novel interpretation of the MOACO literature reviewed and
serves to elucidate the experimental study of objective weight
setting strategies described in the remainder of this paper.

4. EXPERIMENTAL SETUP
4.1 Implementation Details
The developed algorithm, Algorithm 1, was inspired from
the large number of MOACO algorithms found in the litera-
ture with varying implementations of the design choices, in
particular, relating to weight setting strategies. To address
this the MOACO algorithm developed here is designed to be
adjustable enough to suit various implementation scenarios.5

The MOACO implementation presented here is based upon
the AS implementation of the ACO metaheuristic. Conceiv-
ably, more advanced implementations (such as the MaxMin
Ant System (MMAS)[24] or the Ant Colony System (ACS)[10])
could be extended using the MOACO principles, however
the simplicity of the base algorithm here highlights the con-
tribution of the MOACO implementation decisions. It is
for the same reason that no local search is used in the im-
plementation despite the fact that general ACO knowledge
suggests the contrary.

The implemented system incorporates a multi-objective ap-
proach by using an independent pheromone matrix for each
objective under consideration. Ants coordinate their use of
multiple pheromone matrices by means of a list of objective
weights, where each weight specifies a given ant’s sensitiv-
ity to a single pheromone matrix (and therefore to a single
objective). This effectively decouples the ants’ solution con-
struction behaviour from their prescribed strategy for cop-
ing with multiple objectives. The latter is determined by
the setting of weight-constraints, while the former is a fixed
set of instructions utilizing whatever values the objective
weights are currently set to.

The pseudo-code of the implemented MOACO algorithm is
shown in Algorithm 1. It should be noted that for the pur-
poses of generality, the pseudo-code associates pheromone
and desirabilities with the edges in the graph, however it
is a simple adjustment to associate these with the vertices
instead (as is the case in solving the MOKP).

Initialization consists of creating and instantiating a phero-
mone matrix and heuristic matrix for each objective. A
population of ants is created and initialized analogous to
the procedure in a single objective set-up, with the excep-
tion that each ant is given an array of weights. The number
of weights is dependent on the number of objectives in the
current problem as well as the user-specified use of weights
for each pheromone matrix, each heuristic matrix, both, or
neither (i.e., G weights, 2xG weights, or 0 weights). The val-
ues for the weight lists are determined by the initialization
constraints.

5The implementation is available online:
http://people.scs.carleton.ca/∼arunka/research/moaco/

Algorithm 1 Pseudo-code of the MOACO algorithm

{Initialization}
for all Objectives g do

for all Pairs of vertices i, j do
desirability[g][i][j]← aPrioriKnowledge()
pheromone[g][i][j]← InitialPheromoneV alues()

end for
end for
for all Ants k in Population do

for all Objectives g do
k.weight[g]← InitializationContraints()

end for
end for
{Main Loop}
while !Termination do
{Construct Solutions}
for all Ants k in Population do
i← 0
while k.solution is incomplete do

for all Vertices j in Neighbourhood(i) do
Compute p(i, j) {Equation 20}

end for
k.solution[i]← RouletteSelection()
i← i+ 1

end while
EvaluateSolution(k.solution)

end for
{Select Best Solutions}
Candidates← Population∪NonDominatedSolutions
NonDominatedSolutions←Ø
for all Ants k in Candidates do

if k.solution is NonDominated then
NonDominatedSolutions← k

end if
end for
{Adjust Weights, if applicable}
for all Ants k in Population do

for all Objectives g do
k.weight[g]← AdjustmentConstraints()

end for
end for
PheromoneEvaporation() {Equation 21}
for all Ants k in NonDominatedSolutions do

Update Pheromone {Equation 22}
end for

end while
return NonDominatedSolutions

Following initialization, the main loop proceeds by first con-
structing solutions. A given ant will add vertices to its path
based on the MOACO decision formula (Equation 20). Next,
the solutions are evaluated. This is done for each objective
resulting in an array of fitness values. Based on these fitness
values the solutions are then compared to one another in or-
der to determine the Pareto front. Those solutions that are
non-dominated are cloned and and kept as the current best
individuals. Each ant in the population then undergoes a
weight-update based on the adjustment constraints (if any).

Once all of the weights have been updated, each ant in the
colony deposits pheromone on the vertices it visited. The
pheromone evaporation and deposit is calculated indepen-



dently for each objective yielding Equations 21 and 22.

τij,g = (1− ρ)τij,g (21)

τij,g = τij,g + (1− 1

fg(ψk)
) (22)

where τij,g is the amount of pheromone on edgei,j for ob-
jective g, fg(ψk) is the fitness of the kth ant’s solution with
regards to objective g, and ρ is a parameter that controls
the rate of evaporation. Note that Equation 22 is applied
once for every ant in the pareto front.

This main search loop repeats for a set number of iterations
(or until some other termination condition is satisfied). Each
time through the loop, the ants construct their solutions
from scratch, however the weight values for each ant in the
population persist from iteration to iteration. In this way
the ants have an opportunity to utilize a limited form of
memory with which to learn over the duration of an entire
experiment.

4.2 Parameters
To examine the performance of the implemented MOACO
configurations, the algorithm was run on 12 instances of the
MOKP ranging in size from 100-750 objects, with 2, 3, and 4
objectives. Problem instances are described in a consistent
format in the following sections. As an example, the instance
k.500.3 represents a MOKP problem instance with 500 items
per objective and 3 objectives.

In order to highlight the contribution of the information ag-
gregation scheme no local search is used, and the underlying
ACO algorithm is the Ant System unless otherwise specified.

Experiments are run for 1000 generations in order to give
ample time for convergence. In all runs the population size
is set to 100 ants, and the evaporation rate is set to 0.1. The
parameters of the algorithm were tuned experimentally and
thus may be dependent on the problem at hand. Constraint-
specific parameters are described below their respective de-
scriptions in the next section.

4.3 MOACO elements of study
The remainder of this paper is focussed on examining the
impacts of weight-setting design decisions, in terms of their
effect on solution quality and search behaviour. The exper-
iments performed are intended to explore the differences in
constraints gleaned from the MOACO literature as well as
several novel constraints.

A number of experiments will be run using initialization
constraints and adjustment constraints to examine features
of working with objective weights. The following constraints
will be examined:

Unweighted - No weights are used. Equivalently,

αa,k,0 = 1 ∀a, k,

where a is the pheromone matrix index, and k is the
ant index.

Linear - Weights are evenly distributed along the line x =
1-y. (Bi-objective only).

α0,k,0 = k−1
K

,

α1,k,0 = 1-α0,k,0,

where K is the number of ants, set to 100.

Random - Weights are drawn randomly from a uniform
distribution.

αa,k,0 = U[min,max),

where min and max are the boundaries of the weights,
set to 0 and 2 respectively.

Random Shift - Weights are shifted in a random direc-
tion/amount. Values are bounded.

αa,k,t = αa,k,t−1 + U [−s, s),
min ≤ αa,k,t ≤ max,

where s is a parameter that controls the size of random
shift, set to 0.1, and t is a given time-step.

Relative Quality - Weights are adjusted based on their
relative rank within the population.

αa,k,t =
ra(ψk,t)∑A
a ra(ψk,t)

,

where ra(ψk,t) is the rank of the solution constructed
by ant k at time-step t on objective a compared to all
ants.

Equal Plus/Minus - Weights vary, but remain close along
each dimension.

α0,k,t = α0,k,t−1 + U [−s, s), and

αa,k,t = α0,k,t + U [−r, r) ∀a ∈ A,

min ≤ αa,k,t ≤ max,

where r is a parameter that controls the spread of so-
lutions around the x = y = z =... line, below it is
considered at values of 0 and 0.1.

Random Cluster - Weights are shifted towards the closest
weight-set in the pareto-front with some probability
otherwise moved randomly.

αa,k,t =

{
αa,k,t−1 + δ ∗ (αa,p′,t−1 − αa,k,t−1) + φ, or

αa,k,t−1 + U [−s, s) with probabilty q
,

min ≤ αa,k,t ≤ max,

where δ is the step-size taken towards a cluster’s cen-
tre, φ is a small amount of noise, and p′ is the nearest
weight that is in the current pareto front. Here δ is set
to 0.75, φ is set to 0.05, s is set to 0.3, and q is set to
0.8.

Global - All ants share a single global set of objective weights.

αa,k,t = αa,0,t ∀k ∈ K,

where αa,0,t is set according to some other constraint(s),
below it is set using the Random Shift constraint.

In addition to these, the experimental section begins by ex-
amining an important underlying concept that may be easily
overlooked in the foregoing descriptions: the actual effect of
a weight on the search behaviour of an artificial ant.



5. RESULTS AND DISCUSSION
This section presents the experimental results of this paper
accompanied by succinct discussion on the same, but first, a
preliminary note. The experiments performed here are not
intended to establish a benchmark of performance. The in-
tent is instead to expand upon the above review of weight
setting strategies and proposal of constraint-based specifica-
tions. This is achieved through experiments that examine
the impacts of various weight-related design choices. It is the
hope of this author that such experiments will ultimately be
more valuable for instigating well-established implementa-
tion guidelines in the MOACO community.

5.1 General Objective Weighting
Prior to the comparison of various weight setting strategies,
the effect of objective weights themselves must be estab-
lished. While this may seem trivial, it underlies the prac-
ticality of the remainder of this work (as well as much of
the foregoing literature). The assumption made when using
objective weights is that by biasing an ant’s preference for
one objective-based pheromone, the ant will stress the im-
portance of that objective in its solution construction. So
it will more likely create solutions that have high utility in
one objective potentially at the cost of allowing lower util-
ity in the non-biased objectives. Therefore various mecha-
nisms of weight manipulation can lead to a variety of search
techniques that use an ant’s objective preference to explore
specific niches of the search-space.

In order to test this assumption an experiment was gener-
ated that would bias the ants towards a specific objective.
To this end, the following constraints were used:

• αa,k,0 = 0, ∀a ∈ A : a 6= a∗,

• αa∗,k,0 = 1, where a∗ is the biased objective of the
current experiment.

• αa∗,k,t = αa∗,k,t−1 + U [−0.1, 0.1],

• 0 ≤ αa∗,k,t ≤ 2

When run on a problem of size 500 with 3 objectives, and
averaged over 30 runs per each selected objective-bias, the
the results in Table 2 were observed. As can be readily seen
(and easily verified on additional problem instances), the
results obtained under objective bias are greater than those
obtained without. The differences between biased and unbi-
ased results is statistically significant given a 95% confidence
interval, while the differences between non-biased results for
a given objective are not. Therefore it holds that objective
weights can be used as a means of biasing search towards
areas of the search space. The degree and the way in which
this can be done beneficially is the focus of the remainder of
experiments.

5.2 Linear Weights
The practical intention of using a distribution of static ob-
jective weights is to spread the search along the entire pareto
front, rather than focussing the search at a single point of
trade-off. The purpose of this first experiment is to gauge to
what extent this spread is achieved using a simple constraint

Table 2: Objective bias by mean pareto-front fitness
per objective

Bias\Mean Objective 1 Objective 2 Objective 3
Objective 1 18193.80 16543.18 16533.95
Objective 2 15989.49 18202.50 16495.01
Objective 3 15970.90 16471.72 18724.91

taken from the literature. As seen in Figure 1, the linear
distribution constraint creates a uniform gradient between
weighting entirely on one objective and entirely on the other.
Each ant explores a slightly different range of the trade-off
between objectives. This translates to a search strategy as
seen in Figure 2. Depicted here is a superposition of the 2-
dimensional fitness of every individual in the population as
well as the pareto front at every iteration over an entire run.
This illustrates the sampling distribution performed during
search under the specified weighting constraints. Equiva-
lently, Figure 3 presents the sampling distribution for an
example run of the unweighted experiment. Both of these
figures are characteristic of all the experiments performed
using their respective parameters. Through simple obser-
vation of these figures, the distributional advantage using
the linear weights seems apparent. The samples taken using
objective weights form a wider spread along the trade-off
surface, while the unweighted samples converge around a
point that is near the centre of the trade-off surface.

Figure 1: Objective weight distribution given the
linear distribution initialization constraints.

These observations are corroborated experimentally for small
instances as seen in Table 3. Here the coverage values are as
explained in Section 2.1.1, the hypervolume column refers to
the volume attained by one set that is not attained by the
other, and the univariate column refers to the percentage of
space for which one set of results is statistically better than
the other given a 95% confidence interval.



Figure 2: Fitness-space sampling distribution us-
ing linearly distributed objective weights over the
course of 1000 iterations on the k.500.2 problem
instance. Circular points represent the popula-
tion samples, while plus-shaped points represent the
pareto front.

Figure 3: Fitness-space sampling distribution using
no objective weights.

Table 3: Comparison of unweighted versus linearly
distributed objective weights.

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Unweighted 0.472 4.46x103 32.2
Linear 0.214 4.56x105 58.0

k.250.2
Unweighted 0.921 7.35x105 74.0
Linear 0.0 5.08x105 22.2

k.500.2
Unweighted 0.993 1.12x107 100.0
Linear 0.0 9.38x104 0.0

k.750.2
Unweighted 0.997 2.91x107 100.0
Linear 0.0 9.36x104 0.0

Considering first only the smallest bi-objective instance, a
comparison of the experimental results of both constraints
using the coverage measure indicates that, on average, the
pareto fronts from unweighted experiments dominate more
points in the pareto fronts of the linear weighted experi-
ments, than vice versa. However, a comparison of the same
results using the hypervolume metric indicates that on av-
erage the linear weighted pareto fronts dominate a larger
volume of the fitness space for the smallest instance. This
suggests that while the unweighted experiment finds a high
density of non-dominated solutions at an equilibrium point
on the pareto front, it does so at a cost of limited exploration
away from that point. This implies that the static distribu-
tion of objective weights serves its design goal. That is, it
effectively maintains a broad spectrum of objective biases in
order to diversify the solution sampling, and thus the pareto
front. However, as the problem size scales up, the advantage
of the linear objective-weight distribution appears to fade.
This issue is addressed in the following section.

5.3 Adjusted Linear Weights
The limited quality attained by the linearly distributed ob-
jective weights is likely due to the limited range of weight
values. Using the definition of linearly distributed weights
as presented in Section 4.3, all weights are in the range [0,1].
That means that the objective weights are actually reduc-
ing the importance of each pheromone owing to sublinear
amplification. This also means that the desirability infor-
mation (η) becomes more influential as a consequence. A
slight modification to the constraints tests this hypothesis
by adding 1 to each weight in order to ensure that all weights
are in the range [1,2]. Formally:

• λk = k−1
K

,

• α0,k,0 = 1 + λk,

• α1,k,0 = 2− λk.

The results of this modification as compared to the unmod-
ified and unweighted constraints are presented in Tables 4
and 5 respectively. The modified constraints appear to be
more scalable, with the comparison between unmodified be-
coming more and more starkly contrasted as the problem
size increases. Similarly, the results of the modified linear
constraints remain competitive with the unweighted con-
straint, and surpass it in quality for the largest problem
instance. Unfortunately, the limited applicability of the lin-
ear constraints to bi-objective instances limits the depth of



Table 4: Comparison of linearly distributed versus
modified linearly distributed objective weights

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Linear 0.369 4.06x105 59.8
Linear+1 0.359 9.71x103 14.0

k.250.2
Linear 0.0 7.04x105 19.3
Linear+1 0.906 8.30x105 71.2

k.500.2
Linear 0.0 7.55x104 0.0
Linear+1 0.996 1.12x107 100.0

k.750.2
Linear 0.0 0.0 0.0
Linear+1 1.0 3.74x107 100.0

Table 5: Comparison of unweighted versus modified
linearly distributed objective weights

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Unweighted 0.470 9.78x104 61.2
Linear+1 0.170 1.54x105 29.3

k.250.2
Unweighted 0.496 5.41x105 27.5
Linear+1 0.340 4.41x105 0.0

k.500.2
Unweighted 0.345 2.49x106 43.7
Linear+1 0.369 2.56x106 48.1

k.750.2
Unweighted 0.096 2.30x106 0.0
Linear+1 0.741 1.08x107 58.8

comparison along these lines. This issue will be returned to
with later results.

The fitness sampling distribution of the modified constraint
is presented in Figure 4. The modified constraint appears to
take on a behaviour that is more concentrated than the pre-
vious linearly distributed weights, and yet more distributed
than the unweighted samples. This reflects the presented
results in that the modified constraints prove more scal-
able than the original constraints, however achieve results
that are generally comparable to the unweighted on most
instances.

Interestingly, the modified linear constraint appears to be
outperformed, on the smallest instance, by the unmodified
constraint. This suggests a problem dependent relationship
with the use of objective weight constraints, as the smallest
instance appears to be more tractable with a less diverse
search technique.

The greatest limitation of the linearly distributed constraints
is that they are defined as bi-objective constraints only. The
remainder of constraints considered are applicable to an ar-
bitrary number of objectives.

5.4 Randomly Initialized Weights
As a baseline test of an objective weight setting strategy
that is applicable to any number of dimensions, consider the
Random constraints as presented in Section 4.3. With this,
all weights are initialized to values selected randomly from
a uniform distribution on the range [0,2]6 for each objective.

6While extensive parameter tuning is beyond the scope of
this paper, the range [0,2] was determined experimentally.
This range of weights enables both amplification and sup-
pression behaviours. The combination of both behaviours

Figure 4: Fitness space sampling distribution using
the modified linear objective weights.

This simple-to-implement constraint samples the objective
weights as seen in Figure 5, and produces a fitness-space
sampling distribution as seen in Figure 6. Despite the stark
contrast in the objective weight distribution, the fitness-
space distribution is reminiscent of that of the modified lin-
ear objective weighting scheme (Figure 4). This suggests
that any static distribution of objective weights can achieve
a similar spread, provided that the weight values are allowed
to differ from one another, and obtain values greater than
one. Slight differences noticeable in the amount of sampling
done farther from the pareto front (closer to the origin) il-
lustrate the effect of allowing values between 0 and 1 in the
randomly initialized weight values, but not the linearly dis-
tributed ones. Another comparable result is noticed in the
scalability of the randomly initialized objective weights as
compared to the results of the unweighted constraint. The
results of the random constraint according to all three met-
rics improve, with respect to the results of the unweighted
constraint, as the complexity of the problem increases. It
should also be noted that the dominant hypervolume of the
randomly initialized weight results is greater than that of the
unweighted results in all but one instance, indicating that a
broader sampling of the pareto front occurs given diversity
in the weight values.

These results suggest that a broad variety of biased sam-
plings, as provided by the use of some weight distribution
(albeit a random one), is beneficial to the search for quality
solutions in large-sized higher-dimensional multi-objective
problems.

5.5 Randomly Shifting Weights
produces superior results in sample experiments when com-
pared to ranges that exhibit either behaviour exclusively
(e.g., [0,1] and [1,2] respectively).



Figure 5: Objective weight distribution using ran-
domly initialized objective weights.

Figure 6: Fitness-space sampling distribution using
randomly initialized objective weights.

Table 6: Comparison of unweighted versus randomly
initialized objective weights

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Unweighted 0.331 4.17x104 11.7
Random 0.274 2.35x105 34.0

k.250.2
Unweighted 0.641 3.53x105 39.7
Random 0.188 6.22x105 17.6

k.500.2
Unweighted 0.589 2.50x106 62.0
Random 0.165 1.99x106 28.0

k.750.2
Unweighted 0.352 3.51x106 41.8
Random 0.419 8.05x106 48.6

k.100.3
Unweighted 0.168 3.81x108 6.6
Random 0.521 1.69x109 61.4

k.250.3
Unweighted 0.048 1.95x109 0.0
Random 0.790 2.21x1010 65.7

k.500.3
Unweighted 0.037 3.02x109 0.0
Random 0.839 2.31x1011 99.3

k.750.3
Unweighted 0.008 1.18x109 0.0
Random 0.894 1.08x1012 94.7

k.100.4
Unweighted 0.146 9.13x1011 0.0
Random 0.487 6.60x1012 100.0

k.250.4
Unweighted 0.018 6.63x1012 0.0
Random 0.849 3.46x1014 100.0

k.500.4
Unweighted 0.002 1.44x1011 0.0
Random 0.958 7.81x1015 100.0

k.750.4
Unweighted 0.000 2.14x1012 0.0
Random 0.975 4.86x1016 100.0

The purpose of this next experiment is to test whether or
not the property of weights being dynamic has an effect on
the search when compared to static weights. To this end,
the Random Shift constraints are employed, and the results
compared to the randomly initialized static weight results.

The objective weight sampling distribution corresponding to
randomly shifting weights is presented in Figure 7. Although
this distribution is noticeably different as compared to the
static distribution in Figure 5, the fitness-space sampling
distribution, presented in Figure 8, appears nearly identical
to its static counterpart, seen in Figure 6. To the same end,
there does not appear to be any clear distinction between
constraints in terms of the comparison results presented in
Table 7. In over half of the instances considered the uni-
variate metric indicates there is no statistically significant
advantage to either set of constraints. In the remaining in-
stances, the significant difference is on very small portions
of the pareto front and is not consistently in favour of either
constraint.

These results suggest that there is no intrinsic advantage,
in terms of quality, derived from the property of having dy-
namic weights. Intuitively, the instantaneous distribution
of objective weights using either a dynamically or statically
random constraint will be a uniform random distribution
over the values [0,2] for each objective. Thus, the solutions
constructed by each ant will use a random weighting on the
pheromone, and the solutions constructed by the popula-
tion of ants will reflect the use of a uniform random distri-
bution of weights. Therefore it should follow that so long
as the instantaneous distributions of both constraints are



Figure 7: Objective weight sampling distribution us-
ing the random shift constraints.

comparable, the search behaviours should remain relatively
consistent.

5.6 Relative Quality-based Weights
The Relative Quality constraint, as presented in Section 4.3,
is one means of extending the linearly distributed objec-
tive weights beyond the bi-objective instances. The interest
here concerns verifying the scalability results of the linear
weights, as well as verifying the lack of impact of dynami-
cally shifting weight values.

This constraint achieves a linear distribution in two dimen-
sions (triangular plane in three dimensions, and so on) by
ranking a given ant’s performance on each objective against
all other ants, and then setting the weight for a given objec-
tive proportionally to the total sum of all ranks achieved by
that ant.7 It is important to note that this requires the addi-
tional overhead of ranking all of the ants on each objective.
Similar to the linearly distributed weights examined earlier,
the results presented here are of a modified constraint such
that all weights are within the range [1,2] instead of [0,1].

A difference between the linearly distributed initialization
constraint and the relative quality constraint is that the lat-
ter enables each weight to change over time. However, the
results of the previous experiment suggest that the property
of dynamic weights should not impact the solution quality,
so long as the instantaneous weight distributions are simi-
lar. This finding is supported by the bi-objective results in
Table 8. The relative quality dynamic weights are compara-
ble to the static linear weights. Considering the univariate
column, there is little statistically significant difference in all

7Other forms of linear constraint are conceivable, the Rel-
ative Quality constraint used here was adapted from the
existing literature, see [15]

Figure 8: Fitness-space sampling distribution using
randomly shifting objective weights.

Table 7: Comparison of randomly initialized ob-
jective weights versus randomly shifting objective
weights

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Random 0.338 1.02x105 6.0
Rand. Shift 0.339 1.01x105 12.0

k.250.2
Random 0.425 6.14x105 0.0
Rand. Shift 0.439 4.09x105 0.0

k.500.2
Random 0.386 1.92x106 0.0
Rand. Shift 0.432 1.95x106 0.0

k.750.2
Random 0.421 4.56x106 4.3
Rand. Shift 0.437 2.96x106 0.0

k.100.3
Random 0.418 5.57x108 13.8
Rand. Shift 0.286 5.10x108 0.0

k.250.3
Random 0.280 4.83x109 0.0
Rand. Shift 0.428 7.62x109 14.1

k.500.3
Random 0.252 4.61x1010 0.0
Rand. Shift 0.511 4.76x1010 13.7

k.750.3
Random 0.358 1.15x1011 0.0
Rand. Shift 0.395 1.22x1011 0.0

k.100.4
Random 0.303 2.14x1012 0.0
Rand. Shift 0.320 2.17x1012 0.0

k.250.4
Random 0.338 6.68x1013 0.0
Rand. Shift 0.334 6.51x1013 0.0

k.500.4
Random 0.256 7.82x1014 0.0
Rand. Shift 0.460 7.64x1014 0.0

k.750.4
Random 0.290 3.83x1015 0.0
Rand. Shift 0.409 3.37x1015 0.0



Table 8: Comparison of linearly distributed versus
relative quality-based objective weights

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Linear 0.353 1.37x105 0.6
Relative 0.349 1.15x105 0.2

k.250.2
Linear 0.376 7.24x105 0.0
Relative 0.410 8.59x105 0.0

k.500.2
Linear 0.288 1.66x106 0.0
Relative 0.496 2.56x106 49.8

k.750.2
Linear 0.513 4.48x106 4.8
Relative 0.324 3.17x106 0.0

but half of the pareto front of one instance. The coverage
and hypervolume results are likewise similar.

Returning to the concept of scalability, Table 9 demonstrates,
as before, that the advantage of objective weights over un-
weighted experiments increases with the problem complex-
ity. One possible explanation for this, is that as the search
space increases in size, the pareto front expands as well.
So, the advantage of spreading the search along the pareto
front becomes more pronounced as the problem complexity
increases.

Table 9: Comparison of unweighted versus relative
quality-based objective weights

Instance Constraint Cover. Hypervol. Univar.

k.100.2
Unweighted 0.449 9.26x104 34.5
Relative 0.190 1.27x105 20.0

k.250.2
Unweighted 0.466 5.42x105 6.0
Relative 0.361 5.76x105 0.0

k.500.2
Unweighted 0.260 1.56x106 33.2
Relative 0.492 2.52x106 49.7

k.750.2
Unweighted 0.118 2.61x106 18.7
Relative 0.657 9.76x106 68.1

k.100.3
Unweighted 0.120 5.06x108 16.9
Relative 0.574 1.12x109 56.8

k.250.3
Unweighted 0.015 4.87x108 0.0
Relative 0.927 2.03x1010 99.4

k.500.3
Unweighted 0.003 1.08x109 0.0
Relative 0.971 2.46x1011 100.0

k.750.3
Unweighted 0.002 1.42x108 0.0
Relative 0.982 1.01x1012 100.0

k.100.4
Unweighted 0.070 1.05x1012 0.0
Relative 0.668 4.07x1012 100.0

k.250.4
Unweighted 0.011 1.62x1013 0.0
Relative 0.891 2.66x1014 100.0

k.500.4
Unweighted 0.003 7.13x1012 0.0
Relative 0.979 6.71x1015 100.0

k.750.4
Unweighted 0.000 2.21x1012 0.0
Relative 0.997 4.02x1016 100.0

5.7 Constrained-Difference Weights
As demonstrated in the results of the previous sections, an
advantage to using objective weights over an unweighted ap-
proach is the ability to direct the search along more of the
pareto front by diversifying the weight values. It is useful
to know, then, how diverse the objective weights must be
from one another in order to effect a change in the search

Table 10: T-test results of Equal versus Equal +/-
5%, significant results shown in bold.

Instance Obj. 1 Obj. 2 Obj. 3 Obj. 4
k.100.2 0.398 0.985 – –
k.250.2 0.318 0.312 – –
k.500.2 0.008 0.019 – –
k.750.2 0.114 0.562 – –
k.100.3 0.704 0.155 0.117 –
k.250.3 0.067 9.5x10−4 1.4x10−4 –
k.500.3 2.6x10−4 4.4x10−6 7.7x10−4 –
k.750.3 0.010 6.7x10−5 1.1x10−4 –
k.100.4 0.542 8.8x10−4 0.225 0.067
k.250.4 0.079 1.9x10−5 0.009 7.9x10−4

k.500.4 0.028 3.8x10−4 5.6x10−6 1.6x10−6

k.750.4 0.002 2.1x10−8 2.9x10−9 5.1x10−7

behaviour. In order to test the sensitivity of the search
results to changes in objective weight values, the ‘Equal
Plus/Minus’ constraint set is used.

A comparison was conducted between constraints that allow
zero variance in objective weights (i.e., Equal Plus/Minus
with r = 0), and the same with a small variance allowed (i.e.,
r = 5% of the range of weight values). Each variant was run
30 times for each instance and the standard deviations of the
pareto front values for each objective was measured. A two-
tailed t-test with a 95% confidence interval was calculated
between each corresponding set of standard deviations, with
the null hypothesis being that the small increase in variance
allowed in the constraint has no effect on the standard devi-
ation (and therefore the breadth of the pareto front) along
each objective.

The results of the t-tests are presented in Table 10. The
percentage of instance-objective pairs for which the change
in standard deviation is statistically significant (≤ 0.05) is
approximately 61% just by allowing a variance of +/- 5% of
the range. This increases to 92% significant changes if the
variance in increased slightly more to 10% of the range.

This shows that the breadth of results obtained is highly
sensitive to small changes in the limits placed on the values
of the objective weights. The concentration of rejected null-
hypotheses in Table 10 towards the more complex instances
suggests that this sensitivity is more influential when there
is a larger search space.

5.8 Shared Global Weights
The choice between using global or individual objective weights
is a prominent design decision in the MOACO literature. In-
dividual weights are of the form presented throughout the
foregoing results of this paper, where each ant constructs its
solution using an independent set of objective weights. Al-
ternatively, global weights are a single set of objective biases
that all ants share. While a single global weight is concep-
tually easier and more efficient to implement (requiring only
a single computation of shared decision information for an
entire population of ants), the use of individual weights en-
ables a diversity of simultaneous biases. A global weight
constraint is employed in order to gauge the utility of either
side of this design decision.



Table 11: Comparison of a single global weight ver-
sus separate weights for each individual ant

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Global 0.348 2.58x105 24.9
Individual 0.267 1.73x105 6.2

k.250.2
Global 0.198 1.40x106 29.1
Individual 0.452 1.02x106 37.5

k.500.2
Global 0.153 5.20x106 0.0
Individual 0.430 5.95x106 38.7

k.750.2
Global 0.169 1.03x107 0.0
Individual 0.526 1.69x107 45.6

k.100.3
Global 0.202 1.25x109 4.4
Individual 0.343 1.44x109 42.9

k.250.3
Global 0.103 1.88x1010 0.0
Individual 0.314 3.20x1010 49.7

k.500.3
Global 0.095 1.15x1011 0.0
Individual 0.470 2.29x1011 67.2

k.750.3
Global 0.035 3.72x1011 0.0
Individual 0.419 1.23x1012 87.5

k.100.4
Global 0.084 4.84x1012 0.0
Individual 0.378 7.60x1012 100.0

k.250.4
Global 0.071 1.82x1014 0.0
Individual 0.247 3.74x1014 0.0

k.500.4
Global 0.039 2.26x1015 0.0
Individual 0.447 6.94x1015 0.0

k.750.4
Global 0.050 1.10x1016 0.0
Individual 0.412 4.10x1016 0.0

A comparison between individualized randomly shifted weights
and a single global set of randomly shifting weights is pre-
sented in Table 11. In the majority of instances, individu-
alized weights outperforms the single weight along all three
metrics, with the exception of two anomalies. The small-
est instance, k.100.2, appears to favour the use of a single
weight, and the largest three instances, k.250-750.4, show no
significant benefit to either constraint in terms of the uni-
variate metric. The majority of presented results indicate
that the extra computational effort to maintain individual
weights is advantageous in terms of the quality of solutions.
However, the anomalous portion of the results suggests that
this design choice may be somewhat problem dependent.

5.9 Clustered Weights
The final experiment of this paper presents an example of a
semi-intelligent form of objective weight setting. The intent
here is to explore an example of a custom-made constraint
for directing the search strategy is specific ways.

The Random Cluster constraint uses feedback from the search
to direct the distribution of objective weights. Here each
weight is either shifted randomly, as in the Random Shift
constraint, or is moved towards the nearest weight set in
the pareto-front.8 Intuitively, by keeping the weights close
to values that have been used to find some of the best-so-
far solutions, one should expect a higher density of pareto

8The original ‘Cluster’ constraint always moved the weights
towards the nearest pareto set with some small amount of
noise, but this was found to keep the weights too tightly clus-
tered. The current Random Cluster constraint is a biased
coin-flip deciding between using Random Shift or Cluster.

Figure 9: Objective weight sampling distribution us-
ing the random cluster constraints.

solutions. possibly at the cost of lower spread.

The implemented constraint produces a weight sampling dis-
tribution as seen in Figure 9. The fitness-space sampling dis-
tribution presented in Figure 10 appears slightly more com-
pact than the equivalent Figure 8 for random shift. Con-
sidering the results in Table 12, the clustering has a con-
sistent advantage in terms of the coverage measure, but a
disadvantage in terms of the hypervolume. This suggests
that clustering does in fact create higher density ‘pockets’
of pareto valued solutions. Inconsistent results in the uni-
variate column suggests that the two constraint sets achieve
comparable quality solutions overall.

6. CONCLUSION
The use of objective weights to balance search is common
in many Multi-Objective Ant Colony Optimization imple-
mentations, however the impacts of its related design deci-
sions are rarely considered. This paper examined the use
of objective weights in terms of their impact on solution
quality. It was found that diversity of objective weights
amongst ants corresponded to a wider spread of solutions
along the pareto front. Conversely, experiments using clus-
tered weights demonstrated more compact ‘pockets’ of pareto
solutions with limited spread. Common among many exper-
imental results was the issue of scalability. It was found that
the quality of solutions found using objective weights often
improved with the complexity (in both size and dimension)
of the benchmark problem instances. Also observed was a
high degree of sensitivity in the correlation between changes
in objective weight distribution and the pareto front solu-
tion distribution; this also exhibited greater influence as the
problem complexity increased. Further findings indicated
that dynamic shifts in a given ant’s objective weight set
were inconsequential so long as the instantaneous distribu-



Figure 10: Fitness-space sampling distribution using
clustered randomly shifting objective weights.

Table 12: Comparison of randomly shifting objec-
tive weights versus randomly clustering objective
weights

Instance Constraint Coverage Hypervol. Univar.

k.100.2
Random 0.346 1.00x105 1.5
Cluster 0.323 1.13x105 10.5

k.250.2
Random 0.220 5.94x105 0.0
Cluster 0.562 6.60x105 40.2

k.500.2
Random 0.331 1.98x106 0.0
Cluster 0.512 1.75x106 18.3

k.750.2
Random 0.278 4.55x106 0.0
Cluster 0.538 4.00x106 11.2

k.100.3
Random 0.261 6.62x108 6.4
Cluster 0.434 4.14x108 8.0

k.250.3
Random 0.315 9.30x109 28.8
Cluster 0.401 3.46x109 0.28

k.500.3
Random 0.312 6.08x1010 22.2
Cluster 0.422 4.34x1010 12.7

k.750.3
Random 0.198 1.49x1011 0.0
Cluster 0.598 1.08x1011 35.7

k.100.4
Random 0.307 2.48x1012 0.0
Cluster 0.315 1.65x1012 0.0

k.250.4
Random 0.250 8.77x1013 100.0
Cluster 0.430 5.07x1013 0.0

k.500.4
Random 0.252 1.09x1015 100.0
Cluster 0.450 6.40x1014 0.0

k.750.4
Random 0.158 4.40x1015 0.0
Cluster 0.568 3.36x1015 0.0

tion of all objective weight sets in the population remained
approximately the same. A comparison of a homogeneous
population versus one with heterogeneous objective weights
found that a variety of simultaneous objective biases present
in the search at any given time results in higher quality so-
lutions, despite the increased computational cost.

Future research should consider additional intelligently-designed
and/or self-adaptive constraints, that are responsive to the
state of the search itself, akin to the Random Cluster and
Relative Quality constraints. Additional consideration should
be given to the use of objective biasing weights related to the
desirability matrices in addition to the pheromone matrices
considered here. Further work into analysing the effects of
other specific design choices, as described in the taxonomies,
should also be pursued in order to generate concrete, highly
performant instantiations of the MOACO metaheuristic.
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