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Abstract

We consider geometric and graph-theoretic applications of the well-known
paradigm “killing two birds with one stone”. In the plane, this gives rise
to a stage graph as follows: vertices are the points, and {u,v} is an edge
if and only if the (infinite, straight) line segment joining u to v intersects
the stage. We give algorithms for “optimal” ray shootings of a collection
of points in the plane from a given stage, including a characterization of
stage graphs in time O(n?), and show how to recognize all domirances
in O(log n) time using O(n + k/log n) processors on the EREW PRAM,
where % is the total number of dominances. Similar problems occur when
we have a fixed number k of stages on the plane. In this case; {u,v} is
an edge if and only if the (straight) line segment wv intersects one of the
k stages. We consider the problem of constructing stage representations
of arbitrary graphs and give upper and lower bounds on the number of
stages thus required. We also study the 3-dimensional case. This gives
rise to 3 ray shooting graphs; these are formed from a set of points in IR®
and a “stage” which is a compact plane convex set. 3 ray shooting graphs
are shown to be comparability graphs, but the converse is shown not to
be true. We also provide a characterization of such graphs in terms of
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geometric containment orders and show that the recognition problem for
triangles is NP-complete.
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1 Introduction

Suppose we have a flock of birds and wish to kill all birds by throwing stones.
As the saying goes, we might be able to kill two birds with one stone. (This is
possible, in case our location and the locations of the two birds are colinear.)
Birds are stationary and our positions may be delimited by certain areas of the
plane or the space, possible disconnected due to the presence of e.g., lakes. The
objective is to find shooting positions that will minimize the total number of
stones thrown. We wil investigate the planar case as well as the 3-dimensional
case,

We study this new class of geometric problems, provide characterizations,
present algorithms, and show how the new problem class relates to well stud-
ied problems. Using the above paradigm we show how can such problems be
solved efficiently and simply, and present generalizations in several directions.
A number of interesting open problems are also posed.

For the planar case, we first study the problem class in which all shooting po-
sitions lie on a line segment. This problem class has important applications and
leads to an interesting characterization theorem. More, formally, 2-dimensional
ray-shooting problem is defined as follows.

Consider a line segment L, called the stage, contained in the z-axis of the
plane and a set of points X with positive y-coordinates. We assume that all
points are distinct and that no three points are colinear. The task is to shoot
rays from the stage to each of the points of X in such a way that the total
number of rays needed to reach all points is minimized. (When a ray hits a
point it continues.)

To solve this problem we restate it as a graph theoretic problem. We define
a graph G(X, L) with vertex set X in which two vertices are adjacent if the
(infinite) line connecting them intersects L (see Figure 1). G(X, L) is called a
plane stage ray-shooting graph with one stage, or simply a stage graph.



Figure 1: A graph and its stage representation.

1.1 Results of the paper

Minimizing the number of rays is equivalent to solving a matching problem in
stage graphs and we could apply the algorithm of Micali and Vazirani [21] (see
also [16, 1]) for finding a maximum cardinality matching in arbitrary graphs,
which solves our problem. The approach taken here is different. We first char-
acterize the structure of stage graphs and subsequently exploit the structural
knowledge for the design of a variety of efficient algorithms.

Our characterization theorem states that a graph G is a stage graph if and
only if G is the comparability graph of an order of dimension 2. Comparability
graphs are undirected graphs G which can be oriented in such a way that if we
have ¥ — v and v — w in G then u — w is also an edge of G.

Comparablity graphs of dimension 2 have received a fair amount of atten-
tion in the literature (see {30, 23, 8]) and they also arise e.g., in scheduling.
Our characteriztaion theorem implies an O(min{n?, n + mlogn}) algorithm to
recognize stage graphs with n vertices and m edges; this is the first result of
this paper.

While stage graphs may have a quadratic number of edges they can be
compactly represented in linear space making them appealing from a practical
point of view. Based on the compact representation we solve two problems which
arise naturally in a variety of applications and that are well studied. These
applications include: range searching, finding maximal elements and minimal
layers, computing a largest area empty rectangle in a point set, determining the
longest common sequence between two strings, interval/rectangle intersection
problems, etc.

Let P = {p1,pa, ..., pn} be a planar point set of n distinct points p; = (x;, u),



i=1,...,n. A point p; is said to dominate a point p;, if z; > z; and y; > y; and
i # j. Preparata and Shamos [24] presented optimal sequential algorithms for
counting and reporting the dominances for each point of the set P and running
in O(nlogn) and O(nlogn + k) time, respectively, where k is the total number
of of dominance pairs. In the reporting mode of the problem, all dominance
pairs are to be enumerated. Goodrich [9] solved this problem in O(logn) time
using O(n + k/logn) CREW PRAM processors, where k is the total number
of dominance pairs. We present a simple optimal parallel algorithm for this
problem; it runs in O(log n) time using O{n+k/log n) EREW PRAM processors.

A problem related to dominances is the rectangle query problem for planar
point sets P. A query consists of a pair of points (p;, p;), where p;, p; € P, and
we need to answer whether the rectangle formed by the query points is empty
or not. Such rectangle queries find application e.g., in data bases. Given O(n?)
space, queries can easily be answered in O(1) time. The space can be reduced
to O(nlogn) using range search data structures [24], unfortunately the query
time increases to O(logn). We provide an O(nlogn) size data-structure, where
the queries can still be answered in O(1) time. Furthermore, the data-structure
is very-simple and can be computed in sequential O(n logn) time and in parallel
O(logn) time using O(n) EREW PRAM processors, respectively. Our methods
for solving both problems is different from the existing methods; we reduce the
problems to one dimensional problems using our characterization theorem and
some new view of dominance problems via stage graphs.

1.2 Generalizations

We also study generalizations of plane l-stage ray-shooting graphs to plane
ray shooting graphs from several stages and to higher-dimensional ray-shooting
graphs from convex domains.

In the first generalization we assume that we are given a collection of n
points on the plane in general position (i.e. no three co-linear), as well as k
fixed but arbitrary finite, closed, non-intersecting, straight line segments (also
called stages). We define a graph as follows: Vertices are the given points, and
{u, v} is an edge if and only if the infinite (straight) line segment uv joinning
the point u to v intersects one of the k stages. We say that the above graph is
represented (via ray-shooting) by the above k stages. For fixed n, let G; denote
the class of graphs (on n points in general position) which can be represented
by k stages as above. These graphs define a hierarchy.

We prove upper and lower bounds on the number of stages needed to repre-
sented a graph and establish results on separating the classes Gi. In particular,
we prove the existence of graphs which require Q(n/log n) stages for their repre-
sentation; furthermore, we show how to construct graphs requiring Q(+/n) stages
for their representation. We also study the determination of stage numbers for
several common graphs, including lines, cycles, trees and complete bipartite.

In the second generalization we consider 3-dimensional ray shooting graphs.



Let X = {p1, ..., pn} be a collection of points in a vector space IE® such that the
z-coordinate of each element of X is strictly greater than 0 and S a compact
plane-convex set of IE? contained in the hyperplane Hy = {p € IE® : the z-
coordinate of p is 0}. Given X and S we can now construct a graph G(X, S)
with vertex set X such that two vertices p;,p; of G(X, S) are adjacent if the
line through p; and p; intersects S. G(X,S) will be called the 3 ray shooting
graph of X and S.

3 ray shooting graphs are shown to be comparability graphs. We prove that
the set of 3 ray shooting graphs obtained when S is a triangle is exactly the set
of comparability graphs of orders of dimension at most 3, and thus already for
3 dimensions, the recognition problem is NP-complete. We also provide a char-
acterization of J ray shooting graphs in terms of geometric containment orders,
that is ordered sets arising from containment relations among the elements of
families of convex sets on the plane. We prove that when S is a circle, G(S, X)
is the comparability graph of a circle order [29]. Finally, we prove that not all
comparability graphs are 3 ray shooting graphs.

2 Ray shooting from a stage

Consider a line segment L contained in the z-axis of the plane and a set of points
X = {p1,.-.,pn} in general position with positive y-coordinates. We define a
graph G(X, L) with vertex set X in which two vertices are adjacent if the line
connecting them intersects L (see Figure 1). G(X, L) will be called a plane ray
shooting graph. In this section we prove that a graph G is a plane ray shooting
graph if and only if G is the comparability graph of an order of dimension 2.
This yields an O(n?) algorithm to recognize planar-ray shooting graphs.

2.1 Terminology and Definitions

A binary relation < over a set X defines a partial order P(X,<) on X if it
satisfies

l. £ < y,y < z implies # < z (transitivity), and
2. 2 < z (antisymmetry).

The partially ordered set P(X, <) is a linear order if it also satisfies z < y or
y < z, for all distinct z,y € X.

Let P(X, <) be a poset. A realizer of P of size k + 1 is a collection of linear
orders {Lo(X, <o), L1(X,<1), ..., Lx(X, <g)} such that

Lo(X, <0)ﬂL1(X,<1) n "‘ﬂLk(X, <k) = P(X,<),

where the intersection is defined by & < y < = <; y, for all 7. It can be proved
easily that every poset can be obtained as the intersection of a number of linear
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Figure 2: A comparability graph

orders. Dushnik and Miller [6] define the dimension of P, denoted dim P, to be
the smallest possible size of a realizer of P. Such a realizer is called a minimum
realizer of P.

2.2 Ray shooting on the plane
Qur aim in this section is to prove the following theorem.

Theorem 2.1 A graph G is a plane ray shooting graph if and only if G is the
comparability graph of an ordered set of dimension 2.

Proor Consider a set X = {p1,-..,pn} of n points on the plane with y-
coordinates greater than 0 and a line segment L contained in the z-axis, with
end points p and ¢q. Let G(X, L) be the ray shooting graph of X and L. We
start first by proving that G(X, L) is a comparability graph, i.e. we show that
it is possible to orient the edges of G(X, L) such that if p; — p; and p; — py
then p; — pg. To this end, let us assume that two vertices p; and p; of G(X, L)
are adjacent, i.e. the line through p; and p; intersects L. We orient the edge
{pi,p;} of G(X,L), pi — pj if the y-coordinate of p; is smaller than that of
p;, otherwise we orient p; — p;. We now prove that the orientation thus ob-
tained in G(X, L) is transitive. Observe that p; — p; if and only if the triangle
A(pi, p,q) defined by p; and the end points p and ¢ of L is contained in the
triangle A(p;, p, q) defined by p; and p and q. Thus if p; — p; and p; — pi then
A(pr,p,q) D A(pj»p,q) O A(pi,p,q) and thus p; — pi (see Figure 2). This
orientation of G(X, L) defines a partial order P(X, <) on X in which p; < p; if
Pi = Pj-
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Figure 3: The orders L1(X, <1) and L2(X, <3)

We now show that P(X, <) has dimension 2. To prove this we will produce
two linear extensions L1{X, <1} and Ly(X, <2) of P(X, <) such that L;(X, <y
YN La(X,<2) = P(X,<). To produce L;(X, <) sort the points of X in the
counterclockwise direction with respect to p, 1.e. p; <y p; if the slope of the line
joining p; to p is smaller than the slope of the line joining p; to p. In L2(X, <2)
we now define p; <y p; if the slope of the line joining p; to p is greater than
the slope of the line joining p; to ¢ (see Figure 3, where Li(X, <) = {p1 <1
Pa <1 p3 <1 ps <1 p2} and La(X, <2) = {p1 <2 p3 <2 pa <2 P2 <2 ps}.) It now
follows that P(X,<) = L1(X, <1) N La( X, <2).

Conversely, let P(X, <) be an ordered set of dimension 2 and Li(X, <
), L2(X, <) be two total orders on X such that P(X, <) = L1(X, <1)NL2(X, <2
}. Choose two points p, ¢ on the x-axis as depicted in Figure 4. Let p; be an
element of X. Let (i) and s(7) be the ranks of p; in L1(X, <) and Ly(X, <2),
respectively. Consider aset {Ay,..., X, } of n lines through p sorted in increasing
order according to their slopes and a set {01, ..., 8.} of n lines through q sorted
in decreasing order according to their slopes such that each A; intersects each
B; at a point with positive y-coordinate, 1 < 4,7 < n. Let us label with p;
the point at which A.¢;y and B intersect and identify the points of X with
P1,---,Pn (see Figure 3, where L1(X, < 1) = {p2 <1 pa <1 p3s <1 p1 <1 ps} and
Ly(X, <) = {p3 <2 p1 <2 ps <2 p2 <2 pa}.) It is now easy to see that the set X
of points on the plane labeled py, ..., p, and the line segment L are such that
G(X, L) is the ray shooting graph of P(X, <). B

Corollary 2.1 Recognizing 2-ray shooting graphs can be done in O(n?) time.



Figure 4: The orders Ly, Ly

ProoOF Recognition of orders of dimension two can be done in O(n?) time [30].
- |

[n fact, our characteriztaion theorem implies an O(min{n? n + mlogn})
algorithm to recognize stage graphs with n vertices and m edges.

Now it is possible to solve the original stage shooting problem using the
Micali and Vazirani algorithm [21]. However, a more efficient algorithm which
is more appropriate to the case of comparability graphs is currently under in-
vestigation.

3 Dominance Problems

In this section we present algorithms for dominance problems on a planar point
set. These problems arise naturally in a variety of applications and they are
directly related to well studied geometric and non-geometric problems. These
problems include: range searching, finding maximal elements and minimal lay-
ers, computing a largest area empty rectangle in a point set, determining the
longest common sequence between two strings, and interval/rectangle intersec-
tion problems, etc.



3.1 Related results

Direct dominance problems have been studied for the CREW-PRAM (details for
this model can be found in [12, 13]). The two-set dominance counting problem
was solved by Atallah et al. [2] in optimal O(logn) time using O(n) proces-
sors, where n is the total number of points in the given sets. In this problem,
given two point sets A and B, all pairs (a,b) are to be counted where a € A
dominates b € B. In the reporting mode of the problem, all dominance pairs
are to be enumerated. Goodrich [9] solved this problem in O(logn) time us-
ing O(n/logn + k) CREW PRAM processors, where k is the total number of
dominance pairs.

3.2 Complexity of the dominance problem

Let P = {p1,pa, ..., pn} be a planar point set of n distinct points p; = (xi, ui),
i=1,...,n. A point p; is said to dominate a point p;, if z; > x; and y; > y; and
i # j. The dominance problem is to enumerate all dominances of a given point
set. Preparata and Shamos [24] presented an optimal sequential algorithm for
this problem and it runs in O(nlogn + k) time, where k is the total number of
dominance pairs. Goodrich [9] presented a parallel algorithm for this problem;
it runs in O(log n) time using O(n+ k/logn) CREW PRAM processors. In this
section we present a simple optimal parallel algorithm for this problem; it runs
in O(logn) time using O(n + k/logn) EREW PRAM processors. For details on
the parallel model of computation, see [9, 12].

The other problem we study in this section is a rectangle query problem
for a planar point set P. A query consists of a pair of points (p;, p;), where
pi,pj € P, and we need to answer whether the rectangle formed by the query
points is empty or not. Given O(n?) space, we can answer such queries in
O(1) time, since we can precompute information about each pair of points in
P. The space can be reduced to O(nlogn) using range search data structures
[24], but unfortunately the query time increases to O(logn). We provide an
O(nlogn) size data-structure, where the queries can still be answered in O(1)
time. Furthermore, the data-structure is very-simple and can be computed
in sequential O(nlogn) time and in parallel O(logn) time using O(n) EREW
PRAM processors, respectively.

Our method for solving both the problems is different from the existing
methods; we reduce the problems to one dimensional problems. This is achieved
by ordering the points with respect to x-coordinate and then redefining these
problems with respect to the corresponding permutation on y-axis.

3.3 Reporting Dominances

In this subsection; we provide algorithms for reporting dominances of a pla-
nar point set P. Without loss of generality assume that the points of the set



P ={p1,p2, ...,pn}, where p; = (2;,¥4;), i = L, ..., n, are sorted with respect to
increasing x-coordinate. Therefore, we relabel each point p; by its index 7. From
now on, we refer to a point p; by its index 7. Let Y be the array consisting of
labels of points in P, sorted with respect to increasing y-coordinate; i.e. YV is a
permutation of {1,...,n}. Let i appear at the position pos;, where 1 < pos; < n,
in Y. From the above definitions it follows that a point 7 dominates a point
J € Pifand only if 1 > j and pos; > pos;. Hence the points dominated by i are
the elements of the subarray Y1, ..., pos;] which are less than 4. So the domi-
nance problem reduces to that of reporting all elements of subarray Y1, ...,i—1]
which are less than YTi], for all i € {2, ..., n}.

We provide fitst a sequential algorithm for the above problem and then show
that it can be easily parallelized. The sequential algorithm is based on the merge
sort algorithm; it runs in O(nlogn + k) time using linear space, where k is the
total number of dominance relations in the given point set P.

The sequential algorithm has O(logn) merge stages. In order to simplify
notation, we present the last merge stage. Assume that we know all dominances
for each point within subarrays Y[1,...,n/2] and Y{n/2+ 1,...,n]. We wish to
compute dominances for each point in Y{1,...,n]. Observe that we need only
compute the points dominated by Y{n/2+1,...,n]in Y[1, ..., n/2], since no point
in Y[1,...,n/2] dominates any point in Y{n/2+ 1,...,n]. The dominances are
computed as follows. First note that the arrays Y{1, ..., n/2]land Y[n/2+1, ..., n]
have already been sorted in increasing order during the recursion. Now rank
each element of Y[n/2 + 1,...,n] in Y[1,...,n/2]. Suppose an element Y[i],
where n/2+1 <1 < n, is ranked at the position j (1< j <n/2)inY[l,...,n/2],
the points dominated by Y[i] in Y[1,...,n/2] are Y1}, Y[2], ..., Y[j]. After
cross ranking, we can report dominances in time proportional to the number of
dominance pairs. We summarize the result in the following theorem.

Theorem 3.1 All dominances of an n-point planar set can be computed in
O(nlogn+k) time using O(n) space, where k is the total number of dominance
pars.

ProoF The correctness of the algorithm is straightforward. Now we analyze its
complexity. The merge-sort algorithm takes O(nlogn) time using O(n) space.
During each stage in merging, the ranking of the sub-arrays can be achieved in
linear time with respect to their sizes. Since in each stage we report a set of
new dominance pairs, overall time complexity of the algorithm follows. In order
to perform the i + lst stage of merge-sort, we need only the computation of the
ith stage; thus the algorithm requires only linear space. B

Now we parallelize the above algorithm by using the results of [4, 15]. The
parallel-merge sort algorithm of [4] cross-ranks elements of each subarray during
each stage of merging. As observed above, after cross ranking, the problem
reduces to that of reporting subarrays Y[1,...,j] for an appropriate j, where
1 <7< n/2 for each Y[i], where n/2 4+ 1 <7 < n. Subarrays can be optimally
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reported on EREW PRAM by the algorithm of [15]. We summarize the result
in the following theorem.

Theorem 3.2 All dominances of an n-point planar set can be computed in

O(logn) time using O(n + k/logn) processors on the EREW PRAM, where k
is the total number of dominances.

ProoOF The correctness of the algorithm is straightforward. We analyze the
complexity of the algorithm. Parallel merge sort requires O(logn) time using
O(n) processors on the EREW PRAM [4]. Further, it also cross ranks subarrays
in each step. Using this information, the value of k can be computed in O(logn)
time using O(n) processors. Allocate O(n + k/logn) processors to report all
dominances.. We also need to store the sorted sub-arrays at each intermediate
stage in merge-sort. Using the algorithm of [15], the required subarrays can bé
reported in O(logn) time using using O(n + k/logn) processors [15]. Hence,
it follows, that all dominances can be reported in O(logn) time using O(n +
k/logn) EREW PRAM processors. |

3.4 Rectangle Query Problem

In this subsection we address the rectangle query problem. Given an n-point
planar set P, the queries are of the form (p;, p;), whete p;, p; € P, and we need
to output, whether or not the rectangle formed by p; and p; contains a point of
P in its interior. We provide sequential and parallel algorithms to compute an
O(nlogn) size data-structure, such that the queries can be answered in O(1)
time.

As in the previous subsection, we assume that the points of the set P =
{p1,p2, .-, Pn}, Where p; = (2;,¥), 1 = 1,...,n, are sorted with respect to in-
creasing z-coordinate. Therefore, we relabel each point p; by its index i. We
refer to a point p; by its index i. Notice that our queries are of type (i,7),
where 1 < ¢,j < n. Furthermore, we can assume that 7 < j, otherwise we can
interchange 7 and j.

We compute two data-structures, the first one answers the queries where
yi < y;, and the other one answers the queries where y; > y;.  Since the
procedure for computing both data-structures and answering the corresponding
queries is analogous, we only discuss the computation of data-structure which
handles the queries where y; < y;.

Let Y be the array corresponding to the labels of points in P sorted with
respect to increasing y-coordinate. Let (i,j) be a query pair, where i < j
and y; < y;. Let ¢ appear at the position pos; in Y, where 1 < pos; < n.
The following lemma enables us to reduce our problem of detecting whether a
rectangle is empty or not to a one dimensional problem on Y.

Lemma 3.1 The rectangle formed by (pi, p;) ts empty if and only if there does
not exist any element Y[k], such that i <Y[k] < j, where pos; < k < pos;.

11



ProOF Follows from the definition of the array Y. [ ]

In the following we first state a sequential algorithm to compute a data-
structure, which can answer the existence of Y[k} between (pos;, pos;) as stated
in the above lemma, and then show how the queries can be answered. Further,
we show that the algorithm for computing the data-structure can be easily
parallelized.

Before stating our algorithm, we simplify notation by restating the problem.
Our aim is to preprocess the array Y (assume n = 2') such that, given any two
indices a and b, where 1 < a < b < n, we can determine whether there exist
an element in the subarray {Y{a + 1],...,Y[b — 1]}, which is between Y[a] and
Y[b] in O(1) sequential time. Intuitively, it seems that we need to precompute
this information for sote subarrays, and then given a query array, the relevant
information should be deduced from a constant number of pre-computed sub-
arrays. We achieve our goal by constructing a complete binary tree T on the
elements of Y such that each internal node u of T keeps some information about
the array determined by the leaves in the subtree rooted at u. In the following,
we precisely state the information maintained at each internal node u of 7.

Let LC A(a,b) denote the lowest common ancestor node of the leaves of T
holding Y[a] and Y[b]. Given two indices a and b, we can determine LC A(a, b),
say the node u, of T in O(1) sequential time since T is a complete binary tree.
If the leaves of the subtree rooted at u correspond exactly to the subarray
{Y]a],...,Y[h]}, then it is sufficient to store an information at u, about the
presence or absence of an element between Y [a] and Y[b] in the subarray {Y[a+
1],...,Y[b — 1]}. However, the subarray associated with u, denoted by Yy, is
typically of the form of {Y[l],..., Y[a],...,Y[b],..., Y[r]}, where < a < b < r.
Hence the information stored at the node wu is not sufficient to answer our query,
and some additional information is needed, as described next.

Let v and w be the left and right child of u, respectively. Let the subarrays
associated with v and w, respectively are Y, = {Y[l],...,Y[a],....,Y[p]} and Y}, =
{Yip+1],....,Y[b], ..., Y[r]} for some a < p < b. Notice that the subarrays Y, and
Y, partition Y, . Let us define two quantities, called suffiz minime and prefiz
maxima, respectively over the elements of arrays Y, and Y,,, which we need for
answering our queries.

For any o, where l < o < p, the suffix minimafor «v in Yy, is defined as follows.
Among the elements of the subarray {Y[a+1],...,Y[p]} consider only the set of
elements which are larger than Yo, and call this set as Suff,. If Suff, #0,
then the suffix minima for « is the element with the minimum value in Suff,,
otherwise suffix minima does not exist for «v. Similarly we define prefix maxima.
For any /3, where p 4+ 1 < # < r, the prefix maxima for £ in Y, is defined as
follows. Among the elements of the subarray {Y[p + 1], ..., Y[8 — 1]}, consider
only the set of elements which are smaller than Y], and call this set Prefy.
If Prefs # 0, then the prefix maxima for 3 is the element with the maximum
value in Prefg, otherwise it does not exist for 3.

Let us first analyze the complexity of constructing the whole data structure.

12



The algorithm constructs a complete binary tree whose leaves are the elements
of Y such that each internal node u has associated with it two arrays, suffix
minima and prefix maxima arrays. It can be seen that the data-structure needs
O(nlogn) space. Now we show that the data-structure can be computed in
O(nlogn) time.

We make two copies of array Y, and on one copy we perform a merge-sort
algorithm. The merge-sort algorithm, computes a complete binary tree T”, over
Y, and at each internal node u of TV it computes a sorted list of elements in
the subtree rooted at u. Furthermore, if v and w are the left and right child
of u in T’, then we also cross rank the elements of v and w. Also store the
sorted list, and the cross ranking information, at each internal node of T. Tt is
easy to see that this can be accomplished in O(nlogn) time and space. Now we
work on the other copy of Y to compute the suffix minima and prefix maxima
arrays. Consider a node u of T, and let v and w be its left and right child,
respectively, as mentioned above. Assume that we know the suffix minima and
prefix maxima arrays for v and w and we wish to compute these arrays for the
node u. Notice that the suffix minima and prefix maxima for each element in
u can be computed by using the cross ranking information among the elements
of v and w in the merge-sort tree T".

[t is easy to see that the above data-structure can be computed in O(n logn)
sequential time and in parallel in O(logn) time using O(n) EREW PRAM
processots by using the parallel merge-sort algorithm of [4]. Now we show that
the queries can be answered in O(1) time. The following lemma is crucial for
the correctness and the complexity.

Lemma 3.2 Let u be the lowest common ancestor node corresponding to a and
bin T, where a < b. Let v and w be the left and right child of u, respectively.
Let the subarrays associated with v and w be

Y, = {Y[ll, .., Ya], -, Y[pI} and Yy, = {Y[p+ 1], ..., Y[b, ..., Y[r]},

where a < p < b, respectively. There exists an element between Ya] and Y'[b]
in the subarray {Y[a+1],...,Y[b— 1]} if and only if either the suffix minima of
Y[a] in Y, is smaller than Y[b], if it exists, or the prefiz marima of Y[b] in Y,
is larger than Y[a}, if it exists.

ProoF Follows from the definition of suffix minima and prefix maxima. [

Let us recall our problem. We are given a set P of points, sorted with respect
to z-coordinate and labeled accordingly. Our queries are of the form (p;, p;),
where p;,p; € P. We want to report whether the rectangle formed by p; and
p; is empty or not. We first test whether i < j, if not, we interchange 7,j. We
compute two data-structures, one to handle the queries where y; < y; and the
other one to handle the queries where y; > y;. Let us concentrate on the queries
of the first type. We defined the array Y, which was the order of the indices
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of points of P with respect to increasing y-coordinate. We compute a data-
structure over Y, i.e., a complete binary tree T', where nodes of T also contain
appropriate suffix minima and prefix maxima arrays. Given a rectangle query
(pi,pj), where i < j and y; < yj;, we find the position a = pos; and b = pos; in
Y of 7. and j, respectively. Now determine the lowest common ancestor node of
a and b, say w in T. Locate the position of Y{a] and Y[b] among the children
of u in T and then using the suffix minima and prefix maxima informations
computed in T, answer the query. Since finding the lowest common ancestor
in a complete binary tree and locating the appropriate Y[a] and Yb] requires
constant time, the queries can be answered in O(1) time. We summarize the
results in the following theorem.

Theorem 3.3 A data structure of size O(nlogn) can be computed in O(nlogn)
sequential time and in O(log n) parallel time using O(n) EREW PRAM proces-

sors, rectangle queries can be answered in O(1) sequential time. ]

4 Graphs Represented with Many Stages

Suppose we have a collection of n points on the plane in general position (i.e. no
three co-linear), as well as k fixed but arbitrary finite, closed, non-intersecting,
straight line segments (also called stages). We define a graph as follows: Vertices
ate the given points, and {u, v} is an edge if and only if the infinite (straight)
line segment ve jolnning the point u to v intersects one of the k stages. We say
that the above graph is represented (via ray-shooting) by the above k stages.*
For fixed n, let G denote the class of graphs (on n points in general position)
which can be represented by k stages as above.

[t is easy to show that a simple graph with m edges is in the class G, .
To see this, represent the graph by n points in the plane which are in general
position. For each edge {u, v} of the graph position a stage in such a way that
it intersects the line segment uv, but such that for no other edge of the graph
does the corresponding line segment intersect this stage. In particular, every
graph on n vertices can be represented with at most n(n — 1)/2 stages. It is
clear that we have the following containments for graphs on n vertices:

gi - G- c.---C gn,(n,-—.l)/'2~ (l)

For any graph G let st(() be the miniimum number of stages needed in order
to represent the graph G as above.

Any graph G € G, can be writen as the “union” of k£ graphs Gy, ¢ =
L,...,k = st(G), in the following way. Consider a ray-shooting representa-
tion of (¢ with stages Sy,..., 5. ; has the same vertices as (. Moreover,
{u,v} is an edge of G; if and only if the infinite line segment uv intersects S;.

*Such graphs arve also called plane ray shooting graphs in section 2.
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Figure 5: Representing the 7 node line graph with the stage S

This gives a “natural” factoring [14] of the given graph G in st(G) subgraphs
each represented with one stage via ray-shooting. -

In the sequel we consider the size st(G) as a function of the number of
vertices of the graph. We consider upper and lower bounds on the number of
stages needed to represented a graph and establish results on separating the
above classes of graphs.

4.1 Stage number of certain graphs

In this section we consider the stage number of several simple graphs, including
lines, cycles, trees and complete bipartite.

Theorem 4.1

1. The line graph L, on n vertices can be represented with a single stage.
Hence st(L,) = 1.

2. The cycle C, on n vertices can be represented with a single stage if and
only if n < 4. Moreover, st(Cr) =2, forn > 5.

3. A graph with girth > 5 requires at least two stages for its representation.

Proor (OUTLINE)

(1) The representation of the line graph L, is depicted in Figure 5. We draw
two pencils of lines from the endpoints of the stage S. Tt is easy to check that
the n points can be represented with the numbers 1,2,3, ..., n as appropriate
intersections of these lines (see Figure 5).
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Figure 6: Representing the 4-element cycle

(2) It is easy to represent with one stage the 2- or 3-element cycles. The
representation of the 4-element cycle is given in Figure 6. The edges

{1,2},4{2,3},{3,4}, {4, 1}

of the corresponding cycle are represented by the dashed lines.

To represent an n-cycle with two 2 stages, we first represent the line graph
L,, with one stage and then add an extra stage in order to represent the edge
joinning its two endpoints.

The fact that an n-cycle with n > 5 requires at least two stages will be
derived from a property about partially ordered sets. Let (P, <) be a strict
partially ordered set (finite or infinite). Define a graph on P by joinning «,y € P
if and only if either z < y or y < 2 [18][9.32]. First we show that no cycle of
length > 5 in the graph G can have an odd number of vertices. To see this we
argue as follows. Let a cycle in this graph consist of the points 1,2,...,n, for
some n > 5, where {7, 7} is an edge if and only if either j =i+1lori=1,j=n.
Without loss of generality let us assume that 1 < 2 (a similar argument works
if 2 < 1). Since |, 3 are <-incomparable we must have that 3 < 2. Since 2,4
are incomparable we must also have that 3 < 4, and so on. Hence we have the
following inequalities

1,3<2
3,56 <4
5,7<6 (2)

n—-2n<n-—1

Now, if 1 < n then also 1 < n— 1, since n < n — 1, a contradiction; if n < 1
then also n < 2, since 1 < 2, a contradiction.

If we apply this result to the partially ordered set induced via ray-shooting
by a single stage on the given points of the plane we derive that the only possible
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Figure 7: The lattice corresponding to an 8-cycle

cycles must be of length n, for some even n > 6. Let us assume without loss of
generality that 1 < 2 (the case 2 < 1 is entirely analogous). As in (2) we can
show that
1,3<2
3,56<4
57<6
3
n—3n—1<n-2
n—11<n.

(See Figure 7 where we depict the ordering relations corresponding to (2) for
an 8-node cycle.) But it is straightforward to check that this is an impossible
configuration in the ray-shooting ordering.

(3) This follows immediately from part (2) of the Theorem. |

Theorem 4.2 The complete bipartite graph K,,, can be represented with 1
stage.

ProoF The idea for the representation is depicted in Figure 8. To represent
K., we choose two sets A, B of sizes m, n, respectively. Say, A = {1,2,..}
and B = {a,b,...}. Place the sets of points parallel to each other and to the
stage as in Figure 8. =

Theorem 4.3 FEvery tree can be represented with at most two stages. In addi-
tion, caterpillars are precisely the trees representable with one stage.

Proor (OuTLINE) First of all we show that caterpillars are representable with
one stage. The representation is depicted in Figure 9. The stage is S. We
arrange the points of the body of the caterpillar on the two dashed lines. On
the top dashed line we place the points 1,3,5,7,9,... and on the bottom dashed
line the points 2,4,6,8,.... Each of the these points has its “legs” located on
the dotted line. The odd (respectively, even) points have their legs placed in
the region below (respectively, above) them and delimited by the two dashed
lines. It 1s clear that in this way we can represent all caterpillars.
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Figure 8: Representing K5 5
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Figure 9: A caterpillar and its representation
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The representation of an arbitrary tree with two stages is depicted in Figure
10 and is achieved as follows. Let the stages be L and R. Assume the tree to
be represented has h < 2k — 1 levels. Consider k different slopes

.y
—2->11>I2>-~>lk>0
equally distributed in the interval (0, 7/2]. For each slope I; draw two parallel
lines from the endpoints of the stage L with inclination §;. Thus each slope
corresponds to a “trunk” with base L and delimited by these two rays. Now
consider the stage R. Choose a sequence of slopes

7l'>7‘1>7’2>"'>7'k>12r‘

and form as before a sequence of trunks each with base R and corresponding
slopes 7, i = 1,..., k. We can choose the slopes I;,r; in such a way that the
quadrangles formed by the intersection of the l;-trunk with the r;-trunk, for
1,7 = 1,...,k, are pairwise disjoint. Now we select a sequence of h of these
quadrangles, say @1, @2, ..., Qs, in such a way that for any points v € Q; and
v € @; the straight line uv intersects either L or R only if |+ — j| = 1. The
idea here is that if in each quadrangle Q; we place points then two points will
be adjacent in the ray-shooting ordering only if the corresponding quadrangles
they belong to are also “adjacent”. This makes possible the representation of
the levels of the tree. A sequence of five such quadrangles Q1,. .., @5 delimited
by the regions 1,2, 3,4, 5, respectively, is depicted in Figure 10.

Now we place points within these quadrangles in order to represent the nodes
of the tree. Bach of the regions labeled 1,2, 3,4, 5 contains a certain set of nodes
of the tree. Let the tree be of height h. Region 1 contains the leaves; region 2
the nodes at height h — 1, and in general regiou ¢ the nodes at height h — ¢4 1.
The previous condition on the regions guarantees that if u € Q;,v € Q; and
|i — j| > 2 then u, v are not adjacent in the tree.

Therefore it remains to show how to place the points in each region. Indeed,
nodes are placed in such a way that for each ¢, if u,v € Q; then uv does not
intersect neither stage L nor stage R. In addition, if 7 is odd (respectively, i
is even) and u € Q;,v € Q;4+1 then uv intersects the stage R (respectively, L).
This completes the proof of the representation of trees by two stages.

If a tree is not a caterpillar then it must contain the tree depicted in the
left-hand side of Figure 11 as a subtree. However it can be shown that this
tree can not be represented with one stage. The idea is the following. If we
represented the subgraph consisting of the nodes 1,2, 3,4, 5 using a single stage,
say S, as in the right-hand side of Figure 11, then it can be seen that the nodes
6,7 can only be placed inside the region marked with R. Buf then it is clear
that they would both have to be adjacent to 3, which is a contradiction. Hence
this tree is not representable with one stage. =
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Figure 10: Representing a tree with two stages

Figure 11: A tree requiring two stages
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4.2 Upper Bounds
For arbitrary graphs we can establish the following upper bound on st(G).

Theorem 4.4 Every n vertex graph can be represented with at most {n(n —
1)/4] stages.

ProOF Let (& be a graph with n vertices and m edges. Represent the graph
on a set of n points in the plane which are in general position such ‘that for
all points u, v in the given set the line segment uv is not parallel to the z-axis.
Further assume all the points lie above the z-axis.

For each edge e of the graph locate a “small” stage S, (i.e. a closed interval)
on the z-axis in such a way that the infinite line segment determined by e
intersects S, but for no other edge of the graph does the corresponding infinite
line segment intersect S.. Without loss of generality we may assurme the line
segments S., for ¢ an edge of the graph, are pairwise nointersecting.

Color every such stage S, “blue”. In addition, add a “red” stage for each
non-edge of the graph in such a way that the red and blue stages are pairwise
non-intersecting. There are m many blue stages. Let » be the number of red
stages.- Notice that
n(n —1)

7

Now traverse the w-axis from —oo to 4+co and join adjacent stages of the
same color into single stages of that same color. It is clear that the number s
of the resulting blue stages is < min{m,r}. It follows that

m+4r =

n(n—1)
2 )
which proves that s < {n(n —1)/4], as desired. =

2s < 2min{m,r} <m+r=

4.3 Lower Bounds

In the sequel we establish lower bounds on the number of stages needed to
represent a graph. The first result proves the existence of graphs which require
n/ logn stages without giving any indication on how to construct them.

Theorem 4.5 For any class G of graphs on n vertices there exist graphs G € G
requiring at least [log|G|/nlogn]| stages for their representation.

Proor {OUTLINE) As was shown in section 2, a 1-stage graph is a comparibility
graph of dimension 2 and therefore it may be represented using a permutation
won {l,2,...,n} as follows:

L V={=(@):i=1,...,n},
2. G={(i, (i), (G, =(7)} 1 < 4, 7() < = ()}
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Thus every such graph can be encoded with a single permutation. Hence a graph
which is representable with £ stages can be encoded with 2k — | permutations.
o turn, each of these 2k — 1 permutations can be encoded with nlogn bits, for
a total of (2k — l)nlogn bits.

Now assume that & is such that every graph in the class G is representable
with k stages. There are at least |G| possible graphs and they can all be encoded
with (2k — L)nlogn bits. It follows that (2k — 1)nlogn > log|G|. This proves
the required lower bound. [ ]

By using standard results on the number of graphs of specific type (e.g.
regular, bipartite etc) it is possible to determine lower bounds for such classes
of graphs [11][Chapter 15], [10]. For example, since there are 2%"") graphs on
n vertices we obtain the following result as a corollary.

Theorem 4.6 There exist graphs which require Q(n/logn) stages for their rep-
resentation. [ |

Nevertheless, Theorems 4.5 and 4.6 still give no indication on how to con-
struct graphs requiring a large number of stages. To give such a construction
we use the previous observation that every cycle with 5 or more nodes requires
at least two stages for its representation. This means that graphs which are
representable with a single stage must have girth < 4. We take advantage of
this fact in order to prove the following rersult.

Theorem 4.7 FEvery graph G with minimal degree d and guth > 5 requires at
least |d/2| stages for its representation via ray-shooting.

PROOF Assume on the contrary that G can be represented with less than |d/2]
stages, say 5. Let G be the subgraph of G corresponding to the ith stage. Let
e, e; be the number of edges of the graphs G, G, respectively. Observe that

2 Z::l e > 2

= ZUEV degG(u)
> nd.

It follows that for some ¢ < s we must have that ¢; > nd/2s > n. This
implies that the graph G; must have a cycle. However since the girth of the
graph (7 is > 5 so is the girth of the graph G;. This means that the graph &,
cannot be representable with one stage, which contradicts its very definition. @

What is the best lower bound that can be achieved via the construction
implied by Theorem 4.77 In other words, for a given d what is the smallest
possible number of nodes n of a regular graph of degree d?7 A well-known
theorem of Erdds and Tutte [25] (see also [18]10.11}) gives an indication on the
number of stages required by n-node graphs with girth > 5.

Theorem 4.8 Every graph G with minimal degree d and girth > 5 must have
more than d* vertices.
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ProoF Let u € V be an arbitrary but fixed vertex of the graph. Let V; be the
set of vertices at distance exactly i from u, where ¢ = 0, 1,2. Notice that since
the girth of the graph is > 5 every vertex v € V; has exactly one edge to a vertex
of V;~1. This means that

Vol = L,|Vi] 2 d, V2| 2 (d = W]

It follows that n > |Vo| + [Vi] + V2| > d? + 1, as desired |

There are constructions in the literature of d-tegular graphs with girth 5.
For example, see [25, 26, 27, 22] as well as [3] and the inductive construction
in [32], [18][10.12]. An interesting construction of a regular bipartite graph of
degree p+ 1, p® + p+ 1 nodes and girth 6, p prime, is the projective plane over
the Galois Field on p elements, with p+1 lines each line containing exactly p+1
points [18][10.15]. Tt is clear from Theorem 4.7 that this last graph requires at
least (p + 1)/2 stages for its representation. This gives a graph (7 on n vertices
and ©(n3/?) edges such that st(G) = Q(y/n). Tt is also known [17][Theorem
4.9] that a graph with n > 2 vertices, girth > 5 can have at most %m/n -1
edges. Hence, ©(,/n) is the highest possible stage number for a graph obtained
by Theorem 4.7.

5 Ray Shooting From Convex Ranges

In this section we study ray shooting graphs in the three-dimensional vector
space. Let X = {p1,...,pa} be a collection of points in a vector space IE® such
that the z-coordinate of each element of X is strictly greater than 0 and S a
compact plane-convex set of IE> contained in the hyperplane Hy = {p € IE? : the
z-coordinate of p is 0}. Given X and S we can now construct a graph G(X, S)
with vertex set X such that two vertices p;, pj of G(X, S) are adjacent if the line
through p; and p; intersects S. G(X,S) will be called the ray-shooting graph
of X and . G(X,S) is called a 3-ray-shooting graph (see Figure 12).

We prove that 3-ray shooting graphs are comparability graphs. These are
graphs G that can be oriented in such a way that if we have v — v and v — w
in (¢ then u — w is also an edge of G. We prove that the set of J-ray-shooting
graphs obtained when S is a triangle is exactly the set of comparability graphs of
orders of dimension at most 3, and thus in this case, the recognition problem is
NP-complete [33]. We also provide a characterization of 3-ray shooting graphs
in terms of geometric containment orders, that is ordered sets arising from
containment relations among the elements of families of convex sets on the plane.
For instance, we prove that when S is a circle, G(S5, X) is the comparability
graph of a circle order [29]. Finally, we prove that not all comparability graphs
are 3-ray shooting graphs. In order to prove these results we will need to review
some concepts of geometric containment and ordered sets.
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Figure 12: A circle representation of a graph.

5.1 Function diagrams and crossing numbers

Let &€ = {fi...., fm} be a family of continuons functions f; : 0,1] - R, i =
L,...,m. The family & is called regular if the following conditions are satisfied.

L. For any pair of elements f;, f; € £,7 # j, the set of values S(4,5) = {= €
[0,1] : fi(z) = fi(x)} is finite.

2. £i(0) # £;(0), fi(1) # f(1);i # 5.

3. Each time the graphs of two different functions intersect, they cross each
other; that is if f;(z0) = f;j(x0) there exists an ¢ > 0 such that 2y — ¢ <
r < 29 < y < @9+ € implies that fi(x) < fi(x) and fi(y) > f;(y) or
fi(z) > fi(x) and fi(y) < fi(y)-

Infermally speaking, a set of functions £ as above is regular if the graphs of any
two elements & intersect a finite number of times and each time they intersect,
they cross each other.

Let X ={z,...,2m} be aset, and P(X, <) a partial order on X. P(X, <)
is called a function order (f-order for short) if there exists a regular set of
functions € = {f1,..., fm} such that x; < z; if fi(z) < f;(2), for all z € [0, 1].
The set § will be called an f-diagram for P(X, <). We will also say that P(X, <)
represents . It is easy to prove that every poset is an f-order [31].

Given an f-diagram € = {fi,..., fm}, the crossing number x(¢) is defined
as the maximum over the set {|S(,j)| : fi, f; € £,4 # j}; that is the maximum
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Sp vertices

Figure 13: The order set ¥,,.

number of times two elements of ¢ intersect. The crossing number x(P(X, <))
of a poset P(X, <) is now defined as min{x(§) : £ is an f-diagram tor P(X, O}

Informally speaking, every partial order can be represented in many ways
using a regular set € = {f1,..., fm} of continuous real functions with domain
[0,1]. In each such representation, the graphs of some elements of £ intersect
a number of times. The crossing number of a poset P(X, <) is k if in any f-
diagram & = {fi, ..., fm} representing P(X, <) there are at least two elements
of € that intersect at least k times. Notice that if x(P(X, <)) = 0, then P(X,<)
has an f-diagram ¢ in which no pair of functions of § ntersects, thus P(X, <) is
a linear order. It is also easy to prove that if x(P(X,<)) = 1, then dim P(X, <
)y = 0 and that in general Y(P(X, <)) < dim P(X, <) — 1 [31].

Let H,(X,<) be the ordered set with elements

X ={u, ..., un,v1,...,%n}

such that w; < vj,i # j, and all other pairs of elements in H,(X,<) are not
comparable.

Let ¥, be the ordered set obtained from H,(X, <) as follows. For each
subset S of {1,...,n} with either |n/2| or [(n + 1)/2] elements, insert in
H,(X, <) a new element s; such that sg > uj,j € Sk, 58 <vi,i & Si;si < s it
S; C Sj,i# j (see Figure 13). The next result was proved in [29]:

Theorem 5.1 The ordered set W, has crossing number n — 1 and dimension
7. B

5.2 Ray shooting in £

In the rest of this section, unless otherwise specified, S will always refer to a two
dimensional convex set of IR® contained in the plane z = 0 such that S confains
the origin. F = {S1,...,5,} will be a family of convex sets homothetic to S
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and contained in the plane z = 0. X will always refer to a collection of points in
IR? such that the 2- coordinate of all the elements of X is strictly greater that
0. As in the two dimensional case, we define a graph G(S5, X) with vertex set
X, and in which two vertices are adjacent if and ounly if the line joinning them
intersects S. We now say that a graph G is a 3-ray shooting graph if there is a
two-dimensional convex set S (contained in the plane z = 0 and containing the
origin) and a collection of points X (with z- coordinate greater than 0) such
that G is isomorphic to G(S, P).

Lemma 5.1 Let S be a plane convez set of R® and X a collection of points in
IR? with z coordinates greater than 0, then G(S, X) is a comparability graph.

ProOF For every point p; € X let C(p;, S) be the truncated cone formed by
the set of all line segments joining p; to points in S. It is easy to see that if
the z coordinate of p; is smaller than the z coordinate of p; then p; and p;
are adjacent in G(S, X) if and only if C(p;, S) is contained in C'(p;, S). In this
case, orient the edge {p;,p;} of G(S,X) as p; — p;. To verify the transitivity
of this orientation, we simply observe that if p; — p; and p; — px then C(p;, 5)
is contained in C(pj, S) which in turn is contained in C(py, S). It follows that
C(pi, S) is contained in C(pg, S) and thus p; — py. =

The orientation induced on G(S5, X) induces a partial order P(X, <) on X.
P(X, <) will be called a ray shooting order. If in addition we want to specify
that a ray shooting order P(X, <) arises from a specific convex set S, we will
call P(X, <) an S-shooting order. A natural question arises.

Is it true that for every ordered set P(Y, <) is a ray-shooting order?
That is, is it true that for every ordered set P(Y, <) there is a convex
set S and a point set X such that P(Y, <) is isomorphic to the ray
shooting order generated by X and S?7 Can we characterize ray-
shooting orders?

Our main objective is now to show that there are ordered sets that are not
ray-shooting orders regardless of the choice of 5. We will also give a partial
characterization of ray-shooting orders in terms of “geometric containment”
orders. To answer these questions, we need to recall some results on geometric
containment and ordered sets.

Let H = {Ti,..., T} be family of plane convex sets. A containment order
P(H,<) on H can be defined in which S; < S; if and only if S; is a subset of
Sj. In the case that all the elements of H are circles, L.e. circles together with
their interiors, P(H, <) is called a circle order [29]. When the elements of H are
polygons with n vertices, P(H, <) is called an n-gon order. When in addition
the elements of H are regular n-gons with the same orientation, P(H, <) is
called a regular n-gon order [28].

Given a convex set S and a family F = {S1,..., S} of convex sets homo-
thetic to S, the containment order P(F, <) arising from F will be called an
S-order, e.g. if S is a circle, P(F, <) is a circle-order.
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Figure 14:

A family H = {T1, ..., T} of convex sets is called normal if the intersection
of all the elements of H is non-empty.

Lemma 5.2 Let P(H,<) be a containment order of a normal family H =
{Ty,..., T} of convezx sets such that the boundaries of every two elements T;
and Tj intersect at most k times, then the crossing number of P(H,<) is at
most k.

ProoF To prove our result, all we need to do is to produce a function diagram
for P(H,<) in which every pair of functions intersects at most k times. Since
H is normal, there is a point p in the interior of all T;,i = 1,...,n. Using what
in topology is known as surgery, cut the plane along a ray emanating from P
(that does not go through any point in the intersection of the boundaries of
any two S;,S;) and map the two sides of the cut line to the lines » = 0 and
1 of the plane, the upper cut to # = 1 and the lower to x = 0. It is easy to
see (e.g. using polar coordinates) that this can be done in such a way that the
boundary of each S; is mapped to a continuous function from [0, 1] to the reals
and that intersection points of boundaries are mapped to intersection points of
corresponding functions. The result now follows (see Figure 14). =
We now prove the following result:

Theorem 5.2 Let S be a convez set and P(X, <) an S-order. Then the cross-
ing number of P(X, <) is al most 2.

Some terminology and basic geometric results will be needed before we prove
our result. Let S be a plane convex set of R? and F = {S1,...,S,} be a family
of convex sets homothetic to S. Let C(S) be the cone containing all the rays
joining the point (0,0,2) to points in S. The point (0,0,2) will be called the
apex of C(S). It is easy to see that every S; € F is the intersection of the plane
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(0,0,2)

Vs

Figure 15: 5,.5; are homothetic and contained in the plane z = 0,

z = 0 with a translate C;(S) = {q = p+vi;p € C(S)} by a vector v;, 2 = 1,...

The point a; = (0,0,2) 4+ v; will be called the apex of C;(S),i =1,...,n.
Let H,, be the plane z = —m of R?, m a positive integer. Let us now define

Fm = {Sim = Ci(S)NHy,i=1,...,n}. The following lemma is straightforward.

ST

Lemma 5.3 The containment order induced by Fp, is the same as that of F.
Moreover if m is large enough, then F,, is a normal family of sets, i.e. the
intersection of all sets of Fy, 1s non emply. |

ProoF of Theorem 5.2. Let F = {S1,...,S,} be a family of convex sets on the
plane homothetic to a convex set S and let P(F, <) be the containment order set
generated by F. By Lemma 5.3, there is an m such that F, = {Sim, ..., Sum}
is a normal family of convex sets homothetic to S such that F,, has the same
containment order as F'.

But now by Lemma 5.2, and the fact that the boundaries of any two of the
homothetic convex sets intersect at most twice, the crossing number of P(F, <)
is at most 2. This completes the proof of Theorem 5.2. B

Theorem 5.3 Not every comparability graph is a 3-ray-shooting graph.
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PRrOOF It is proved in [29] that for every n there are orders of dimension n and

crossing number n — 1. Since the crossing number of ray shooting orders is at

most two, our result now follows. |
We finish this section by proving the following result.

Theorem 5.4 An ordered set P(Y,<) is an S-shooting order if and only if
P(Y,<) is an S-ordered sei.

Some extra results will be needed to prove Theorem 5.4. Given C(S) let
D(S) be the set of directions of the rays contained in C(S) emanating from
the apex (0,0,2) of C(S), that is the set of unit vectors w; of IR? such that
(0,0,2) + u; belongs to C(S). D(S) is a compact subset of the unit sphere in
R>.

C'onsider a convex set S’ contained in the plane z = 0 homothetic to S and
containing all the elements of F. Let C’(S) be a translate of C(.5) such that
C'(S) 0 Hy = §'. Since S’ contains all the elements of F, 5, = Hm, N C'(S)
contains all the elements of F,,. The next lemma is easy to prove.

Lemma 5.4 For every € > 0, there is an mq such that if m > mg and ¢ € S},
then the unit vector u determined by the ray from the apex a; of Ci(S) to q
belongs to the set of directions D(S) of C(S) or is at distance at most ¢ from
D(S),i=1,...,n. B

PROOF of Theorem 5.4. We prove first that S-shooting orders are S-containment
orders. Let X be a collection of points with z coordinate greater than 0 and
let P(X,<) be the S-shooting order generated by S and X. Assume without
loss of generality that all the elements of X have z-coordinate greater than 2.
Each point p; of X together with S defines a truncated cone C(p;; S) containing
all line segments joining p; to points in S. Consider the plane z = 1. Each
truncated cone C(p;, S) intersects the plane z = 1in a convex set (; homothetic
to S. Moreover if an element p; is smaller than p; in P(X, <) then C(p;,S) is
contained in C(pj,S) and then Q; is contained in @;. It now follows that
P(X,<) is an S-order.

Conversely, let P(F, <) be an S-containment order and F' = {S1,.. ., Sp}a
family of n convex sets homothetic to S that generates P(F,<). For every S
of F let C;(S) be the cone defined in the proof of Theorem 5.3. As in Theorem
5.3 let S; m = Ci(S) N Hyp and let S, = Hp N C'(S).

Notice that if two sets S; and S; of F are such that S; is contained in .S
then the line joining the apex a; of Ci(S) to the apex a; of C;(S) intersects
§’ . Suppose then that S; is not contained in S; and Sj is not contained in S;.
Assume without loss of generality that the z-coordinate of a; is greater than
that of a;. We proceed now to prove that if m is large enough, then the line
joining a; to a; does not intersect S; . To prove this, it is equivalent to prove
that the ray emanating at a; through a; does not intersect S; . To prove this
we notice that since S; is not contained in S; and S; is not contained in S; the
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Figure 16: L is the order ps < p; < p»

direction d; ; determined by the ray from a; to a; does not belong to D(S). Let
e;; > 0 be the distance from d; j to D(S) and let

€ = min{eiyj : Si g Sj & S] @ Si}.

Then by Lemma 5.4 there is an mg such that if m > mg then the direction
joining any a; to any point of S5 ,, is at distance at most ¢ from D(S). Then if
S5; 1s not contained in S; and S; is not countained in S; the line joining a; to a;
cannot, intersect S ., and the direction of its distance to D(S) is greater than
or equal to ¢ which is a contradiction. B

We conclude by proving that recognizing triangle-shooting graphs is equiv-
alent to recognizing orders of dimension 3, which is NP-hard [33].

Theorem 5.5 An ordered set P(X, <) is a triangle-shooting order if and only
if the dimension of P(X, <) is at most 3.

PROOF Let T be a triangle contained in the plane z = 0 of IE® with edges
€1, €, €3, and as usual, X a set of n points in IE> with z-coordinate greater than
0. Let P(T, <) be the ray shooting order generated by 7"and X. For every point
pi of X consider the triangles T; ; defined by ¢; and p;,i=1,...,n,7 =123
Foreach k = 1,2,3 we can define a linear order Ly on X in which a point p; is
smaller than p; if when we rotate T along e in the upward direction, we meet
pi before we meet p;. It is easy to see that P(X,<) = Ly N Ly N L3 (see Figure
16).

Conversely, let P(Y, <) be an ordered set of dimension at most 3 and three
linear extensions Ly, La, Lz of P(Y, <) such that P(Y,<)=L; N L2N L3. Con-
sider a point ¢ in the interior of T and the perpendicular L to T through ¢.
Choose n points ¢; in general position “around” L with z-coordinate equal

to 4,7 = 1,...,n. For k = 1,2,3 let H;; be the plane containing ¢; and
g,k = 1,2,3;1 = 1,...,n. For every y € Y let r(k,y) be the rank or po-
sition of ¥ in L,k = 1,2,3. It 1s now easy to see that the set of points
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X = {Hrrap) VHerey) VN Hersy) 1 ¥ € Y} is such that the ray shooting
order induced by T and X is isomorphic to P(Y, <). =

6 Conclusion

In this paper we focused on geometric and graph-theoretic applications of the
paradigm “killing two birds with one stone”. There are several interesting open
problems suggested by our investigations. More efficient matching algorithms
for comparability graphs seem to be posiible and are currently under investiga-
tion. The notion of stage number, as a graph theoretic parameter, seems to be
interesting in its own right. This suggests, the search for tighter (constructive
or not) upper and lower bounds on the stage number of an arbitrary graph, as
well as determining the complexity of the recognition problem G € Gy, both for
fixed as well variable k.
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