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1. INTRODUCTION

In parallel with the analysis of asymptotically faet methods, the
research on Boolean matrix multiplication has also focused on the
determination of tefficient' bounds; that is, finding non-optimal but
practical algorithms that outperform the asymptotic algorithms for a
bounded matrix size or for special classes of matrices. Example of these
results are the .O(NZ) algorithms for multiplying N x N sparse or dense
Eoolean pmatrices [2], and the O(N3/log N) algorithm for multiplying
arbitrary N x N Boolean matrices {1]. The latter algorithm, known as the
mFour Russians' Method", unfortunately requiree O(N3/log N) additional
bits to store the 0(N/log N) sets, each containing N rows of N bits

each.

In this paper, a nev algorithm for Boolean matrix multiplication is
presented; this algorithm is based on some properties of the product
matrix, and it is shown to require O(N3/log N) bit operations (thus,
achieving the Four‘Russian' bound) but only o(N log N) bits of additional
storage.

The paper is‘organized as follows. Inm the next section, some
properties of the product matrix aré discussed; based on these properties,
in Section 3, an algorithm is presented which multiplies a px N matrix
bya NxN matrix in O(NZ) bit operations using O(N log N) bits of
additional storage where P 5,[1052N]; fipally, in Section 4, this
algorithm is employed_to obtain the eclaimed result. In the following, all
logarithms are in base two and (p,Q,R) denotes the problems of

multiplying 2 PxQ bya QxR Boolean matrix.
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2. PROPERTIES OF THE PRODUCT MATRIX
Consider the product C = A xB where A
matrix, p < [log N], and B is a N x N Boolean matrix.
Consider the sets
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Example 1 Consider the matrix
01100101
A= 01111000
11001001
In this case, the sets Z; ts are as follows
z‘z =z {1,..048} 3
1 _ 1 _ .
Zl - {2’3,6,8} 1] zz - {l,u’5’7} ?
22 = 12,3}, z2 = 16,8} , 22 = (4,5} , 22 = {1,T} ;
Zi={2}y232={3},Zg={8}yzi={6}az
73 = {1}, 23 = {1} .
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Let fi= {1,2,...,N} ~{L,2,...,N} (0 <

el(x) = k iff x€ zi
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be the mapping
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A bijection m:{l1,2,...,8} > {1,2,...,N} 1is said to be
j—canonical (0< 1 < p) if for all X,¥ € {1,2,...,N}

gy < ool if £r@) < R (3)
Obviously, the identity function < is O0-canonical.
Given a bijection m: {1,...,N} ~ {1,...,8} , let

pli,k] = r7Rx) @ xezl)

P [i,k] = min {a ¢ wli,k1}

max {a e n[i,k]1}.

h [i,k]
™

Lemma 1 Let be i-canonical. Then, for all non-empty Zi (1 <k 5_21)

zi = {a(2 (1,61}, (2 [1,k] + 1) 4eees n(n [1,kD}

Proof. By definition of j-canonical mapping, each xE€ zi is such that
n’l(w) < w’l(x) < ﬂ’l(z) for all wEZi: , zszix._where k' <k <k".
nMi,k] is a sequence of consecutive integers. By definition of

Hence,

: zﬁ[i,k] and hw[i,k] , and since T is a bijection the Lemma follows. [ ]

The sets Zi; may conveniently be imagined as lying in a binary tree,

7+l and 741 as left and right children. The 1-th

jevel of the tree then consists of the sets zi (k = 1,2"",21) which form

each Zi having

a partigicn (possibly with some empty parts) of {1,2,...4N}; the function
fi is the characteristic function of the partition. If the nodes at the

i=-th level, Zi, Zé yeesy are sets of size mi,_mg gessy AN ji-canonical
bijection is one that maps the first mi positive integers onto Zi, the

next mi integers onto Z;, and so on.

In the case of the example above, we have the tree



{112,;,u15,6,7,8}
/«/

4} 1y {7

Given an i-canonical bijection Ty, consider the following construction
Construction 2.1

1. For all k(1 <k <2, if zi#d

a) Partition n{i,k] into two sets P%( and Q{; such that

plz fac wii,k] : AL+ 1, ()] = 1} and
o = fac wlL,Kl : ALL+ 1, m;(a)] = 0}

b) Define ¥ @ n{i,k] » n[i,k] to be a bijection such that for
all a ePi , be Qi wk(a)< wk(b) .
2. Define mj,.1° {1,2,000y N} > {1,25000y N} to be the bijection
defined by
el (x) = (ni(x)) igf wix) e mliyk]
i+l L3 i i
Example 2
It is easy to verify that the bijection Ts defined as follows
1>2,2~+3,3~>6, 4 -8, 5 >4, 6 +5, T ~+1, 8 »~17
is 2-canonical for the matrix of Example 1. The sets nz[i,k] are as

follows w[2,11 = {1,2}, n[2,2] = {3,4}, x[2,3]1 = (5,61, xl2,41 = {7,8};



the partitions Pi, Qi obtained by applying Construction 2.1 are

kK "k
2 . 2 . 2 . 2 . . _
P2 = (1), B = (4, Bf = (6}, B = (T} -
2 _ 2 . 2 _ 2 _ .
Q2 = {2}, @2 = (3}, &§ = (5}, Qf = (8] ;

and the bijections wk are
by 11, 2725 Uik >3, 3 >4 g »6 >5,5 ~6 w7 T, 8 ~8
The bijection ﬁ3 obtained by step 2 of Construction 2.1 is then

My 1 +2,2+3,3>8, 4~>6,5>5,6>4 71, 8 +~T.

Lemma 2 Let m; be i-canonical, and let m;, , be the bijection obtained

by Constructicn 2.1. Then, T; , 1s (i+l)=-canonical.

Proof. It is not difficult to see that if m is i-canonical, then mj.g
. . ‘ ' =1 -1 :
is i-canonical. Hence, it sufficies to prove that. Titl (x) < ni+l(y) if
eitlix) < £i*l(y). Let x ¢ Ziﬁl , VE Ziﬁl with k' < k" Two cases may
arise. Casel (k's= k"=l = 2k=-1). In this case, ‘W{l (x) ¢ Pi and n;l (y),eQi;
-1 -1 -1 -1
£ . = X = ( )w
by Step 1(b) of Construction 3.1 wi+l(x) e (wi (%)) < (ni (y)) L Y“
Case 2. Let o' =[k'/2] and c" = [k"/2], obviously o' < e". By definition (1)},

xezi. and yezi" ; since my . is j~canonical, then “Zil (x) < n{fi (n.[ 1

Let 4)51; (j) be the Boolean function (l<i<p, ks 25‘, 1< i)

v. Blx, il ie zt 79
xEZl
k .
1osy o . y
¢k(a> (1)
0 otherwise

where V denotes the Boolean OR.



Lemma 3 Let ™ be p-canonical. Then
~

hﬂ[p,k] p
v B[m(s), il if zk #0
0P (3) = s = L lp.kl

0 otherwise

Proof. By Lemma 1.

Lemma & For 1< 1 <P, 1<ke2t, 13N

o1 (5 = 65T () Ve ()

2k~1
i _ i+l i+l
Proof. By observing that Zk = ZZkrl\) ZZk . 1]
21"‘1
Theorem 1 C[i,31 =14iff 7V ¢12r_l<j)=1<1<_is_p,1<_js_m
r=1

proof. By (1), it follows that A[igf] =1 iff pefl,...,2¥ s et

2r-1 °

Then, by (%) it follows that
c(i,3] =1 iff 1 eedl,...oN ¢ Afi,2] = B ,31 = 1 ifL

1re{l,e.,2i 1, 2e{1,00 N rezb,_q A BlL, 31 = 1 4fF

1refl,...,2y . vy Blx3l=1 I
xeZ
2r-1

] refl,...,25 of (5 =1 if
2r-1
21"1

vooeday (B
r=1

"
-



3. AN ALGORITEM FOR (p,N,N) WITH p < flog N

Theorem 1 shows that to compute the entries of the j=-th column of the
product matrix C = A xB it is sufficient to compute the OR ‘of the
Boolean functions $i{jﬁs over the appropriate indices. Lemma 4 gives a
method for computing the ¢§(jrs once the ¢if1(ij have been computed;
Lemma 3 shows how to compute the starting values ¢i(jﬁs once a p-canonical
bijection m and the values hw[p,k]’s and 2“[p,k]'s are known.
Finally, Construction 2.1 provides a method for determining a (i + l)-canonical
bijection once a j-canonical bijection is known. Observe that, by Lemma 1,
each set ni[i,k] is uniquely defined by the values Q“Fi,k] and

1

hn[i,k} (1_<_k_521) .
i

The above considerations lead to the following algorithm for computing the
product C = A x B.
Algorithm 3.1
Step 1. (Computation of a p-canonical bijection: Initialization)

Set T, to be the identity function on {1,...,N}; set & [0,1]: = 1,

h_ {o,11: = N, i: = 1. °

Q
Step 2. (Computation of 2 p-canonical bijection: Iteration)
a) Compute an i-canonical bijection T from T;_1 using
Construction 2.1. (Note: the set ﬂi[i-l,k] is

uniquely defined by the values

% [i-l1,k] and h [1-1,k], 1 < k < 2¥°1);
T, .
i=-1 i-1

b) Compute the values 2“ [1,k] and b [i,k] (1 £k 3_21);
i i ’

¢) Set i:=1i +1; if 1=<p, repeat Step 2.

10



Step 3. (Computation of product matrix: Initialization)
Set j: =1
Step 4. (Computation of i-th column of product matrix: Initialization)
a) Set i: = P;
b) Compute ¢ P(3) (1L 2Kk = >P) using Lemma 3.
Step 5. (Computation of j=th column of preduct matrix: Iteration)
a) Compute C[i,j] using Theorem 1;
b) Compute rbi"l(j) (L <k < 2i-1y  ysing Lemma 4;
c) Set i: = i-13 if i > 1, repeat this step.
Step 6. (Computation of product matrix: Iteration)

Set j: = j+l; if j < ¥, goto Step L,

Theorem 2 Algorithm 3.1 correctly computes the product C = A X B within finite time.

Proof. Finiteness is obvious. Correctness follows from Theorem 1 and Lemmas 2-4.[ ]

Lemma 5 Given an j-canonical bijection 7, and the values X [i,k] and
: i
hﬂ'(i,k] for each non empty Zlic (1< k< 21), an (i+l)=-canonical bijection
1

can be computed by Construction 2.1 using O(N log N) bit operations.

Proof: Each non-empty w{i, k] 1is composed (see Lemma 1) of the consecutive
integers between 1 {i,k] and D {i,k]. To construct L and Qi, it is
T4 el k k

sufficient to test each entry A[i + l,wi(x)] (2TT [i,k]< x<hy [i,k]); if the
i i

O

entry is zero, then x is added to Qt; otherwise, it is added to Pﬁ. Note

that since x < h_ [1,k] SN, the addition of x to either P. or ol would
i .

require 'log N1 bit operations. Hence, the construction of Pi and Qf;

requires a total of \wi[i,k] |(Tlog NV + 1) bit operations; since ¢y can be

11



constructed by simply examining the sets P& and Q& (in that order), and
assigning consecutive integers between 1 [i,k] and hTr [i,k], an additional
i i

ini[i,kjlflog N1 bit operations suffice. Assuming that testing on whether
ni[i,k] is empty can be done in Tlog N1 bit operations (note: this can be
obviously achieved by setting 2_ [1,k] = hTT (i,k] = 0 for empty m;[i,k]), the

i i
execution of Step 2 requires at most
i

2

T !wi[i,k]l(z Flog N1 + 1) + llog N1 bit operations. Since the ﬁi[i,k]'s

k=1

are all disjoint and g viii,k] = {1,...,N}, then O(N log N) bit operations

are required in total by Step 1. Step 2 can be obviously performed in an

additional O(N log N) bit operations; hence, the Lemma holds. [ |

Lemma 6 The total execution of Step 2 of Algorithm 3.1 requires 0(p N log N)

bit operations.

Proof: By Lemma 5, the i-th iteration of Step 2(a) requires O(N log N) bit
operations. Since the values lwi[i,k] and hﬂiFi,k] (in Step 2(b)) can be
computed from the sets Pi’l and Qé’l in lﬂi_l[i-l,kll log N bit
operations, and since i 'ﬂi_l[i-l,kll = N it follows that the i-th iteration
of Step 2(b) requires O(N log N) bit operaiions. Since Step 2(a) 'and 2(b)

are performed P times, the Lemma holds. [ 1

Lemma 7 For a given J, 1 <3 <N, the total execution of Step 5 of Algorithm

3.1 requires O(N) bit operations.

12



Proof: The i-th execution of Step 5(a) (for a fixed j) requires at most 25"1-1

pit operations (see Theorem 1); Step 5(b) requires Zi'l bit operations, one

for each qal l(3) (see Lemma 4). Since Steps 5(a) and 5(b) are executed for

P . .
1e{0yeeesDP}s L (2i-1-1 + oi-1y = oP+l_po1 = O(N) Dbit operations are required

i=0

in total. [ ]

Theorem 3 Algorithm 3.1 computes the product. C = A x B using at most O(NZ)

bit operations.

Proof: By Lemmas 6 and T, and by observing that each execution of Step 4
requires o(N) bit operations (see Lemma 4), and that Steps 4 anc} 5 are

executed N times while Step 2-is executed only once. {1

Algorithm 2.1 can be implemented soO to employ only 0(N log N) Dbits of
additional storage. The basic ideas of this implementation are the following.

An i-canonical bijection Ty can be obviously stored in an integer array
of N elements, where the Jj-th entr‘ﬁ’ ;contains Tri(j). Since ﬁi+1(j) is
constructed only afterwards, the storage area for Wi(j) can be reused for
“i+l(j)‘ Since P v Q".L < {1/...,N} and Pk n Qi = ¢, each of the auxiliary
sets Pi and Qi can obviously be stored in. an integer array of N elements;

k

furthermore, the same storage area can be used to store Pk+l and Qk+l once

13



Uy has been computed. Since the mapping wk is 6nly a 'fragment' of LY
(see Step 2 of Construction 2.1), it is implicitly contained in Tiele To store

all values & [i,k] and h_ [i,k], two integer arrays of size 2N each
i i

suffice (recall, there are 2p"’l-l X 2 N=1 possible 2's, and the same number

of h's). Since all these integers are in {1,...,N}, O(N log N) bits of

additional storage in total suffice to implement Steps 1 and 2 of Algorithm 2.1.
For a fixed Jj, 1 < j <N, all the 2P*+1.1 values ¢i(j)'s

can be stored in a Boolean array of 2N elements (recall, 2P+l < 2N=1);

the same array can obviously be employed for successive j's. Hence, O(N)

bits of additional storage in total are sufficient to implement the remaining

Steps 3-6 of Algorithm 2.1. Therefore

Theorem 4 Algorithm 2.1 can be implemented so to use at most O(N log N) bits

of additional space.

3. AN ALGORITHM FOR (N,N,N)
Consider now the product of two N x N Boolean matrices, A and B. Let

m = tlog Nj. and = TN/ml. Partition matrix A into matrices Al’Az"“'Ak’
where matrix A; (1 <i <k) consists of rows m(i-1) + 1,...,mi of A, and Ay
consists of the remaining rows. The product Ci = Ai xB(1<4i <k) isa mxN
matrix which consists of the rows m(i-1l) + 1l,...,mi of the product matrix
C =Ax B; Ck = Ap x B consists of the rema:fning rows. Therefore, to compute

. C, it sufficies to compute the products Ai x B (1 < i< k) -using the matrix
multiplication algorithm proposed in Section 2, Since m = Llog N], the
computation of each product will take O(Nz) bit operations; hence 0(N3/10g N)

bit operations will be performed in total. The additional storage required when

multiplying Ai x B can obviously be employed in the computation of Ay ¥ B3



hence, by Thegrem 4, O(N log N) bits of additional storage suffice to compute

the product matrix C.

4, CONCLUSIONS

A new algorithm for computing the product of two arbitrary N x N Boolean
matrices has been presented. It has been shown that the proposed algorithm
requires 0(N3/10g N) bit operations (thus, achieving the Four Russians' bound)
but only O(N log N) bits of additional storage. It should be pointed out that
unlike the Four Russians' Method, the proposed algorithm cannot be directly

executed on a vector computer.
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