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Abstract

We consider learning automata which update their action probabilities on the
basis of the responses they get from a random environment. The automata update the
probabilities whether the environment responds with a reward or a penalty. Learning
automata are said to be ergodic if the distribution of the limiting action probability
vector is independent of the initial distribution.

In this paper, we present an ergodic scheme which can take into
consideration apriori information _about the action probabilities. This is the only
reported scheme in the literature capable of achieving this. The mean and the variance
of the limiting distribution of the automaton is derived, and it is shown that the mean is
not independent of the apriori information. Further, it is shown that the expressions for
the above quantities are general cases of the corresponding quantities derived for the
familiar Lyp scheme. Finally, it is shown that by constantly updating the parameter
~ quantifying the apriori information, a resultant linear scheme can be obtained. This
scheme .is indeed counter-intuitive, for it shown to be of a Reward-Reward flavour
and is yet absolutely expedient. This demonstrates that Absolutely Expedient schemes
have far more general properties that those known in the past [8].

* A preliminary version of some of these results will be presented as an invited paper at
the 1986 IEEE International Conference on Systems, Man and Cybernetics, Atlanta,
Georgia. Partially supported by the Natural Sciences and Engineering Research
Council of Canada.

T School of Computer Science, Carleton University, Ottawa, Canada K1S 5B6.
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[. Introduction

Learning automata have been extensively studied by researchers in the area
of adaptive learning and biological modelling [20, 21]. The intention is to design a
learning machine which interacts with an environment and which dynamically learns
the optimal action which the environment offers. The literature on learning automata is
extensive. We refer the reader to a review paper by Narendra and Thathachar [11] and
a recent excellent book by Lakishmivarahan [5] for a review of the various families of
learning automata. The latter reference aiso discusses in fair detail some of the
applications of learning automata which include game playing [7], pattern recognition
and hypothesis testing [11], priority assignment in a queueing system [9] and
telephone routing [12, 13]. Other applications not found in [5] include the computation
of optimal discriminant functions [19] and object partitioning [16].

The learning process of the automaton can be described as follows. Consider
Fig. I. The environment with which the automaton interacts offers the latter a finite set of
actions. The automaton is constrained to choose one of these actions. Once the action
is chosen, the automaton is penalized by the environment, the penalty probability
being dependent on the action chosen. A learning automaton is one which learns the
action with the minimum penalty probability and which ultimately chooses this "more
frequently” compared to the other actions.

Broadly speaking, learning automata can by classified into two categories:
fixed structure and variable structure automata. A fixed structure automaton is one
whose transition and output functions are time invariant. Examples of such automata
are the Tsetlin, Krylov and Krinsky automata [20, 21]. By far, most of the research in this
area has involved the second category, namely, Variable Structure Stochastic
Automata (VSSA). Automata in this category possess transition and output functions
which evolve as the learning process proceeds. It can be shown that a VSSA is
completely defined by a set of action probability updating functions [10, 11,23].

Learning automata can also be broadly classified in terms of their Markovian
representations. Generally speaking, learning automata are either ergodic [1-3, 5, 6,
11-15,17,18, 20] or possess absorbing barriers [5, 8, 11, 14]. Automata in the former
class converge with a distribution which is independent of the initial distribution of
the action probabilities. This feature is desirable when interacting with a nonstationary
environment - for the automaton does not "lock itself" into choosing any one action.
However, if the environment is stationary an automaton with an absorbing barrier is
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preferred. Various absolutely expedient schemes which ideally interact with such
environments have been proposed in the literature [5, 8, 10, 11]. Since we shall be
concentrating on ergodic schemes, we would refer the reader to some of the ingenious
schemes of this class especially due to Lakishmivarahan [5], Flerov [3], Tsypkin and
Poznyak [17, 22], El-Fatteh [1, 2] and Thathachar et al [15, 18]. More recently, we [14]
have proposed some ergodic schemes that update probabilities in a discretized
probability space and yet have excellent learning capabilities.

The most simple ergodic scheme known is probably the Linear
Reward-Penalty (Lgp) scheme. In this case the action probability decrements are
made linearly proportional to the probabilities themselves and are made irrespective of
the response of the environment. The limiting probability vector converges in
distribution, and the form of this distribution has been known only for the symmetric
version of the Lrp scheme which is a one-parameter probability updating algorithm.
The latter scheme is a special case of a variety of learning automata which were
shown to be ergodic in the mean [15, 18)]. In this case, the mean action probability
vector is the state probability of an ergodic Markov chain [15]. In [15], the general
problem of a two action scheme being EM was studied; necessary and sufficient
conditions were derived for the property to hold. These properties were later
generalized for the multi-action case in [18].

Although there is an extensive work done in the area of ergodic schemes,
there is one problem common to all : none of these schemes can take into
consideration the apriori information about the action probabilities. This is because, in
the case of all the ergodic automata known, the limiting distribution of the action
probability vector is indeed independent of the initial action probabilities themselves.

In this paper we present an ergodic scheme which overcomes this drawback.
We first present an analytical method for specifying the apriori information about the
actions, and prove that the resulting scheme is ergodic. Subsequently, it is shown that
whereas the mean of the limiting action probability distribution is independent of the
initial action probability vector, the mean of this distribution is not independent of the
apriori information. The scheme is also shown to be ergodic in the mean. Expressions
for the mean and the variance of the limiting distribution are derived and it is shown
that these are general cases of the well known Linear Reward-Penalty Scheme.
Experimental results involving this learning automaton are also presented.

Finally, it is shown that by constantly updating the parameter describing the
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apriori information, a resultant linear scheme can be obtained. The latter scheme
completely baffles the theory of adaptive learning for it is of a Reward-Reward
flavour and is simultaneously Absolutely Expedient. More than a decade ago,
Lakshmivarahan and Thathachar [8] derived necessary and sufficient conditions for
schemes to be absolutely expedient. The new learning automaton introduced in this
paper does not satisfy their conditions and is yet absolutely expedient. This
demonstrates that Absolutely Expedient schemes have far more general properties
than those which have been known in the past. As opposed to what was believed
earlier, we show that absolutely expedient schemes need not merely be of a
Reward-Penalty nature. Indeed, by making the automaton systematically increase the
probability of an action chosen even when it is penalized, the designer can obtain
absolute expédient characteristics. This is completely counter-intuitive.

The organization of the paper is as follows. We first introduce the terminology
used in the literature and explain the Linear Reward-Penalty (Lgrp) automaton. We
then present the scheme which incorporates the apriori information and derive its
asymptotic properties. We also prove some fundamental theorems regarding the rate
of convergence of the scheme and of the limiting action probabilities. We shall then
present a linear Reward-Reward automaton which is absolutely expedient. We shall
also show why this does not satisfy the conditions [8] "required” for absolute
expediency and shall thus illustrate that the class of absolute expedient automata is far
more general than has been believed. We finally present simulation results of some of
the automata we have introduced.

I. 1 Fundamentals

The automaton considered in this paper (Fig. 1) selects an action a(n) at each
instant 'n' from a finite action set {a; | i = 1 to R}. The selection is done on the basis of a
probability distribution p(n), an R x 1 vector, where, p =[pq, P2: .- pR]T, and,

pi(n) = Pr{a(n) = &j], with

Ti<i<r PN =1 for all n. (1)

The selected action serves as the input to the environment which gives out a

respense b(n) at time 'n". b(n) is an element of B = {0, 1}. The response '1' is said to be
a 'penalty'. The environment penalizes the automaton with the penalty ¢;, where,
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Ci‘ = Prb(n) = 1] a(n) = a] (i=1toR). (2)

Thus the environment characteristics ar= specified by the set of penalty
probabilities {cj} (i = 1 to R). On the basis of the response b(n), the action probability
vector p(n) is updated and a new action is chosen 22 (n+1).

The {cj} are unknown initially and it is desired that as a result of interaction
with the environment the automaton arrives at the action which evokes the minimum
penalty response in an expected sense. It may be ncted that if

cL = min (c;) (3)
this is attained when p|_ =1 and pj=0foralli=L.

The average penalty received at the nil' time instant is

M(n) =Z1<i<p Pj(N) G

With no apriori information, the automaten chooses the actions with equal
probability. The expected penalty is thus initially Mp.

Mo=21<i<r Pi(O)g
=1/R [E1S1$R Ci ] (since p; {0) = 1/R).

An automaton is said to learn expediently if, as time tends towards infinity,
the expected penalty is less than Mp. The automatsn is absolutely expedient if
E [M{n+1} | p(n)] < M(n). Note that in this case M{(n) is a supermartingale [8].

It is e-optimal if for any arbitrary £ > 0, in ihe limit, E[M(n)] < cpip + €,
where cmjp = min{cj}. This can be achieved by a suitable choice of some parameter of
the automaton. Thus the limiting value of E[M(n)] can by as close to Cmin as desired.

Throughout this paper, we shall be considering 2-action automata, i.e., with

R=2. The properties of the analogous R-acticn schemes are currently being
investigated.
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L. 2 The Lgyy Scheme

The two-action Linear Reward-Penalty (Lgp) scheme, which is a probability
updating algorithm having two parameters a, b < 1, is given below fori,j=1,2 ;i #].

pj(n+1) = bp;(n) if a(n) = and b(n)=0
= (1 - b) + bpj(n) if a(n) = al andb(n)=0
= apj(n) " ifa(n)=a;and b(n) = 1
=(1-a) +apj(n) if a(n) = and b(n) =1

To simplify the notation, unless explicitly stated we use p; to refer to the
probability p;(n). In this form of ;he Lgp scheme, E[pj(n+1) | p;] has the expression :

Elpi(n+1) | pil = pi? (a-b)(ci-¢j) + pif1-ci(1-b)- cj(1+b-22)} + ¢j(1-a)
wherei,j=1,2andi=].

Observe that E[p,k(n+1)] is dependent on E[p;f(n+1)] for some r 2 k for all k >
1. Because of this the form of the limiting distribution of the general Lgp scheme is
unknown. However, if b = a, the term containing p,2 disappears from the above
expression and renders it ergodic in the mean [18]. Using distance diminishing
operators [5] it can be shown that when b = a the limiting distribution of p; is normal
with the following mean and variance :

E [pi(=) 1=¢j/ (6 +¢)) Lj=1,2;0%]
cq ¢ (1-a)

Var [ pj(e)] = (4)
(cq + 02)2 [(1-a) + 2a(cq + Co)]

We refer to the symmetric Lgp scheme with b = a as the Lgpy scheme (for
Linear scheme possessing Ergodicity of the Mean). A two parameter EM scheme
whose properties are superior to those of the L)y scheme has also been discovered

[18].
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Il. Learning With Apriori Information

The general property common to all of the ergodic learning schemes is that
the final distribution of the action probability vector is independent of the initial action
probabilities. Though this is advantageous in that the automaton does not get locked
into an action, the main drawback of all these schemes is that there is no way of using
apriori information in the learning process. This is not true of the class of absorbing
schemes [5], for in those schemes, the apriori érobabilities can be represented in terms
of the initial action probabilities. Indeed, for these schemes, Ii(p), the limiting action
probability of choosing a; is dependent on the initial probability vector, p.

Our intention here is to devise a scheme which is ergodic and which
simultaneously can incorporafe the apriori information the designer has about the
environment. Before we proceed to present the scheme, we shall consider a basic
question : How does using apriori information differ from continuously using the
responses of the environment to the automaton?

Consider the scenario in which an absorbing learning automaton interacts
with the environment for numerous experiments. In each experiment, let us suppose
the initial probability vectoris p(0) =[0.5, O.S]T, Thus, [5, 10], the expected probability
of converging to action a4 is well defined as I'q [p(0)]. This means that in any particular
experimént, the automaton will converge to ap with probability 'y [p(0)], which is 1 - I'y
[p(0)]. Let us consider the scenario that after a large number of experiments the
automaton has converged in a4 60% of the time and in a5 40% of the time. Thus, this
itself yields apriori information about the environment before the next experiment is
conducted. In other words, it could be advantageous to run the next experiment with
another initial probability vector other than [0.5, O.S]T. For example, a possible starting
action probability vector would be [0.6, 0.4]T. Observe that this "pre-biasing" of the
automaton's choice of a4 will iead to a higher chance of converging to a4, and also to
a faster convergence.

It is easy to see that such a scheme can be implemented with an absorbing
automaton. However, for any of the known ergodic schemes, such a strategy would be
impossible because E[pj(«)] will indeed be independent of the initial action probability
vector. This is exactly where we shall make our first contribution.

The scheme which we introduce shall be called the Apriori Linear
Reward-Penalty (ALgp) scheme. The automaton operates as follows for i, j = 1, 2,
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i # j. Whenever an action a; is chosen and rewarded, the probability pj is decremented
linearly to ap;, and hence, the probability p; is correspondingly incremented. This, of
course, is identical to the way the Lgp automaton operates. However, on choosing a;
and being penalized, the automaton updates pj to ap; + qj, where qj is a constant
and it reflects the apriori information about action a. Correspondingly, pj gets updated
to maintain the vector p as a probability vector. ’

Formally, the scheme is given below for hj=1,2;i#]. Let0O<a< 1. Then,

pj(n+1) = ap; if a(n) = a andb(n)=0
=1- ap; ifa(n)=g;andb(n)=0
=apj +q; if a(n) = a and b(n) =1
=1- ap; - qj ifa(n)=a;and b(n) = 1 (5)

Observe that the scheme always increments the action probability if the action
is rewarded. However, it does not necessarily decrement the action probability on
being penalized. Observe too that the scheme reduces to the Lepm scheme ifqq =qo =
1 - a. We shall now consider how to specify q; and gj so as to incorporate the apriori
knowledge of the actions.

Consider the case when Y is chosen and penalized. In this case, p; is
updated to have the value ap; + g;. Thus, g; must be less than 1 - a to ensure that
pi(n+1) is always a probability. Similarly, Qj must be less than 1-a. In our strategy, q;
and qj are appropriately chosen so that their ratio is equal to the ratio of the apriori
action probabilities x; and X Explicitly, we require that, if {x;} is the set of apriori
probabilities, '

G/ gj= X/ X, | and,
0<q;,qj< 1-a. (6)
We shall now prove some limiting properties of the ALgp scheme.
To simplify the notation, we shall consider the probability p1(n). Similar expressions

can easily be obtained for po(n).

Theorem |
The ALgp automaton is Ergodic in the mean.
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Proof : It is required to prove that the following vector equation holds:
E[p()] = MT E[p(n)]

where, M is a stochastic matrix with no absorbing barriers. Observe that by virtue of (5),
p4(n+1) has the following distribution :

pi(n+1) = apq with probability po(1-co)
=1-aps with probability p{(1-c4)
=apq + qq with probability po co
=1-aps-Qqo with probability p4 ¢4

Thus, E [pq (n+1) | p] = ap1pa(1-co) + (1-app) p1 (1-cq)
+ (ap1+q1)9202 + (1-apo-qo)p1Cq.

Quite amazingly, all the quadratic terms in p12, p{po and p22 cancel.
Thus, E[py(n+1) | p] = (1-ax¢1) p1 + (q1C2) P2
Taking expectations again we get,
 E[py(n+1)]=(1 - 1) E[p1(n) ] + (d12) E[ pa(n) ] (7)
Similarly, if we computed E [ po(n+1) ] we would obtain,
~Epa(n+1)]=(acq) E[p1(n) ] + (1 -q1cp) E[pa(n) ] (8)
Combining (7) and (8) we get the matrix equation :

E[p(n+1)]=MT E[p(n)], where,
1-q2Cy d2¢;
M = [ ] (9)
qiC2 1-qiC2
Clearly M is a stochastic matrix which has no absorbing barriers if 0 < g4, qo < 1.

Hence the theorem!
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‘We now prove that the limiting value of E [ p1(n) ], though independent of the
initial value of p(0), is not independent of the value of apriori probabilities specified in
terms of g4 and go.

Theorem Il

For the ALgp scheme, the limiting value of E [ p(e) ] is independent of the
initial value of p(0) but not independent of thé quantities {q;} specifying the apriori
information.

Proof : From Theorem |, we know that the expected probability vector obeys the
following stochastic equation :

E[p(n+1)]=MTE[p(n)]
whe'ré M is given by (9).
From the elementary theory of Markov chains, [4], we know that the limiting value of
E [ p(n) ] is obtained by solving :

E[p(e=)]=MT E[p(e) ] (10)
Expanding (10) for E [ py (e} ] we obtain, |

E[pqle)]=(1-0a2c1) E[pq{e) ]+ (a1c2) E[ pale)].
Since E [ pp(es)] = 1 - E [ py()], we have,

E[pq(e=) I =(1 - aocq) E[py(e)] +(q1C2) (1 - E[py(=)]).

Simplifying, we o_btain, E[pyl(e) 1 =q4co/(q4Co +qpCq)

Clearly E [ p1(<)] is independent of p(0). But, it is not independent of {g;}. Hence the
theorem! '

Remarks

1. Observe that E [ p4(e=) ] can be equivalently written as :
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Q1/C1

E[p1le=)] = :
q{/cq +Qp/Co

Thus E [ pqy(e) ] is merely a weighted function of the reciprocals of the penalty
probabilities, and the weighting parameters are exactly the quantities {q;}. Since the
latter are proportional to the apriori probabilities {x;}, the weighting parameters can
- equivalently be considered to be the apriori probabiiities themselves.

2. By way of example, let us suppose ¢4 = 0.2 and ¢cp = 0.8. Then, with no apriori
information E [ p{ () ] would be 0.8. However, if the apriori probability vector was

[0.75 0.25]T, the value of E [ p4(e) ] would be as high as 0.923. Indeed, in general, as
the apriori knowledge is more informative, the value of E [ p1(e) ] gets arbitrarily close
to unity.

Corollary 1. With no apriori information, the ALgp scheme is always expedient.

Proof : If no apriori information is available, clearly X{ = Xo = 0.5. Hence,
E[pq(e)]=co/(cq + cp). Thus, the limiting penalty M(se) is :

M(es) =2c4Cp / (Cq + Co) .
‘The result follows since, M(es) < Mg = (c1 + ¢p) / 2 for all environments.

Theorem llI
The limiting variance of the probability p1(n) for the ALgp scheme is given by:

| C1620192 [(1-2)2 + (coqyq + c4ap) (1 + gs + 2(a-1))]
Va{(p1(oo))= ‘ (11)
(coa1 + ¢1a0)? [(1-2)2 + (cpqq + C10p) (2a)]

Proof : Consider the ALgp scheme defined by (5). The updating of p1(n) hence yields
the conditional distribution of p{(n+1) as :

p1(n+1) = ap4q with probability (1-pq)(1-cs)
=1-a(1-pq) with probability p4(1-c1)
= apq +qq with probability (1-p4) ¢
=1-a(l-p1)-ap with probability pq ¢4 (12)
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Conside/ring the second conditional moment of p4(n+1), we get from (12),

E[p12(n+1) | p] = (@py +G1)2 (1-py)ca + (1 - a(1-pq) - G2)2 (p1cq)
+(ap1)2 (1-pq)(1-co) + (1 - a(1-p1))2 (p1(1-cq))

Interestingly, all the cubic terms in pq cancel. After much simplification we get :
E [p12(n+1) | p]=pq2 [ -2acoqy - 2a01qp + 22 - ]
+p1 [2acoqy - czq12 - 2C1Qp + 2ac{qo + c1q22 +1-2a+ a2]
+ 02q12

Taking expec’tations again and taking the limiting as n — < we get,

E[p12(=)] =E[p12(=)][-2a (coq1 +01ap) - (1-a)2 + 1] .
+E [ pq(=) 1[2a(coqq +c1qp) + (1-8)2 - c5q12 + €1G02 - 2¢1qp]
+ 02Q12

Substituting the expression for E [ pq(e) ] from Theorem Il and solving for E | p12(oo) ]
yields after considerable manipulation :

coaq [2a(coqy + C1ap) + (1-2)2 + c4ds (q1 + Qo - 2)]

E [ py2(=)] =
(coqq +C1ap) [22 (cpaq +C1qp) + (1-2)2]

But, Var [ py(=) ] = E [ py2(e) ] - E[ py (=) I2. Thus,
Var [ pq(es) ] = E [ p12(e=) 1 - [ cpq1 / (c1Gp + Cpq1) 12
which yields the expression in (11) after further simplification. Hence the theorem!
" Remark : When G1 = Qo = (1-a), the expression for the variance given by (11) reduces

to:
cqCo (1-a)

Var[pq(=) | q =gz = 1-a] =
(cq + cp)2 [(1-a) + 2a(cq + Co)]

Indeed, as expected, this is the variance of p4(e) for the Lgp; scheme.
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Theorem IV | ‘ .
The rate of convergence of the ALgp scheme is controlled completely by the
apriori probabilities and penalty probabilities.

Proof : The rate of convergence of the Markov process is determined by the
eigenvalue of the stochastic matrix M (defined in (9)) less than unity [4]. Since one
eigenvalue is always unity, the trace of M indicates that the second eigenvalue is

- 1-g4cp - qpcq. Note that this is not dependent on the parameter of the scheme, 'a’,
but only on {q;} and the unknown penalty probabilities.

Remark : If estimates of the penalty probabilities are available (though the actions to
which these penalty probabilities correspond to are unknown), it is interesting to note
that the designer that specify q1 and go so as to maximize the rate of convergence.
Indeed, this rate of convergence can, in many cases, be maximized so that E [ py(n) ]
converges to its final value in one sfep. This can be done, for example, if (c{ + co) > 1
and if d4 = do = 1-g, for in this case, the second eigenvalue can be exactly set to zero.
However, note that in general, g4 and g need not be functions of 'a', except that they
must be such that 0 < g4, go < (1-a).

We shall now proceed to study the scheme defined by (5) and shall show that
' by continuous updating, it naturally leads to a counter-intuitive Reward-Reward
scheme that is absolutely expedient.

lll. A Reward-Reward Absolutely Expedient Scheme

When the field of learning automata was in its infancy, Lakshmivarahan and
Thathachar [8] proved a powerful result which classified all absolutely expedient
schemes. This was done by proving necessary and sufficient conditions for a learning
automaton to be a’bsoiutely expedient. Indeed, this result was so all encompassing that
it included all the well known linear and nonlinear e-optimal VSSA of the day.

However, we shall show in this section that their result does not completely
define the set of all absolutely expedient schemes. The basic underlying premise of
the work in [8] was that if an action was chosen and rewarded, the corresponding
action probability was incremented by a non-negative amount. Analogously, if the
action chosen was penalized, the corresponding action probability was decremented
by a non-negative amount. By removing the constraint, we shall show that
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Reward-Reward schemes can be absolutely expedient.

Consider the ALgp learning scheme defined by (5). As stated earlier, g; and
gj are merely quantities that represent the user's apriori information about the actions.
Observe that in any one particular run, a good estimate for the apriori information
of the actions can be obtained by studying py and po themselves. Thus, the scheme
- that we propose merely continuously updates g; and gj as linear functions of p; and Pj
respectively. Explicitly, the scheme is obtained from (5) by substituting g; and qj as bp;
and bpj respectively, where a, b = 0, with 0 < a+b < 1. Thus, the LRR scheme is defined
as below :

pj(n+1) =ap; if a(n) = ajand b(n) = 0
=1- apj if a(n) =ajand b(n) =0
= (a + b)p; if a(n) = 3 and b(n) =1
=1-(a+ b)pj - ifa(n)=gjand b(n) =1 (13)
- Theorem V

The linear scheme defined by (13) is of a Reward-Reward flavour.

Proof : This result is obvious, since, by virtue of (13), the probability pj(n) is increased
every time g; is chosen. Correspondingly, the probability pij(n) is decremented every
time Y (G=i;i,j=1, 2) is chosen. ‘

The LRR automaton systematically increases its probability of choosing g;
whenever a; is chosen. One would be quite amazed if such a "stubborn” behaviour is

beneficial. Indeed it is, because the Ly automaton is absolutely expedient.

Theorem VI
The LgR scheme defined by (13) is absolutely expedient.

-Proof : By virtue of (13) observe that py(n+1) - p4(n) has the following distribution :

p1(n+1) - p1(n) =- (1-a) py with probability p(1-co)
=1-aps-Ppq , with probability p4(1-c1)
=-(1-a-b)pq with probability po Co
=1-(a+b)ps-pq with =-obability pq C4

But 1 - py =pp. Hence E [ p(n+1) - p1(n) | p] has the form :
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E[pi(n+1) - py(n) | p] = - (1-a)p1pa(1-co) + (1-a)P1P2(1-C1) - (1-a-b)p1p202‘
+ (1-a-b)p1pzc1 |
= bp1pp (2 - ¢1). (14)

Similarly, E [ po(n+1) - po(n) | p] = bpips (cq -Ca). (15)

- Let AM(n) = E[M(n+1) - M(n) | p].
Since M(n+1) = ¢4 p1(n+1) + co po(n+1), we have,

AM(n) = c{E [ p1(n+1) - p1(n) [ p] + co E [ pa(n+1) - po(n) | p]
Substituting (14) and (15) we obtain,

AM(n) = c1bp1p2 (co - c4) + Co bpps (Cq - Co)
= -bp1 p2 (02 - 'C1)2 < 0.

Hence, M(n) is a supermartingale and the theorem is proved.

Remarks ,
(1) Observe that the Ly automaton has exactly two absorbing barriers,
namely the unit vectors [0, 1]T and [1, 0] .
| (2) Apart from being absolutely expedient we also believe that the scheme is
~ e-optimal. In other words, we believe that if ¢{ < ¢, the probability that the automaton
converges into [1, O]T can be made as close to unity as desired. This result is yet
unproven but various simulation results validify the conjecture.

(3) The reason why the LgR scheme does not fall into the set of absolutely
expedient schemes studied in [8] is because in the latter work, the only linear scheme
that satisfied the - conditions, required that the automaton was to ignore the penalty
responses. This led to the familiar LRj scheme. However, if we remove the constraint
and actually permitted probability "increments" on being penalized, it would lead to a
Reward-Reward Scheme. The fact that such a scheme is absolutely expedient is quite
astonishing. Indeed, it opens the avenue for the whole family of absolutely expedient
schemes to be grown to include nonlinear Reward-Reward Strategies too. Certainly,
absolutely expedient schemes are far more general that what was known so far. This
could be one of the most interesting areas of research in learning theory in the near
future.

(4) Psychologically, we believe that the Lgg scheme, which we have

Ergedic Learning Automata Capable of Incorporzating Apriori Information 15



proposed is a very good model for the stubborn learner. This is to our knowledge, the
first model for absolutely expedient stubborn learning.

IV Experimental Results

The ALRp scheme has been simulated for various environments in which
co = 0.8 and ¢4 was varied from 0.1 to 0.7. Although the initial starting probability was
a!ways [0.5, O.S]T, the experiments were conducted for various apriori probabilities. To
obtain accurate simulation results, each simulation was performed 100 times, and the
average results of these experiments is reported below.

In Fig. ll, the variation of E [ p1(e) ]is plotted when cp = 0.8 and ¢4 varied from
0.1 to 0.7. In all the cases, 'a’ was set equal to 0.9 and g4 and g were made to be
(1-a) times the apriori probabilities. x4 and xo respectively. Observe that if x4 = xo = 0.5,
the resulting scheme is the Lgp; scheme. In the case when x4 = 0.75 and x5 = 0.25 the
final value of E [ p4(e) ] is always higher than the corresponding figure for the Lem
scheme. For example, when ¢4 = 0.1 and ¢, = 0.8, the value for E [p1(e0)] was 0.8948,
for apriori probabilities x4 = xo = 0.5. The corresponding value when x4 = 0.75 and xo
= 0.25 was 0.9621.

To demonstrate the power of the ALgp scheme, we also considered various
values of apriori probabilities x4, in which the apriori information was completely
inisleading. Clearly, whenever ¢4 < Cp, any apriori information suggesting that ap is
the better action is misleading. To study how the ALgp automaton performed in such a
scenario various experiments were performed in which x4 = 0.25 and xp = 0.75 even
though ¢4 < cp. Even with such erroneous apriori information the automaton had an
E[p1(e) ] @s high as 0.7418 when ¢q = 0.1 and ¢p = 0.8. A plot of E [py(ee)] with c1 is
given in Fig. Il. Fig. lll shows the variation of the exact (as given by Theorem lII) and the
~ estimated values of E [pq(e)] for various values of x4. The two curves are almost
" identical. Observe too the monotonic increase of E [pq(ee)] with x4. As anticipated, the
value of the latter quantity equals unity in the limit when x4 is unity.

To demonstrate the learning behaviour of the automaton with time we have
also plotted the variation of E [p1(n)] as a function of the time parameter 'n". This is
shown in Fig. IV for the case when ¢4 = 0.4 and ¢ = 0.8 and for various values of x4.
Observe the fast convergence of the scheme.
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Analogous to Fig. lll, where we plotted the variation of E [p4(«)] with x4, in Fig.
V we have plotted the variation of Var [ p4(e)] with x4. To do this, V&r was computed as
a function x4, where,

Var=[ 2, ¢jcn (1] (=) - E[p1(==)] )2 ]/ N

In the above expression, N is the number of experiments and p”*(oo) is the final value
of pq in the jth experiment. Note that we have used the exact value E [ p1(ee) ]in the
computation instead of the sample mean of the final value. This is to avoid the errors
that would be encountered by ignoring the effect of the variance of the sample mean.
Form the graph, we observe that the variance has a peak near the value of x4 =0.2.
Observe too that the variance is zero when x4 = 0 or unity. This is intuitively appealing.

Finally to consider how the variance of the scheme varies with 'a’, the exact
expression for Var [pq(«)], as giilen by (11), has been plotted as a function of 'a".
Observe that this is quite different from plotting the quantity as a function of x4. When
a = 0, the scheme is purely an "additive" scheme. Similarly, when a =1, the scheme is
the Lyp scheme in which the probabilities remain the same and hence the scheme is
devoid of learning. In the open interval (0, 1), the value of the variance tends to
decrease with 'a’. This is identical to the behaviour of the Ly, scheme. Remarkably,
however, the decrease seems to be almost linear, as can be seen in Fig. VI.

V. Conclusions

In this paper, we have considered Learning Automata whose structure evolve
with time. Such automata, termed as Variable Structure Stochastic Automata (VSSA)
are fully defined by action probability updating rules. Variable Structure Stochastic
Automata (VSSA) fall into two major classes : those which have absorbing barriers and
those which are ergddic.

One of the problems that exists with all the ergodic schemes available in the
literature is that there schemes cannot take into consideration any apriori
information about the action probabilities. This is because, in the case of all the ergodic
automata known, the distribution of the action probability vector is indeed independent
of the initial action probabilities.

In this paper we have presented an ergedic scheme which overcomes this
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drawback. We first presented an analytical method for specifying the apriori information
about the actions, and proved that the resulting scheme is ergodic in the mean.
Subsequently, it is shown that whereas the mean of the limiting action probability
distribution is independent ‘of the initial action probability vector, the mean of this
distribution is not independent of the apriori information. Various asymptotic
properties of this scheme has also been derived.

Finally, it has been shown that by" constantly updating the parameter
describing the apriori information, a resultant linear scheme can be obtained. The latter
scheme is of a Reward-Reward flavour and is simultaneously Absolutely
Expedient. This result demonstrates that Absolutely Expedient schemes are far more
extensive than what researchers have thought.

We are currently investigating the multi-action case of ergodic automata
incorporating apriori information. Also under investigation is the existence of two-action

(and multi-action) nonlinear schemes which are of a Reward-Reward nature and
simultaneously absolutely expedient. ‘
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