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Abstract

In this paper, we analyze attraction properties of elementary (i.e. Boolean,
one-dimensional, bi-infinite) cellular automata (for short, CA). To overcome the
well-known undecidability constraints met by these systems, in addition to the
classical extensive use of computer simulations, we introduce composition: we first
characterize basis CA, which we then use as building blocks to understand a whole
family of CA-based systems obtained by composing them using logic disjunction.
The compositional approach allows deep structured investigations, and it permits
to define a new notion of dynamical complexity.

1 Experimental analysis of cellular automata

Cellular automata. Cellular automata (for short, CA) are massively parallel systems
obtained by composition of myriads of simple agents interacting locally, i.e. with their
closest neighbors. In spite of their simplicity, the dynamics of CA is potentially very
rich, and ranges from attracting stable configurations to spatio-temporal chaotic features
and pseudo-random generation abilities. Moreover, from the computational viewpoint,
they are universal, that is, as powerful as Turing machines and, thus, classical Von
Neumann architectures.

These structural and dynamical features make them very powerful: fast CA-based
algorithms are developed to solve engineering problems in cryptography and microelec-
tronics for instance (e.g., [11, 10, 12, 44, 27, 29, 41, 48]), and theoretical CA-based
models are built in ecology, biology, physics, telecommunications, and image-processing

(e.g., [23, 28, 45]).
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Experimental analysis. On the other hand, these powerful features make CA dif-
ficult to analyze: they resist against most of the analytical tools available in program
theory and dynamical system theory. Actually, almost all long-term behavioral proper-
ties of dynamical systems, and cellular automata in particular, are unpredictable. This
limit not only arises from their possibly chaotic dynamics, which entails the classical
sensitivity to initial conditions [16], but from a much stronger limit: undecidability
[14, 15, 40]. Sensitivity means that close initial conditions eventually diverge. Undecid-
abilty implies that no algorithm exists whatsoever to decide whether or not an arbitrary
state is attracted to some set, given the general description of some dynamical system.

Two pragmatic solutions exist to this problem: the first one consists in restricting the
study to particular cases and sufficiently simple systems that may be used as building
blocks; the second one is to make an extensive use of computer simulations. Both
solutions are necessary engineering tools in the construction of systems that must be
built in order to fulfill a priori conditions or specifications. In the following sections, we
shall adopt both of them.

Aim. Our objective is the study of dynamical properties of CA-based systems.

The main property we focus on is attraction, as many behaviors of systems can be
rephrased in these terms: from particular sets of states, the initial condition or the
attraction basin, a given system has to reach some other set of states, the final condition
or the attractor, after some evolution time. In control theory, in computer programming
or, more abstractly, in language theory, attraction plays the same role in describing how
robots, programs, or automata, follow state sequences according to specified functions
linking actors to sensors, output to input data, or output to input words.

Moreover, due to the severe theoretic limitations explained above, we carry out
the experimental analysis of systems in a compositional way, i.e. by combination of
properties of their components: we analyze attraction properties of basis CA, and we
combine these basis CA to obtain the dynamics of a whole family of CA-based systems.

In particular, our aim is to make use of the very nature of the structure of CA to
understand their global behavior, since dynamical atttraction-based properties of CA
apparently depend more strongly on their structure than on the way initial conditions
are chosen. Given two elementary CA (Boolean one-dimensional bi-infinite lattices of
cells, the evolution of each cell being influenced by its direct neighbors) with known
behaviors, what can be said on the behavior of the CA obtained by composing them
(e.g., using a logic disjunction)? Based on this, we give a new definition of complexity
based on the structure of systems.

Paper outline. In §2, we introduce the philosophy of our theoretic and pragmatic
understanding of composed attraction-based systems. This further motivates our aim
to analyze and synthesize CA-based systems by composition. In §3, we present the ne-
cessary background, including the definitions of CA, a composition principle, important
dynamical properties, the attraction-based classification of CA behaviors, and a gen-



eral notion of dynamical complexity. In §4, we concentrate on a specific composition
operator (the logic disjunction), which allows us to give a complete characterization of
the dynamics of all elementary CA: we study CA as compositions of simpler “basis”
ones and we interprete these results according to attraction and to the classification
introduced before. The results of this analysis reveal new insights for understanding
complexity in multi-dimensional dynamical systems and cellular automata. Finally, in
85, we draw some conclusions.

2 Composed, attraction-based systems

Design of attraction-based systems. Program development consists in building a
correct program from a formal specification of what it is intended to do. Theoretically, a
specification corresponds to the description of a language an automaton should recognize.
The development of a program then corresponds to building the automaton. Using the
terminolgy used in dynamical systems theory, the language corresponds to the attractor
of the automaton.

This classical view can be extended to dynamical systems: given the specification
of a problem, design a system whose dynamics solves the problem. Stated otherwise,
given a set of states in a state space, elaborate a system whose attractor precisely is this
set of states:

design

specification program

viz. attracting set ﬂgn—»dynamical system.

In control and hybrid systems theory, recent advances combining techniques from
both dynamical systems and program theory have already proved useful [34, 4, 49].
Similarly, cellular automata have been used as building blocks of structured systems,
in order to derive original solutions of well-known problems in distributed algorithms
(synchronization of processes, iterative generation of fractals, etc.) [37, 23].

The advantages of extending software design to dynamical systems are numerous
[7]. Fault-tolerance, stability, and stabilization properties are fundamental in real-time
systems for instance, and they are naturally expressed as attraction and invariance
conditions in the context of dynamical systems [47, 26]. This does not mean that the
design of such properties in the context of dynamical systems is immediate. Actually,
they often remain quite hard to derive using current mathematical methods of program
development. Hence, the techniques and criteria developed for dynamical systems should
be exploited in this direction.

The challenge is to derive efficient dynamical systems from specified attraction and
invariance properties. This would amount to define a design method, a language in
which properties are expressed, and a logic in which a constructive reasoning can be
conducted.



Structural composition. Compositionality is to dynamical systems what modularity
is to software design. Hence, we think and hope that the compositional analysis of
systems could be used as a framework for the systematic design of attraction-based
systems.

Decomposing a mathematical object is often crucial to understand it. In program the-
ory, sequential and parallel programs are considered as structurally composed systems.
From simple composition operators like sequential composition of guarded-commands
in Dijkstra’s language [18] to modular approaches in software engineering, composition
is of fundamental importance. Parallel composition, “rendez-vous” synchronization,
product, sum, are good examples of structuring means of programs, transition systems,
or algebraic processes [31, 38, 39]. Compositional analyses of these systems are elabor-
ated, to overcome the impossibility of dealing with huge monolithic systems.

Surprisingly, dynamical systems are often studied as complex mathematical objects,
without trying to decompose them into simpler components. Some exceptions exist,
particularly in the field of hybrid systems [42]. Usually, composition designates suc-
cessive applications of functions to given states: f and g being two functions defined
on X,z € X, (fog)(x)= f(g(x)). Another structural way to combine systems is the
simple Cartesian product of function; for instance, (f x g)(z,y) = (f(2),9(y)). Finally,
independent variables can be mixed together, as in any matrix-vector multiplication.

Compositional analysis. Basically, the compositional analysis of a dynamical sys-
tem consists in determining some global property concerning dynamical or computa-
tional aspects of the system by combination of individual properties of its components,
which are expected to be simpler [24].

The following diagram illustrates the idea; S; being the components of a composed
system S = %;5;, I denoting an individual property, GG a global property, we want to find
a way to combine the individual properties, viz. ¢, to characterize the global property:

s—L sy
. [ o
*iSi OZ[(SZ)

To this end, composition operators must be defined, as well as interesting local and
global properties. Then, the difficult part is to find ¢, that is, how composition propag-
ates through properties. Moreover, it is not always possible to express the relationship
between components and composed systems so easily: it is sometimes necessary to add
some global information in addition to the local properties.

Related work. The method we propose and the techniques we introduce are strongly
influenced by program theory, where they prove most useful.
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In computing science, programs are defined as relations, and predicate-transformers
express their semantics. Standard composition operators are introduced to build
nondeterministic sequential programs, and their execution effect must be determined
[18, 30, 19]. Parallel programs require further composition operators. There, the com-
positional analysis amounts to prove theorems extending specific properties from basic
systems to composed ones [1, 43]. For instance, a program is represented by the set of
its possible execution traces; composition is then also defined in terms of traces [38, 17].

Similar compositional approaches are also proposed in [2, 9, 24, 51, 52] for the
analysis of different kinds of systems.

3 Framework: cellular automata and their dynamics

In this section, we briefly recall useful definitions and the classification of dynamics used
in the rest of the following sections.

3.1 Cellular automata

CA are totally discrete dynamical systems. They are discrete in space; in fact, they
are regular lattices of sites (or cells) whose values range in a finite set. They are also
discrete in time: their iterative dynamics is described in terms of difference equations,
as opposed to continuous-time systems based on differential equations. Furthermore,
CA are homogenenous systems: at each time step, each cell applies the same rule to its
neighborhood in order to compute its new value.

We consider one-dimensional CA; i.e. linear bi-infinite lattices of cells. Each cell
takes its value in the local state space X = {0,1,...,k — 1}. A configuration is a bi-
infinite sequence of X7 specifying a state for each cell, i.e. # = (-+-2_1, 29,21 --+). The
neighborhood of a celli € Zis (1 —r,...,i—1,1,i+1,...,0+7r) or, simply, (1 —r : i+ 7).

All cells are updated synchronously. At each step, every cell looks at the value of
its neighbors (r to the left, r to the right) plus itself and computes its next value as a
function of this neighborhood. This function is a local transition function g : X* ™! —
X. There are clearly k¥ different local functions.

The global transition function defines the next state of each cell as the local function
applied to the states of its neighborhood:

f @ X2 XE
s.t. Vi € Z?fl(x) = g(xi—r:i-l-r)-

In the following, we restrict our attention to elementary cellular automata, i.e. with
r =1 and k£ = 2. With these parameters, there are 256 different elementary cellular
automata. Each transition function is a Boolean function of three Boolean variables (the
neighborhood) and is thus expressed as a transition (or rule) table with eight entries.



Traditionally [54], a unique integer is associated to each transition function, and is used
to label the corresponding CA:

> gla,b,e)- 2t

a,b,ce{0,1}

Example 1
The following table corresponds to rule 47 =1 + 2 4+ 4 + 8 + 32.

#_2lxf,, ]000 001 010 011 100 101 110 111
27t I I 1 1 0 1 0 0

2

X

3.2 Composition of cellular automata

Using the connected product introduced in [20, 24], we can give another definition of

CA.

Definition 1 (Cellular automaton)
A cellular automaton f is structured as follows:

/= ®rg

where J = 7Z is the lattice of cells; R = {(1,1 — 1), (¢,1), (¢,0+ 1) | ¢ € J} describes the
neighborhood of each cell; Vi € J, X; = {0,1} is the local state space; Vi € J,g; = ¢ :
X? +— X is the local transition function.

In general, the analysis of connected products is difficult. Here, we concentrate on
the specific connected product describing CA.

Composing CA can be realized in two ways: either globally, i.e. considering global
functions as black boxes, or locally, i.e. at the level of local transition functions. More
formally, let x and ¥ be two composition operators. The composition of several CA
@rg; can be defined outside the connected products (this is the usual global manner),
or inside the product:

*i(@Rgi) or @R (%9:)-

From an engineering viewpoint, local functions are building blocks, and they are
supposed to be well understood, whereas global functions are to be built, and composing
global functions is beyond the scope of this paper. Hence, our concern here is the study
of local compositions composed within the connected product: f and ¢ being two local
transition functions, * being a local composition operator, we study the system @ (fxg).
If G is a global property, and [ an individual property, the objective is to find ¢ such
that

G(ORr(*9:) = il (Drg:).
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However, this kind of local composition clearly adds a difficulty to the analysis of sys-
tems, because the property composition operator ¢ has to “jump” over the connected
product. This is equivalent to finding intermediate G' and ¢ such that

G(@r(*ig:)) = G'(o{(@Rrgi)) = ol (Drg:)-

3.3 Dynamical properties

In the study of dynamical systems, two properties are important: invariance and attrac-
tion [3, 53].

Invariants are sets of states that have infinite internal histories, i.e. stable sets. Their
structure represents trajectories between inner states; it organizes and, thus, strongly
influences the resulting dynamics.

Definition 2 (Invariance)
The invariant of a system [ is the greatest J satisfying

JC )N ),

where f(J)={y| 3z € J s.t. f(2) =y} and f[1(J)={a |y e J st flx)=uy}.

Attraction establishes relations between initial and final or asymptotic states of in-
finite histories.

Definition 3 (Attraction)
The set P is attracted to @ by f iff N\;U;<; f/(P) = Q, where A expresses the closure of
A.

3.4 Attraction-based classification of dynamics

The following classification of long-term CA behaviors determines six phenomenological
classes grouped into three families: periodic (types N', F | P ), shifting (type S ,
divided into types Sz and Sp ), and aperiodic (type A ) behaviors; typical evolutions
are illustrated in Fig. 1.

Type N : CA evolving to null configurations. This class contains CA that quickly
evolve to homogeneous configurations, i.e. without information (all ones or zeroes),
after finite transients.

Type F : CA evolving to fixed points. This second class contains CA that evolve to
fixed points after finite transients. Of course, class A is a particular case of class

F .

Type P : CA with periodic behaviors. This class contains CA that evolve to periodic
configurations, after finite transients. It contains the two previous ones.



F(4)

A (129)

Figure 1: CA classification: typical evolutions of CA classes N, F , P ,Sr,Sp , A.
In this figure, the horizontal axis represents a portion of the CA state space, the vertical
axis represents the temporal evolution (top-down); black dots are 0’s and white dots are
1’s.

Type S : CA with generalized subshift behaviors. This class contains CA that, starting
from an initial configuration in particular subspaces of the configuration space,
evolve to configurations where a generalized alternating subshift behavior occurs.
Formally, A CA is a generalized alternating subshift rule if the corresponding
global function f is such that there is a closed invariant subset X of 2% such that

Vo € ¥y, f*(x) = p"(x)

where n € N and m € Z, and p : C ~ 2% is the classical shift, i.e. V& €
Cv\V/va(x)Z = Tit1 [87 6]

Remark 1
e On the complement of the subspace ¥; where the CA acts like a shift, the
behavior can be regular or totally irregular.
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o As shown in Fig. 1, the family of shifting behaviors contains a broad range of
behaviors, from very simple ones like the dynamics of rule 2, to very complex
ones like the dynamics of rules 210. This is the reason why we distinguish the
simplest ones, for which n = m =1 in the above definition (they are denoted
by Sz ), from the other ones (denoted by Sp ). Of course, S = S U Sp .
In the following, we will distinguish these two families only when necessary.

Type A : CA with complex or aperiodic behaviors. A configuration is aperiodic if
it is not eventually periodic (neither periodic nor one of its forward iterations).
Qualitatively, what we observe is a number of different patterns growing, vanishing
and moving toward the future. In general, a broad range of behaviors can show
up: from random noise, total disorder, and spatio-temporal chaos to some kind
of regularity or intermittency in which diverse forms can propagate. Aperiodicity
entails that almost the whole domain is visited through successive iterations.

Note that these types can be formally defined in terms of transfinite atttraction
[21, 25].

3.5 Complexity

The question of complexity is not easy to address, even for elementary CA; the many
existing classifications evidence this. Classification is outside the purpose of this paper:;
the reader is referred to [25] to get more details than the brief summary given above.

Sometimes, using classical tools, the resulting classification is not intuitive. For
example, it is not rare to consider subshift behaviors as chaotic. Of course, using the
center-first metric (Vr,y € 2%, d(x,y) = >, |; — yi| - 211), it is possible to prove that
they are chaotic @ la Devaney [16], but when you observe them, what you can see is
very simple instead: configurations are smoothly shifted along the lattice (see Fig. 1).

That was our main motivation to introduce a formal classification of CA behavi-
ors corresponding to phenomenological considerations. We needed new tools, namely
transfinite attraction and shifted Hamming distance; the former allowing a classification
in terms of transient length before convergence to cycles, the latter showing that (peri-
odic) subshifts are simple [21, 24]. Based on this, the following complexity hierarchy
can be defined.

Definition 4 (Complexity)

On theset { N, F , P, Sz, Sp , A}, the following ordering is established: N < F
<P < Sr<8p < A. The complexity Y(g) of a CA based on the local rule g is the
place of its long-term behavior in the defined ordering.

The central question arising from this is:

| How to understand A 7|

We propose a compositional approach, in order to characterize complex behaviors. This
is the aim of the next section.



4 Composition: disjunction of CA rules

CA are massively parallel homogenenous dynamical systems, composed of many inter-
acting agents. As mentioned in the introduction, their theoretical analysis is most of
the time impossible, due to undecidability arguments. Two solutions are used here to
overcome this problem: composition and simulation. We introduce a local composition
operator allowing the generation of all elementary CA rules by combination of simpler
basis rules, the dynamical behavior of which is easily characterized. By means of ex-
tensive simulations, we then study the dynamics of all combinations of these basis rules.
This leads to a clear understanding of all elementary CA, and to a new definition of
dynamical complexity based on the structure of systems.

4.1 Composition space

We define a structure of linear space on the set of CA rules whose addition operation
corresponds to the set union of 1-transition sets (sets of neighborhoods mapped to 1
by the local transition function). The composition of two CA rules r; and ry is thus
obtained by the componentwize disjunction V applied to the vectors vy and vy of {0,1}®
representing the rule tables of r; and ry. The resulting rule is the sum ry + ry.

The canonical basis B = {n,n’,n", n~, f,p,sT, s} of this linear space corresponds
to the set of rules {32,128,8,64,4,1,2,16}: the rule table of each basis rule contains a
unique one.

As every CA rule realized as a Boolean vector from {0, 1}® can be uniquely expressed
as a linear combination of basis rules, with coefficients 0 or 1, we study the dynamics
of CA in terms of the dynamics of basis rules, using the disjuncntive composition, with
respect to the classification of elementary CA behaviors given above.

In the following, we restrict ourselves to the study of at most four basis rules com-
posed together. This is essentially due to de Morgan’s duality law: the negation of a
disjunction of two values corresponds to the conjunction of the negated values.

1. Each basis rule contains a unique 1. Let such a rule be realized by the local
transition function g(a,b, ¢), and negation be denoted by overlined symbols, the

global dynamics of 1s in g(a, b, ¢) is equivalent to that of 0s in g(@,b,e).

2. Let rule g be the disjunction of two basis rules r; and r;, the dynamics of 1s in

g(a,b,¢) is equivalent to that of 0s in ¢(@,b,¢) = r1(@,b,e) A ro(a,b,e). Again,
knowing the dynamics of ry, r9, and their disjunction leads to the dynamics of the
dual of this disjunction.

3. This process can be stopped with the composition of four basis rules, as more
than four 1s is equivalent to less than four 0s, which corresponds to the dual of a
case already studied before.
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4.2 Basis rules

The basis contains elements from each of the first four classes in our classification (see

Table 1).

Table 1: Labels, classes, complexities of the basis rules

Rule | Label | Class | Complexity (T)
32 n N 1
128 n' N 1
8 nt N 1
64 n- N 1
7 I = 7
1 P P 3
2 S+ S}' 4
16 s~ Sr 4

Type N : Rules 8, 32, 64 and 128 are the elementary null rules. Rules 8, 64 are
symmetric, i.e. equal under left-to-right transformation: ¢,+(a,b,¢) = g,- (¢, a,b);
this property is important when we observe the sum of rules.

Type F : Rule 4 is the basis fixed point rule.

Type P : Rule 1 is the simplest periodic rule. It plays a particular role: when it
does not appear in the composition of a rule, the CA is so-called quiescent, i.e.

fi(-+-000---) =---000--- globally, or g1(000) = 0 locally.

Type S : Rules 2 and 16 are the elementary subshift rules. They both behave like a
shift on a subset ¥g = (0*001)% of the configuration space, where 0* stands for
any repetition of symbol 0, including the empty repetition. They have opposite
directions: 2 is the left shift on ¢, while 16 is the right shift. They are symmetric
under left-to-right transformation: g+ (a,b,c) = g,-(¢, b, a).

If rule r = 2 is realized by the local transition function g(a,b,c), the dual rule

g(@,b,¢) corresponds to rule 255 — 277", Hence, from the basis rules and the duality
principle mentioned above, we obtain the dynamics of rules 251, 254, 239, 253, 223, 127,
191, and 247 for free.

4.3 Composition of two basis rules

By extensive simulation of all disjunctions of two different basis rules starting from
random initial configurations, we observe interesting regularities that are summarized
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in Table 2. This gives us the dynamics of the following rules: Vr; = 2°,r; = 2/ € B with
i # g, rule 7; + r; and, by duality, rule 255 — 277" — 2777,

Table 2: Local V-composition (2 rules)

32 128 8 64 4|1 ] 2 16

n ot o | f | p | st s

N N N N |F|P|Sr Sp
N - N N N F PSS
WoON |- - N N F|AlSe S
nt N | - - - FNF S| Ss S~
n~ N - - - - F|S|Sr Sr
r F | - - - - - P Sp Sp
P P - - - - - - Sp Sp
st Sp | - - - -] - A
s— Sp | - - - - - - - -

An interesting general law that we can derive from the observation of Table 2 is the
following.

Observation 1 (Law of complexity conservation)
In the local disjunctive composition of two basis rules, the complexity never decreases:

Va,y € B, T(xVy) > max(T(z), T(y)).

In other words, the complexity of the composition of two basis rules is never smaller
than the complexities of the single rules. In particular, we have the following:

Observation 2 (Law of complexity increase)
The complexity of the local disjunctive composition of two basis rules increases (e.g.,
T(xVy)>max(Y(x), T(y))) iff one of the following conditions holds:

e x=nt,y=n"; (symmetric null rules)

o v =5t y=1s"; (symmetric shifting rules)

e v c{nt n7,n'},yecP. (periodicity)
Remark 2

e [t is important to emphasize that composing two symmetric rules increases the
complexity. Two symmetric null rules leads to a fixed point rule, and composing
two symmetric shifting rules leads to chaos. This qualitative fact has been noticed
in another context by [50], devoted to an analytical compositional result on the

12



complexity of classical low-dimensional chaotic dynamical systems. Moreover, in
[22], the authors compare a well-known chaotic dynamical system, namely Cantor’s
relation, to the composition of symmetric shifting CA rules.

o The compositions with the periodic basis rule p are also interesting since it has
already been observed that the presence of the transition ¢,(000) = 1 in the rule
could have a special role in the complexity of the rule (see e.g. [35]).

Another property concerns the composition of non-symmetric null rules: composed
together, they always give rise to null rules.

Observation 3
The sum of any null rule with n or n’ is a null rule:

\V/ni € {nvn/}vnj € {n_vnvn/7n+}7 (nl \ n]) S N .

A characteristic of the basis fixed point rule f is that, when it is composed with a
less complex rule, the result still belongs to F .

Observation 4
The sum of any null rule with f is an F rule, that is:

Vn; € {n",n,n',nT}, (n; vV f)EF.

4.4 Combination of three basis rules

Repeating the same procedure as for binary disjunctions, that is, simulating rules with
random initial conditions, we obtain all disjunctions of three different basis rules. Again,
we double the explored space by duality. This gives us the following combinations of
three different basis rules r; = 2, r; = 27y = 2k ri+r;+r; and 255271 971 27—k
The observations are summarized in Table 3.

First, in order to have a subshift rule, it is necessary to have a shift basis rule in the
sum.

Observation 5

The presence of st or s~ in the sum is necessary to get S rules.

Observation 6

The presence of st or s~ creates Sy rules when combined with only null basis rules,
more complex Sp when combined with f or p basis rules. The only exceptions to this
observation are given by {n* f,n~ f} combined with {s*, s7}.

Observation 7 (Second law of complexity conservation)
In the local disjunctive composition of three basis rules, the complexity never decreases:

Ve € B Yy € B, T(xVy) > max(Y(z), T(y))

except in cases nt fV {s7,p} and n™ f V {sT, p}.
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Table 3: Local V-composition (3 rules)

_|_ —

ntin | f|s s P
nn’ N IN|N|F|S|S] A
nnt N F | F|Ss|Sr| A
n'nt N F | F|Ss|Sr| A
n'n= N F|lSr|Sr| A —
nn~ N F|lSr|Sr| A 55
wtn- F Flsr|se|P "B
nf  F Sp|Sp | P A
nf F Sp|Sp | P " o
ntf F Sr| P | F " g
n~f F P |Sr|F / D
np P Sp | Sp P
n'p A Sp | Sp
ntp  Sp Sp | Sp
np Sp Sp | Sp
Ip P Sp | Sp

Observation 8 (Third law of complexity conservation)
In the local disjunctive composition of three basis rules, the complexity never decreases:

Va,y,z € B,T(xVyVz)>max(Y(x), T(y), T(2))

except in cases nTV fV{s™,p}, n=V fV{st, p}, n'VpV{st, s~} and sT Vs~ V{n,p}.
Another general observation that can be derived from Table 3 is the following.

Observation 9
The fixed point rules of F obtained by compositions of basis rules never contain a basis
shift rule in their composition.

When only null rules are composed, we have simple behaviors.

Observation 10
The sum of null basis rules leads to null rules. When pair n

belongs to F .

*tn~ is present, the sum

This also means that the presence of both n™ and n™ increases complexity, at least
up to F rules. In the same vein, as in the composition of two rules, the sum of s* and
s~ has a special effect: it creates complex behavior because of the symmetric nature of
the rules.
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Observation 11
The presence of sTs™ is a sign of complexity; it means that we are in presence of a
complex rule.

We can conclude that the presence of subshift basis rules in the sum gives to the
resulting rule a subshift character, a simple subshift if combined with a null rule, a
complex subshift if combined with a fixed point rule. Furthermore, they create complex
behaviors if combined together. In the absence of & rules, f leads to F and n leads to
N . Notice again that the presence of p, i.e. ¢(000) = 1, introduces some complexity in
a nonregular way.

4.5 Combination of four basis rules

We now focus on disjunctions of four different basis rules where we observe less regular
combinations than in the binary and ternary compositions detailed in §§4.3 and 4.4. The
experimental results we get are summarized in Table 4.

Table 4: Local V-composition (4 rules)

Observing these experimental results of 4-compositions does not bring many insights,
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F P Sr Sp A
ntn~ fp fpsts™ nn'ntst nt fpst nntn"p
n'nt fp nt fps~ nn'n”s” n- fps~ nnt fp
n'n” fp n~ fpst nn'n"st nfpst nn~ fp
ntn~ fst npsts™ nn'nts” nfps” nn'fp
ntn~ fs” nntn~f nnt fst nn-ps” nn~ fst
nn'n* f n'nt fs” nn~ fs” nntpst nnt fs”
nn'n~ f nn'sts™ n'n” fs~ n'n”sts” ntn”psT
n'ntn=f n'n~ fst nntps” n'ntsts™ ntn"ps”
n'ntn-st n'ntnp nn”pst nfsts™ n'ntps”
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using this specific disjunctive composition. Maybe a more appropriate, nonlinear com-
position operator would be useful. We are investigating this question.

Nonetheless, observe that the pair sts™ never appears in class F , which somehow
confirms the low complexity of class F , and the intrinsic complexity of mixing symmetric
shifts.

It is interesting to notice how complexity can increase when more and more rules
are added on top of each other, starting from a very simple rule.

Example 2

An example of increase in the complexity is rule 90 obtained from the null rule 8 combined
with the basis rules 64, 2 and 16. The transition to chaos is obtained, in this case, through
a gradual increase of the complexity.

Figure 2: Increase in the complexity: rule 90 =8 + 64 + 2+ 16 =n™ +n~ + sT + s~

X

Of course, this increase of complexity is not commutative: the intermediate steps
from one rule to another can vary a lot, as shown in the next example.

Example 3

Figure 3 shows two paths from rule s* leading to rule 202: the first one succesively adds
8, 64 and 128, passing through Sz, S and F ; the second one adds 8, 128, 64, and gets
through classes S, S and F . This figure also shows how, in both cases, the increase of

complexity clearly happens when the symmetric null rules n* and n™ are present.
X

4.6 A new definition of complexity

The notion of chaos is still not well defined and understood in discrete-time discrete-
space multi-dimensional dynamical systems like cellular automata although, recently, a
considerable effort has been spent on trying to formalize the notion [13, 32, 33, 35, 36,
46, 54].
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Figure 3: Different complexity paths leading to rule 202

As mentioned in the introduction, the asymptotic behavior of CA is easy to study and
to understand only for a very limited set of CA due to the particular simple form they
have; in general, the only way of studying their dynamics is by means of simulations,
due to severe undecidability restrictions.

Based on the observations stated above where the presence of symmetric rules in-
creases complexity, we now give a new definition.

Definition 5 (Structural complexity)
A system [ is complex if it is composed of (at least) two subsystems whose dynamics
are symmetric.

This definition holds for a large part of class A CA. It involves the components of
a system to be characterized, which strongly differs from other well-known definitions
based on mathematical properties or physical measures.

Indeed, mathematical properties concern the dynamics of systems and involve metric
and topological properties of their attractors (e.g. Devaney’s chaos is based on the fol-
lowing three properties: sensitivity to initial conditions, topological transitivity, density
of periodic points [16]). Physical measures define observable parameters involving the
evolution of (sets of) states during sufficiently long periods: for instance, Lyapunov
exponents measure the way initially nearby states tend to diverge along their evolu-
tion, Perron-Frobenius operators describe how state densities evolve; very often, they
cannot be analytically computed a priori and, contrarily, they have to be computed by
simulation, a posteriori [5, 46].

Our definition of complexity does not involve any computation on potential evolu-
tions of systems, nor any verification of mathematical properties of their attractors. The
complexity we define is just based on the verification of structural properties of systems,
together with some simple dynamical properties of their components.
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5 Concluding remarks and research directions

The concern of this paper was the analysis of attraction properties of CA. To this end, we
proposed to study these complex dynamical systems by an experimental compositional
approach: given a system, decompose it to obtain individual subsystems; for each one
of them, study its dynamical (viz. invariance and attraction) properties; finally, deduce
the global properties by composition of the individual analyzes. In mathematical terms,
f and g being two local transition functions, x (resp. ©) being a local (resp. global)
operator, we searched for an algebraic expression of the form @(f x¢g) = @(f) ¢ @(g),
such that the dynamics of the o-composition could be characterized.

Simulations linking local and global operations led to important observations. In
particular, the experimental results showed that the disjunctive composition of sym-
metric rules (e.g. left and right shifts) generates complex orbits (for a more detailed
analysis, see [22]). On the other hand, the exact influence of the elementary periodic
rule p in the composition is still unclear, and this interesting question remains open.

One important question is whether these experimental results can be confirmed
analytically. Indeed, some specific cases can be analyzed in a straightforward way, but
the inherent distributed interactions of CA entail difficulties that are unsurmountable
without adequate probabilistic and algrebraic tools [24]. Currently, we are investigating
these complementary approaches: the definition of an information flow on the lattice of
cells, characterizing another kind of attraction; the topologies induced by other metrics;
the local structure theory defined on probabilistic CA.

We have considered homogenenous CA: a very interesting open problem is to use the
compositional approach to analyze heterogeneous, or hybrid, models (i.e., using possibly
different local functions at different cells of the automata) [10, 11]. Some research in
this direction has already started [20].

Admittedly, our case-study remains academic, and composition-in-the-large is far
from being solved. In this paper, we proposed research directions which should be seen
as challenges and benchmarks for the future of compositional analysis and synthesis of
systems. By this work, we hope that both positive and negative results could emerge.
Indeed, it is necessary to validate or invalidate ideas and techniques, and to evaluate
the effective usefulness of composition regarding real applications.
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