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Abstract”

We presentparallel computationalgeometryalgorithmsthat are scalable architectureéndependenteasyto implement,
andhave,with high probability, an optimal time complexity for uniformly distributedrandominput data. Our methods
apply to multicomputers with arbitrary interconnection network or bus system.

The following problems are studied in thpaper:(1) lower envelopeof line segments(2) visibility of parallelepipeds,
(3) convexhull, (4) maximal elements(5) Voronoi diagram,(6) all-nearesneighbors,(7) largestempty circle, and (8)
largest empty hyperrectangle. Problems 2-8 are studiebdionensional space=O(1). We implemented and
tested the lower envelope algorithm and conlvelt algorithm (for d=3 and d=4) on a CM5. The resultsindicatethat our
methods are of considerable practical relevance.

1. Introduction

In this paper we continue our work | in [5] to design parallel computatge@ahetryalgorithmsthat are
scalable,architectureindependenti.e. portable),easyto implement,and have anoptimal or nearly
optimal time complexity.

The Model Of Computation

To ensure that the complexity analysiatcheghe timings observedn actualimplementationsit is
importantthat the modelof computationis basedonly on assumptionghat are true for contemporary
multicomputers (and can be expected to hold for future oneglgs Our algorithmsare designedor a

generic multicomputevlo(p,n) with only the following small set of assumptions:

(A1) Mq(p,n) hasp processor®i, ...,Pp connected by some arbitrary interconnectietworkor bus
system.

(A2) Every processdpj has©(n/p) local memory.

(A3) n/p = p9 for some arbitrarily small but fixed constant 0.
(A4) The total data size, is a large number (but the number of procesgpis,not necessarily large).

These assumptions are evidently true for contemporary multicomputers. AssuAimhbasedon
the well known fact that memory is inexpensive and each processor has, in practice, more than just ¢

local registers of memory. Note that> 0 can be arbitrarily small, but fail practicalpurposesone can

safely assumethat a > 1/10 (i.e. eachprocessor has local memory of at least plllcb. It seems
reasonable to expect that the above assumptions will also hold in the future.
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Research Actions Nr. 3075 (ALCOM) and Nr. 7141 (ALCOM II). This work was duami&e the first author wasvisiting
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The Problems

We presentextremelysimple parallel algorithmsfor solving the following problemson any multi-
computeMqg(p,n):

Problem1. Given a random sefS of n non-intersectingine segmentsn [0,1]2, computeits lower
envelopeLE(S).

Problem 2Given a random s&of n parallelepipeds in [0,@.'] all perpendiculato the x-axis,3 < d =
O(1), compute theivisible portion VISS), with respect to the view along tkexis. Ford=3, Problem

2 is the well knowvisibility problemfor parallel rectangles in [03]
Problem 3 Given a random s&of n points inR d d=0(1), compute itzonvex hullCH(S).

Problem 4 Given a random s&of n points inR d, d=0(1), compute the subsé¥]AX(S), of maximal
elemens of S.

Problem 5 Given a random s&of n points in [0,1?', compute th&/oronoi diagramof S.

Problem6. Given a random setS of n pointsin [O,l]d, d=0(1), computefor eachsl]S its nearest
neighborin S.

Problem 7 Given a random sé&of n points in [0,1?', d=0(1), computethe largestemptycircle inside
the convex hull o

Problem 8. Given a random setS of n points in [O,l]d, d=0(1), compute the largest empty
hyperrectanglenside the smallest hyperrectangle contairding

The Results

For standarduniform data distribution, our algorithms for Problems1-4 require,with high
probability, a communication time and local computation time of at most

(+ 1) (psun®) + Teomp(p)) and -+ 2) (K2 +0(3),

p
respectively, wherk = glzia + %E is a fixed constant andi{n) denotes the (highrobability) sequential

time complexity of the respectiveproblem.Note that, forall practicalpurposesone can safely assume
thatk < 6. For machines like the CM5, Intel iPSC or Paragget, Even for a CM2k < 3.

For Problems5-8 our algorithms require for standard uniform data distribution, with high
probability, a communication time and local computation time of at most

(23d+d) Teor(p,n) and 3d (@ +O(%)), respectivelyg=0(1).

TosurkP), TcompdP:N), andTser(p,n) denote the parallel time complexioyn an Ma(p,n) to computethe

partial sums op integers (one stored at each processor), compress a subset of data' &f sizrgo p'
< p processorgwhereall dataitemsin a processomlare movedto the samedestinationprocessor)and
sortn data items, respectively.

It is easyto seethat a partial sum and compressioroperationcan be implementedby a constant
number of sorts, and that all of the above problems reduce to séténge,from a theoreticalpoint of
view, our algorithms have, with high probability, an asymptotically optimal time complexity.

An importantfeatureof our methodsis that they require,with high probability, only a fixed small
number of communication rounds, independent of the problem size. Each communicatias ssiined
a partial sum orcompressoperation(Problems1-4) or a sort operation(Problems5-8). All other
computation is local.

Comparison With Previous Work

For many architectures, our results arnsiderablemprovementover existing methods.This
appliesin particularto previous fine-grained (n/p=0(1)) algorithms, even if they are (fine-grained)
optimal. For example,it is impossiblefor fine-grainedmeshalgorithms,evenoptimal ones, to yield
optimal speedups foratiosn/p # O(1) by applying the usual simulation methodalso called "virtual



processors" irmany multicomputeroperatingsystems).For n/p # O(1), our methodsare considerably
faster.In fact, for meshesour algorithms are, with high probability, optimal for the entire range

n/p = p¥, a>0. For hypercubicnetworks,no previousalgorithms existhat can match our speedups
for n/p# O(1).

As indicatedabove,our methodsrequire, with high probability, only a fixed small number of
communicatiorrounds,independenbf the problemsize. This is the main reasonwhy they perform
well. In contrast,previous fine grained algorithms for the above problems (see e.g. [1] for an
overview), requirea numberof communicatiorroundsthat increaseswith the problem size (typically

log(n), log log ), log"(n), etc. rounds).

The results and techniquespresentedin this paper are different from [5. Our previous work
presenteddeterministicalgorithms. Those results were also basedon the idea of using only O(1)
communicatiorrounds,but we useddeterministicmethodsto reachthat goal, which are very different
from the high probability methods presented now. In [5], we could solve Prdhland Problem4 for
d<3. For Problems 2,3,5-8 there existed so far no efficient scalahlon (exceptfor simulatingfine-
grained algorithms). Furthermore, our previaeserministicmethodsappliedonly to the casen/p = p,

i.e.a= 1. Our new methods presented in this paper déteblems2-8, with high probability, for any

a > 0. In addition,the new algorithmssolve Problems2-8 for arbitraryfixed dimension,andwith an
improved time complexity (compared to those cases solved irH&])Problem1 we obtainwith high
probability, an improved time complexity. The obvious drawbackis, of course,that our newtime
complexity analysis holds only for uniform data distributions lan interestingopenproblemto extend
our methods to the non-uniform case. We will indicate heuristics for which we conjectutresthatlve
at least some cases of non-uniform distributions.

Practical Significance, Experimental Results

Our algorithms are simple and edsyimplement.The constantsn the time complexity analysisare
small. Excepfor a small (fixed) numberof communicatiorrounds,all othercomputationis sequential
and consists essentially of solving on each processor a small (fixed) number of subpodlsizers/p.
Hence,it allows to use existing sequentialcode for the respectiveproblem. For the communication
rounds, we can use well studied existing code for data compression, partial sum, and sorting.

For coarse grained machines, our methods iraplgmunicatiorthroughfew large messagesather
than having many smathessagesrhis is importantfor machinedike the Intel iPSC whereeachmes-
sagecreatesa considerableoverhead.Note, however, that our analysisaccountsfor the length of
messages.

We haveimplementedandtestedour algorithmsfor the lower envelopeand convexhull (d=3 and
d=4) on a CM5 and obtained very fast running times which match nicely the theaatbgis.Section
4 presents and discusgbeseexpirementatesults. They indicate thabbur methodsare of considerable
practical relevance.

2. Hull Problems

We study the followingseneric Hull ProblemH(S), which includesProblemsl-4 listed above:"For a
random set S of n objects from some universe U, computé H{SyvhereH(S) has the properties
(P1) H(A10...0Aj) =H(H(A1)O...OH(A))) for anyAy, ...,Aj O S, and
(P2) there exists a functidm(n) such that

(@) for any random subsétd S E(H(A)|) < h(JA])", and

(b) h(n) < ndfor some 0 V< min{e, 1/8 .

" For somerandomvariableX let E(X) andPr{X=y} denotethe expectedvalue of X andthe probability that X takes a
certain valugy, respectively.



For Problems 1-4 listed abov&corresponds to a random set of line segments, parallelepipeds‘ih [0,1

or points inR d, and H(S) correspondso LE(S), VIY(S), CH(S) andMAX(S), respectively We will
show later that these four problems have Properties P1 and P2.
We observe that Assumption A3 in Section 1 is equivalent to

1< p<nl-€ wheree= g
1+a

In the following Sections 2.1 and 2.2 we will first show how to compii& if p<4/n and then how to
generalize our method for<lp < n1-€.

2.1. The Generic Hull Problem, H(S), For p </n
We study the following extremely simple algorithm for computi{§).

Algorithm 1 Architecture A multicomputerMg(p,n) with p < 4/n . Input; EachprocessoiP; stores a
random subse§ of n/p objects ofS (The subset§ are disjoint.Output: H(S).

(1) Each processd?j computes sequentially(S). LetS'=H(S1) U ... 0 H(Sp), n' = |S].
(2) IEn"<n/pTHEN S' is compressedhto processoiP1 which computessequentiallyH (S)=H(S))

STOPR
(3) ThesetS'is compressedto p' <2 n' p / n processorsas follows: The sequenceH(S1), ...,

H(Sp) is split intop' maximalsubsequencesf consecutiveH(S), suchthatthe total size of each
subsequence (i.e. the total number of objects) is atmpdtet ' be the set obbjectsin thei-th
subsequence <i<p'. SetS' is stored at processBy.

(4) Each processd?j (1<i<p’) computes sequentialf(S'). LetS' = H(S1) U ... O H(Sp"), n* =
IS'].

(5) IEn"<nlp
THEN S'is compressed into proces$ty which computes$i(S=H(S') sequentially
ELSE continue with some deterministic algorithm.

The correctness of Algorithm 1 follows immediately from Property P1. Note thahefbelse” case
in Step 5, any deterministic parallel algorithm may be applied. As we will show in the reméirgiso,
highly unlikely thatit will everbe used,thatit doesn'tseemworthwhile to invest much programming
efforts here.A trivial solutioncould be, e.g., to use a sequentialalgorithm, running on P1 and with
memoryaccesseto other processorsmemoriesimplementedoy messagegpassing.For some special
cases, simple and efficient deterministic scalable parallel solutions have been presented in [5].

In the remainder of this section we will prove

Lemma 1 With high probability, either & n/p or n"<n/p.
This implies immediately

Theorem 1 Givena multicomputeM g(p,n) with p <4/n then, with high probability, Algorithm 1
computes H(S), [S| = n, with a communication time of at mogQu{kP) + Tcompip,n)) and a local
computation time of at most 3{{n)/p + O(n/p) where fH(n) denotes the sequential time complexity for
solving H(S).

We now start proving Lemma 1. Consider somed<<1/4. It follows from PropertyP2 thath(n) <

nd. In order to prove Lemma 1, we will consider three cases.



1-o0
2.1.1.Case 1: p<n?

FromChebyshev's Inequalifgee e.g. [6ﬂ).233) and the above assumption it follows that

Pr{there exist some<i<p such thatl-||(S|)|>n5(5_ “hin)} < p Pr{|H(s|)|>n5(7 ho) < —P— <

4.1
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Fromp< n 2 it follows that% > nd. Hence,n' < % with high probability,andLemmal follows for
Case 1.

s

p<in2
_\;fi
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2.1.2.Case 2: n3<

1
. 2(1-9) . :
Sincen® <p, it follows thatp —» o for n - . Thus, it follows from the Law of Large Numbers

(seee.qg. [6] p.243) thatPr{n'< 2 p h(n)} - 1forn - . We observethat 2 p h(n) < % if p<
\/ﬁ _ \/ﬁ 1 1-5

— The latter holds if p < ————, which is trueif p < ——n 2 . Hence,n' < D with high
\2h(n) Von® V2 P

probability, and Lemma 1 follows for Case 2.
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2.1.3.Case 3:

o

1-5
Sincein 2 <p, it follows thatp — o forn - . Thus, it follows fromthe Law of Large Numbers

V2
that, with high probability1/2 p h(n) < n' < 2 p h(n) < 2 4/n nd. Sincep' < ZT” andp < . it
n/p

follows that, with high probabilityp' < = (;) < 4h(n) < 4n0.

We now study Steps @d4 of Algorithm 1. For eachS;’, 1<j<p’, thereexistsetsS;, j+1, - .-,
Sy such that §' = H(§)UH(Sj+100 ... OH(Sy). Hence, by Property P1, H(S') =
HH(S)OH(S+D0 ... OH(Sy) = HGOS+10 ... 0Sy;). Define orig(§') = §0S;+10 ...
0Sy;, thenH(S') = H(orig(S")).

Lemma 2 For each Kki<p', orig(§’) is a random subset of S and, hence, E({[H(S E(|H(orig(S"))|)
< h(n).



Proof Sketch. orig(§') = §;0&+10 ... 0. Clearly,S;, is a random setf n/p objects.For each
100t ui], §0S+10 ... 090 ..0y; is in bijectionwith §OS;0S;+10 ... 09-109+10 ...0Sy;,
in that orderHence,it follows that§ hasthe samedistributionas ;. Thus, orig(§') is the union of
random subsets & and Lemma 2 follows. [
Hence, it follows fronChebyshev's Inequalittilat

- 1_ 1
Pr{there exist some1<i<p' suchthat |[H(§")|>n3 2(Sh(n)} < p' Pr{{H(§)|>n® 2(Sh(n)} < 3?45 <
n3

[
in -0 becausek%. Thus, after Step 4 of Algorithm 1 we obtain, with high probabittyet S’

‘45
n3

1,5 1,5 1
of sizen" <p' n® h(n)<4dn® nd< nz. Fromp <n, it follows thatg >4/n . Hencen" s% with

high probability, and Lemma 1 follows for Case 3. This concludes the proof of Lemma 1.

2.2. The Generic Hull Problem, H(S), For 1<p<nl-¢
We will now generalize Algorithm 1 to solve H(S) on a multicomputer Mg(p,n). Let

k> 1 1. 1+a 1 be a fixed positive integer constant.
2(e-90) 6 2a-26(1+a) 6

Algorithm 2 Architecture A multicomputeM g(p,n). Input: Each processd?j storesa randomsubset
S of n/p objects ofS. (The subsetsj%ire disjoint.)Output:H(S). Letn© =n, p® =p, andS9) =S,
(1) Forj=0...kdo
(a) Each processd?j, 1<i < pl), computes sequentially(S) ). LetsU+1) = HESP)D ... O
H(SY) ), n*D) = g+,
(b) IF ni*D) < n/p THEN SU+D) is compressedhto processoiP1 which computessequentially
H(9=H(SI*Y). STOR
(c) The setSi*D)is compressed ingl*1) < 2nl*Y p / n processors as follows:
The sequence(S)), ..., H(S&'J))) is splitinto pi*1) maximal subsequencesf consecutive

H(S(P ), suchthatthe total size of eachsubsequencé.e. the total numberof objects)is at
mostn/p. Let Si*1) be the setof objectsin thei-th subsequencel<i<pi*l). SetSi*1) s
stored at processé.
(2) IEn® D <n/p
THEN in the previous Step 18D was compressed into proces&arwhich cannow compute

H(S)=H(S**1) sequentially
ELSE continue with some determinstic algorithm.

The correctness dlgorithm 1 follows, again,immediatelyfrom PropertyP1. In the remainderof
this section we will prove
L emma 3 With high probability, @ < n/p for some g k+1.
This implies immediately



Theorem 2 Given a multicomputer p(p,n) then,with high probability, Algorithm 2 computedH(S),
|S| = n, with a communication time of at most (k+13%tiniP) + TcompfpP;n)) and a local computation
time of at most (k+2) (TH(n)/p + O(n/p)), where TH(n) denotesthe sequentialtime complexity for
solvingH(S) andk > 1/ (2(¢-9)) - 1/6 = (1+a) / (2a - 2d(1+a)) - 1/6 is a fixed positive integer
constant.

We now prove Lemma 3. ff<y/n then we apply the analysis of Algorithngivenin Section2.1.

For the remainder assume tfat < p < nl-€. The basiddeais to iterateLemma2 andthe analysisfor
Case 3 in Section 2.1. We obtain that, with high probability,
o+ 4PN h(”) <p0) 4T an”

p

for all j=0.

n? o
Hence,with high probability, p) < p %_E for all j > 0. We observethat p %—g 3 if

> 2(51 3 % Unless the for loop in Algorithm 2 is stopped jferk, it follows that Pr{there exist

-0
5 1

— — Oforn - o, because <

. 2(e-5) p® n
some ki<p such thaH(§¥ )>n®" "h(n)} < 5 S Ty S
E n§ e

2(e- (e-
&. Thus, with high probability nk*1) < p® nd n < n 3 n5 4 V¢ nfgg . This concludesthe
proof of Lemma 3.

2.3. Applications

We now study how to apply Algorithm 2 feplving Problemsl-4 listed in Sectionl. Clearly, all four
problems have Property P1 indicated above.nd& study conditionsunderwhich Problemsl-4 have
Property P2.

Lemma 4 For a uniform randomsetS of n non-intersectindine segmentsn [0,1]2, E(ILE(S)|) s 2
In(n).

An outline of the proof (incl. more details about the underlying distribution) will be given in the comple
version of this paper. See [8] for details.

Lemma5 For a uniform random set S of n parallelepipeds in [@,,1]

d-1
E(IVIS(S)|)< In®*(n).
(VISS)s 5—In" ()
An outline of the proof (incl. more details about the underlying distribution) will be given in the comple
version of this paper. See [8] for details. With regards to Problem 3, it has been shown in [3, 10-12 1
E(ICH())) < O(n(n)f(d), f(d)=0(1)

for arandom se6 of n pointsin R d, d=0(1). If the points are chosenindependentlyfrom a d-di-
mensionainormal distribution, then f(d) = (d-1)/2 [10]. If they havetheir componentschoseninde-
pendently from any set of continuos distributions (possibly different for each componenitg)ked-
1 [3]. It has been shown in [3] that

E(MAX(S)) < log(n)(d-1)




for a random se$ of n points inR d, d=0(1), wherethe coordinatesof eachpoint areindependenand
chosefrom an identical, continuousdistribution. Hence, for the data distributions indicated above,
Problems1-4 have Property P2 for any d > 0. We apply Algorithm 2 and Theorem2 with k
=[d/(2a)+1/ 2 and obtain

Theorem 3 For any multicomputer M g(p,n), Algorithm 2 solves Problems 1-4 (for the data
distributions indicated above), with high probability, with a communicationtime of at most
(k+1) (TpSunp) + Tcompfp,n)) and a local computation tingf at most(k+2) (T1(n)/p + O(n/p)),
where k =1/ (2a) +1/ 2 is afixed constantand T1(n) denoteghe (high probability) sequentiatime
complexity of the respective problem.

3.  Proximity Problems

Due to space limitations, we will now present only an outline of our solutions for Problems 5a8ll We
also restrict our presentation to the ads2. Thecompleteproofs andthe generalizatiorto d=0O(1) will
be presented in the final version of this paper.

Our approach is to use a grid method similar to [4]. The non-trivial difference is that the regljlts in
are expectedsequentiatime complexities,whereasour parallel time complexity resultsare with high
probability. Considerthe following rectangularpartitioning of S into p subsetsRj, ..., Rp: Partition

[0,1]2 by y/p -1 vertical lines inta/p vertical slabgy, ..., Kyp such that each slab contains exantiyp

points ofS Partition each slal§j, 1<j<v/p , by4/p -1 horizontal lines inta/n rectangles(j-1)vp + 1. -..,
rj-1p + Vp suchthat eachrectanglecontainsexactly n/p points of S. Let Rj be the setof points
contained in rectanglg, 1<i<p. Denote bywj andh;j the width and heightof rectanglerj, respectively.

Two rectanglesj andrj are called adjacent if they are within distancevig(2. For each{1, ...,\/p}
define neighbors) = {i' | 1<i'<\/p , i'#i, rj andrj are adjacent} anNj as the union of alk' such that
O neighborsi).

We studythe following algorithmfor solving Problems5-8. For S' [0 S, let A(s,S) refer to the
Voronoi polygonof s with respectto S', nearestneighborof s in S', or the largestempty circle or
rectangle with respect ® that has on its border, respectively

Algorithm 3 (outline) Architecture A multicomputerM g(p,n). Input: EachprocessorP;j stores a

random subset af/p unique points of. Output: Each processd?j stores\(s,S) for n/p pointssCIS.
(1) With two global sort proceduresa rectangulampartitioningR1, ..., Rp of S is createdsuch that
each processdt; stores subsé; and the coordinates gf

(2) IE for every processd?j: 1/(2fp) < hi < 2Afp and 1/(2/p ) < wj < 2A/p THEN
(2a) Every processoP;j receivesa copy of all Rj', i' [0 neighborsi), and computesA(s,RiLIN;j)

for eachsR.

(2b) If Algorithm 3 is used to compute the Voronoi diagram, check if the rays of the open Voron
polygonshave strictly increasingangles.If this is not the case, report that the result is
incorrect and continue with Step 2c.

ELSE

(2c) use some deterministic algorithm.

Lemma 6 Algorithm 3 correctly computeXs,S) for all £/S.



Proof Sketch. The "if* clause in Step 2 ensures thiagreexistsno emptycircle with radius1/(2J/p )
and that, for eack R, all points within distance 1Afp ) are contained iRjCN;. It is easy to sethat

in sucha case,A(S,Ri[INj) = A(s,S) for Problems6-8. For Problem5, we also needto checkthe

correctness of the Voronoi edges outside f,This is done by the test in Step 2b. $®wthatif the

rays ofopenVoronoi polygonshavestrictly increasinganglesthen the Voronoi edgesoutside[0,1]2
were computedcorrectly. Note that the test can be performedwith every processor orthe border of
[0,1]2 having only the data of its two direct neighbors. The complete proobeyitesentedn the final
version of this paper. [

with high probability.
Lemma 7 With high probability, for all =i <p, 1/(3/p ) <hj <2A/p and 1/(&fp ) <wj < 2A/p .

The proof will be presented in the final version of this paper. For a uniform point distributicenwe
show viaChernoff Boundgsee e.g. [6p. 193) that, for growing, the probability thathereexistsany
hj orwj outside the above bounds converges very fast to O.

Lemma 8 If Algorithm 3 is used to compute the Voronoi diagram then, with high probability Stfer
2a all Voronoi edges outside [04have been correctly computed.

The basic idea fathe proof isto show via ChernoffBoundsthat with high probability all Voronoi

edgesoutside[0,1]2 arebisectorsof pointsin adjacentrectanglesof our rectangulampartitioning. The
complete proof will be presented in the final version of this paper.
The above three lemmas imply

Theorem 4 For any multicomputer M(p,n), Algorithm 2 solveBroblems5-8, with high probability,

with a communicatiorntime of at most (23d+d) Tsort(p,n) and a local computationtime of at most

23d (T1(n)/p + O(n/p)), whereT1(n) denoteshe (high probability) sequentiatime complexityof the
respective problem.

Note that for Problem &ndthe cased>2, the Voronoi diagramto be reportedcanbe of morethan
linear size. With high probability, each proced8ocancomputethe Voronoi polygons forits point set

Rj basedon the point setRj[IN;j which is of size O(n/p). Thereis no problemaslong as, during this

sequential computation a{s,Rj[IN;j) for eachsIR;j, the reported results neadt be storedin the local
memory ofPj or if there is extra memory available for storing the output. Otherwise, it is impadsible
any algorithm) to solve the problem on the gieeohitectureThe expectedbutputsize per processor is
O(n/p) [4], andwe conjecturethat this boundalsoholdswith high probability. For Problems6-8, the
output size per processor is alw&@V/p), for any dimension=0(1).

4. Experimental Results

We implementedAlgorithm 2 for Problem1 and Problem3 (d=3 and d=4) on a CM5. Our CM5
partition had 32 processors with 40 MB memory per procesdotiming resultsare obtainedin multi-
user mode. The sequential code for the lower envelope pratdera planesweepalgorithmwhich we
implementedourselvesandfor the convexhull we usedhe "Quickhull Algorithm" [2]. The observed
running times are shown in Figures 1 and 2, and in Table 1.

Curves (a) and (b) in Figure 1 show the local computationtimes and communicationtimes,
respectively for computingthe lower envelopeof a random sebf non-intersectindine segmentgwe
will discuss the data generationdetail in the full versionof the paper).Table 1 showsthe numberof
communicatiorroundsobservedandthe exactnumericalvaluesof the observedimes. For eachdata



point, we made20 experiments. The runningtime indicatedis the averageof those20 experiments,
together with the double-sided confidence interval with significance level 99.9%ll Batapoints, the
numberof communicationrounds observedwas always identical for all 20 experiments.Our CM5
configurationallowedto processn = 8 Meg (= 8388608)line segmentsi.e. n/p = 256 K (= 262144)
line segments can be stored in the lanamoryof one processor.The programrequired0.114+0.66%
secondcommunicationtime and 13.70.06% seconddocal computationtime. We then simulateda
smaller localmemorysize,n/p, on ourgiven machine.(Note that, forn/p < 256 K we allowedin our
simulation onlyn/p, instead of the possible 256 K, line segments to be compressed into one plincessc
eachiterationof Steplcin Algorithm 2.) For n/p = 512 line segmentger processor,our algorithm
terminated always after one communication round. We observe that the communicatisreiitremely
small, forall cases.Essentially,all time is spenton local computation,were each processorfirst
computes the lower envelope fop line segments, and then processps@lves another such problem.

In order to study betterthe behaviorof Algorithm 2, we changedit to iterate Step 1 until the
remaining data size is at magp, or until a time-outoccurs.For n/p between64 and 256 weobserved
two communication round$or n/p = 32 weneeded4 communicatiorrounds,andfor smallern/p our
algorithmwas not successfulThe latter casesare dueto the fact that, for ourexperimentsp=32 is a
small number and, hence, for small ratigswe violate Assumption A4 whickequiresthatn is a large
number. Clearly, it makes even no sense to solve the lower envelope prolfemIfdf line segments
on a CM5.

Curves (c) and (d) in Figure 1, and the respective rows in Table 1, show the local computation tit
and communication times, respectively, for computing the lower envelope of a random set of (possi
intersectingine segments. The probabilistic analysighis caseis still an openproblem.The obtained
empirical results suggest, however, that Algorithm 2 has a very similar behavior for this case.

Figure 2 and the respectiverows in Table 1 show the resultsfor 3D and 4D convex hull. The
experimental setup was the samdaasthe lower envelopeproblem.For all datapoints, the numberof
communication rounds observed was alwiagsticalfor all 20 experimentsFor n/p between256 and
2K, or 1K and8 K, we observedor 3D or 4D convexhull, respectively that Algorithm 2 requires
between 2 and 3 communicatioounds.For smallern/p, we haveagaina violation of AssumptionA4
which requires that is a large number. Since h(n) is a larger function for Problem 3iwitB andd =
4 than for Problem 1, weequirelargervaluesof n to obtain high probability for a constanthnumberof
communicationrounds.For n/p > 4 K (d = 3) orn/p = 16 K (d = 4), respectively,our algorithm
terminatedalwaysafter one communicatiorround. Again, we observethat the communicationtime is
extremely small. Hence, we observe a speedup very clps2 to

5.  Open Problems

An importantproblem, which we plan to study in the future, is to extendour methodsto non-
uniform datadistributions.For example,for Algorithm 2 it seemshelpful to randomly permutethe
remaining data at the end of each iteration and simply compress them as much as possible. We conj
that this will improve the performance and solve at least some cases which are currently notlEorvered
Algorithm 3, one can adaptthe rectangularpartitioning schemeto the given distribution and, if
necessaryiterate Step 2a. It is an interestingopen problemto give a probabilisticanalysisof such
algorithmic extensions. [7, 9, 13]
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Figure 1: Timing Results For The Lower Envelope Problem.
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12



n 1Kk [2k [J4ak sk 16k [32k [eak [128k [256 kK [512 K [1 Meg |2 Meg] 4 Meg | 8 Meg

n/p 32 64 128 256 512 1K 2K 4K 8K 16K 32K 64K [128 K | 256 K

{ : : : : £0.233 i 044710 876 £1.734 |
i +11% i +4. 8% 5. 7%} +2. 4% *3. O% 2. 1% +1. 2% #1. 1%_ 0. 6%_ +0. 4%_ +0. 3%} +0. 2%; +0. 1% 0.06%
Isec] i i : : : : : : :

10,004 10.00410.004 0.006:0.007:0.008:0.009:0.010 : 0.012} 0.015 0.022 i 0.035: 0. 060 ; 0.114
jsec] | £7. 2% 35 9% 23 196: 59, 4%; £2. 4%; £7. 7% 7. 7% +6. 7%: +5. 206 +3. 7%; +3. 0%; +2. 1%6; +1. 29%: +0.7%

125.72
$20.3%

£0220.050} 0.090; 0. . '1'. 1461 2.054
+4. 5% 4. 8% 45, 3% +3, 1% +2, 0% | 1. 7% £1. 1%

0.009%0.0141 0,015 0.020 { 0,032 ; 0. 059 : 0. 065 ; 0. 089 ; 0. 126 | X 182§
8. 6%: +11% §+12% HE> L +4. 00 £33% 3. 00 2. 4% +1. 8%: *4. 7% +

| [sec] .}
_Figure Z
rounds

:'6.035:

0 879

0 352 0. 469

Tiocal 11. 7o
[sec] : : F+13% F+0% i 45,501 +4, 4% +7.3% +8, 4%; £11% | L4130 | i £13% | +10% : L +119%
Teomm | £0.016:0.013:0.014:0.016: 0.016; 0.018} 0.020} 0.022{ 0.024} 0.026 } 0.031
[sec] : { 45, 9%; +11% : £ £1.2% $0.7%! 1.1%: +0.9%: +2.3%: +1.2% +3.7%: +1.0% £14%

186591 12.75 ; : : £38.611 :
| £4.3%; 0+3.1 | 6:4.6 | 4£5.6 | 3£3.6 | 4£6.7 | 2¢5.8 | £6.9%
RS S S S A A A IR /O OO L O .S R

: £0.036:0.037 i 0.049: 0.066: 0.082 009550116 0.137
§41.6%: £91% i £15% } +1.4%} +3.9% +3.5% +0.9%: +3.1%: +2.1%

Tlocal
[sec]
Tcomm
[sec]

Table 1: Table Of Timing Results and Confidence Intervals.
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