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Abstract

We consider the problem of finding the extrema of a distributed multiset in a ring; that
is, of determining the minimum and the maximum values, p;, and Zpez, of a multiset
X = {zo,22,...,2n—1}, whose elements are drawn from a totally ordered universe U and
stored at the n entities of a ring network.

This problem is unsolvable if the ring size is not known to the entities, and has complexity
O(n?) in the case of asynchronous rings of known size.

We show that, in synchronous rings of known size, this problem can always be solved in
O((c¢+log n)-n) bits and O(n-c-% ) time for any integer ¢ > 0, where 2 = Maz{|Zmin|, |Zmaz|}-
The previous solutions required O(n?) bits and the same amount of time.

Based on these results, we also present a bit optimal solution to the problem of finding
the multiplicity of the extrema.
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1 Introduction

Let X = {zo, %9, ..., Z,—1} be a multiset, whose values are drawn from a totally ordered universe
U and stored at the processors (or entities) of a ring network. Let 7 denote the ring entity where
element z; is stored.

The Eztrema-Finding Problem (EF) is the problem of finding the minimum and the maximum
values, Z,,,;, and z,,4,, in X ; that is, of each entity ¢ determining whether z; = .50, %; = Zinas
O Tyin < 5 < Toap-

The simplicity of the statement of the problem is deceiving. In fact, its complexity depends
on many factors of totally different nature.

If X is a set (i.e., all values are distinct), EF is computationally equivalent to the Leader
FElection Problem (LE): any extrema-finding algorithm directly solves LE (e.g., the unique mini-
mum becomes leader); conversely, if there is a leader, i, and .., can be found with a lower
communication complexity than that required for leader election. If the ring is asynchronous,
the number of messages required to solve LE (and, thus, EF) is ©(n-logn) [4, 6, 7, 8, 14, 15]. For
synchronous rings, several solutions have been presented with different bits-time complexities
[5, 8,9, 10, 11, 16, 18, 19]. Unlike the asynchronous case, knowledge of the ring size n has an
impact on the established upper bounds. When n is known, the best bits-time bound for LE
(and, thus, EF) obtained so far is O(c¢-n) bits and O(c¢-n- v%) time [10], where ¢ is an arbitrary
positive integer and v = Min{|Zminl, |Zmar|}. When n is not known, the best bits-time tradeoff
is O(n - g7%(n)) bits and O(v - g(¢9~*(n)) time, where g is an arbitrary monotonically super-
increasing function and g~! is the pseudo-inverse of ¢ [13]. In all these results it is assumed that
U = Z (the set of positive integer).

The situation is more complex if the values are not necessarily distinct. In this case, which
is also called the anonymous ring case, EF is unsolvable (i.e., no deterministic solution protocol
exists) if the ring size n is not known to the entities [2]. Thus, let us assume that n is known.

For asynchronous rings (n?) messages are required [2], and this bound can be trivially
achieved.

In synchronous rings, if U = ZT (i.e., the values are positive integers), it is possible to find
the minimum value with O(n) bits; furthermore, this can be done with a time sublinear in z,,;,
[10]. No similar results exist for maxima finding. Note that to restrict the values to be positive
integers is equivalent to assuming: (i) the existence of a lower bound on the minimum value,
and (ii) the knowledge by the entities of such a bound. In this light, the existing results can be
rephrased as follows: if U C Z has a minimum ,,;, and the minimum is known to the entities,
then i, can be found using O(c-n) bits and O(c-n - w%) time for any integer constant ¢ > 0,
where w = %5, OT W = Tpyin, — Ui, depending on whether or not (i, - min) < 0, respectively.
Clearly, if U has a maximum ,,,, which is known to the entities, also maxima finding can be
solved with similar bits-time bounds.

It follows that, if U is finite and its minimum and maximum are both known to the entities,
EF can be solved in O(n) bits and a time which is sub-linear in |U|. This represents an improve-
ment over the input collection technique of [2] which would require O(n - logn) bits and time
linear in |U|. See Table 1 for a summary. Note that n (the ring size) is a system parameter; on
the other hand, the values |U|, ,;, and ., are input parameters (i.e. a priori unbounded).



Ref. Bits Time U
[2] O(nlogn) O(logn - u) finite, Upyin & Umar known
[10] O(C . n) O(C ‘N - u%) finite, Upyin & Umge known
[12]* O(C . nz) O(C - - ac%) infinite or unknown bounds
[10]* O(C -m - n) O(C -m-n - ac%) infinite or unknown bounds
this paper 0((C + log n) . n) O(C - - ac%) infinite or unknown bounds

Table 1 - Summary of results for EF, in synchronous rings of known size, where z = Maz{|Tminl, |Tmaz|}, m
is the number of distinct values in X, ¢ > 0 is an arbitrary integer constant, v = |U].

(* bounds implied by the results in the reference)

An interesting interpretation of these results is the following: if U is finite and its minimum
and maximum are both known to the entities, then EF can be solved with the same complexity
as if U was a set. In other words, for synchronous rings of known size, a priori knowledge of a
bound on the range of the values in the multiset has the same “power” that distinctness of the
values.

Several questions immediately and naturally arise: what happens if we do not have this a
priori knowledge? what happens if these bounds do not exist (e.g., U = Z)? In other words,
what is the complexity of EF?

Some upper bounds on the complexity of EF can be derived starting from the existing results.
Using the two-parties communication protocol of [12], the synchronous transformation of the
(obvious but optimal) O(n?) messages asynchronous algorithm yields a general solution using
O(c-n?) bits and O(c - n - ac%) time, where © = Maz{|zin|, |Zmaz|}. A slight improvement in
the bit complexity can be obtained by repeated applications of the minima finding technique
of [10] with simple modifications. This would yield a general solution using O(c - n - m) bits at
the expenses of a O(c-m -n - ac%) time complexity, where m is the number of distinct elements
in X. In the worst case, this is still a O(n?) bits solution. (See Table 1 for a summary.) An
immediate question is: can EF be solved in o(n?) bits and, if so, what is the corresponding time
complexity ?

The main contribution of this paper is a positive answer to this question. Namely, we prove
the following:

Main Theorem For any integer ¢ > 0, EF can be solved with O((c 4 logn) - n) bits in time

O(c-n- x%), where © = Maz{|Tmin|, | Tmaz|}-

We prove this theorem by exhibiting an algorithm with the specified complexity. Further-
more, if the values are distinct, the bit complexity of the algorithm is O(c - n), matching the
best bounds available for those cases, but without a priori knowledge of the distinctness of the
values.

At the core of this result is a novel maxima finding algorithm for U = Z*. This algorithm uses
a variety of well known techniques ( Waiting, Counting, Pipeline) and requires O((c + logn) - n)
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bits and O(c-n - x%ax) time for any integer ¢ > 0.

We also consider the Extrema Counting Problem (EC); that is, the problem of finding the
multiplicity of the extrema. We show how the new algorithm for EF immediately implies the
same bits-time upper bounds for EC; we also prove that the resulting solution is bitwise optimal.

All these results hold for both unidirectional and bidirectional rings.



The paper is organized as follows. In the next section, the terminology and notations are
introduced and the overall structure of the solution to EF, for unidirectional rings, is presented.
In Section 3, a novel maxima-finding algorithm for U=Z7 is presented. In Section 4, its cor-
rectness is proved, and its complexity is analyzed. The time complexity is further reduced in
Section 5 using a technique which leads to the desired tradeoff and the proof of the Main Theo-
rem. In Section 6, it is described how to apply the proposed extrema finding algorithm to solve
EC; a lower bound on the bit complexity of EC is shown, proving that the obtained solution is
bitwise optimal. Finally, in Section 7, we show how to obtain the same bounds when the ring
has bidirectional links, and conclude by posing a conjecture.

2 Extrema Finding

2.1 Definitions and Basic Strategy

The model we consider is a synchronous ring of n entities; the size n of the ring is known to
the entities. In the following we will consider unidirectional links; that is, each entity ¢ can send
messages to 1+ 1 and can receive messages from 72— 1, where all the operations are modulo n. Let
us stress that the indices 7 — 1, 7, ¢ + 1 are used here for notation purposes, and are not known
to the entities. Each entity ¢ has access to a special variable ¢;, called local clock, which can be
reset. Alllocal clocks are synchronized; that is, there exists a global system clock (not accessible
to the entities) and the values of all local clocks are incremented by one at every tick of the
global clock. Note that the local clocks do not necessarily have the same value. Transmission
and queueing delays are bounded by the interval between two successive ticks; that is, every
message sent at a global time instant t will be received and processed at the global time t41;
at any time instant, each entity can transmit only one message to its neighbor.

Every entity ¢ has associated a value z; € U, where U is a totally ordered countable universe;
in the following we will consider U = Z. The values are not necessarily distinct; that is,
X = {z0,21,..., 21} is a multiset. Let z,,;, and z,,,, denote the minimum and maximum
values in X, respectively. The Eztrema Finding Problem (EF) is the problem of each entity ¢
determining whether z; = Z,,.50, i = Zimae OF Tiin < 5 < Toae-

Let Maz(X;U’) and Min(X;U') denote the problem of determining %4, and z,,;,, respec-
tively, when the elements of X are drawn from U’ C Z. To obtain a general solution to EF is
obviously sufficient to provide a solution to both Maz(X;Z) and Min(X;Z). As mentioned in
the introduction, an efficient solution exists for Min{X;Z™) [10].

The overall strategy we use to solve EF is the following;:

Basic Strategy

1. Determine whether: (¢) all values in X are positive; (¢7) all values in X are negative;
(422) in X there are both positive and negative values. This can be easily accomplished
by computing both the AND and the OR on the Boolean multiset B = {bg, by, ...,0,_1},
where b; = 1 iff z; > 0. If the result of the AND is 1, then we are in case (¢); if the result
of the OR is 0, then we are in case (%2); if the result of the AND is 0 and the result of the
OR is 1, then we are in case (41¢).

2. In case (4), solve Min(X;Z*%) = Min(X;Z) and Maz(X;Z%) = Maz(X;Z). In case



(i), let X' = {|zol,|z1|, ..., |Tn-1]}; solve Min{X'; Z") = Maz(X;Z) and Maz(X";Z") =
Min(X,Z). As for case (vi1), let P = {po,p1,...,pn-1} and Q = {qo,q1,-..,¢n—1} be the
multisets on ZU {} defined as follows: if z; < 0 then p; = * and ¢; = |z;|, otherwise p; = z;
and ¢; = *. Then Maz(P;Z% U {*}) = Maz(X;Z) and Maz(Q;Z*" U {x}) = Min(X;Z),

where any entity with value * acts only as a relayer.

In other words, once the AND and OR have been computed, EF can be reduced to the
computation either of a minima and a maxima finding, or of two maxima finding, and always
in a multiset with values in Z*. In Z™, the bits-time complexity of finding the maxima is not
smaller than that of finding the minima (since, clearly, knowledge of a bound can not worsen the
complexity). The computation of the AND and OR can be done in O(n) bits and time (e.g.,[2]);
thus it does not affect the final complexity. Therefore,

Theorem 2.1 Let A be an algorithm which, for any multiset Y with values in ZT, solves
Max(Y; Z%) with Bo(Y) bits and Ta(Y) time. Then there is an algorithm which, for any
X ={zo, ..., Tn_1} with values in Z, solves EF(X;Z) with O(Ba(X")) bits and O(TA(X') time,
where X' = {|zo|, ..., |2n-1]}-

2.2 Basic Techniques

As discussed before, to efficiently solve EF is sufficient to efficiently solve Maz(X;Z*). We
propose a solution which uses three well-known techniques (Waiting, Counting and Pipeline)
briefly described in the following.

Waiting is a basic strategy to determine whether a desired condition is verified. We use the
following Waiting protocol: each entity ¢ waits f(a;,b;) units of time, where a; and b; are values
known to ¢. If, while waiting, a message is received, ¢ forwards it and becomes “large”; otherwise,
it sends a message and becomes “minimum”. The quantity f(a;,b;) is called timeout value; an
appropriate choice of f, a; and b; guarantees that the protocol correctly finds the minimum
value among the executing entities, provided that they start the execution with bounded delay.
Variations of this protocol have been used for minima finding and leader election in synchronous
rings [9, 11, 13, 16].

The Counting technique (also called a communicator) is any protocol which solves the Two-
Parties Communication Problem (TPC). TPC is the problem of an entity (the sender) commu-
nicating information from an unbounded, but countable, universe U to a neighboring entity (the
recejver) using a combination of time and silence (i.e., absence of transmission). It is usually
assumed that U = ZT. The communicator we use is the Two-Bits communicator: the sender
communicates z by transmitting a bit, waiting z units of time, and transmitting another bit;
the receiver reconstructs x from the difference of the reception times of the two bits. One of the
first uses of a communicator (for finite U') in synchronous rings can be found in [1]; the Two-Bits
protocol has been employed in [3, 5, 13], and a more complex communicator has been described
n [17]. Communicators achieving optimal bits-time complexity have been recently derived [12].

Pipeline is the classical technique extensively used in systolic and parallel computing: in
a chain of neighboring entities (called segment) and starting from the entity at the beginning
of the segment (the head), the Pipeline protocol accumulates at the entity at the end of the
segment (the accumulator) some function of the values held by the entities. This technique has
been used in synchronous rings by [2, 3, 17].



3 A Maxima Finding Protocol

In this section we present a protocol for Maz(X,Z") which uses O(n - logm,,;,) bits and
O(n - zpr) time, where zp; = Ty, and My, is the multiplicity of .., in X. It comprises of
two phases: Iteration and Notification.

The Iteration phase is a sequence of steps. Any number of entities can independently start
the execution of the first step by becoming waiting and sending a “wake up” message, which
will transform non-active entities in waiting. Then, within at most » — 1 time units, all the
entities are waiting. Informally, at each step of the algorithm, the waiting entities holding the
minimum values become players. This is done by means of the Waiting protocol. The ring is
thus divided into disjoint segments, each one delimited by two players. The player located at
the beginning of a segment starts the accumulation at the other player of the maximum value
(local maximum) in that segment; it will also accumulate the local maximum of the previous
segment. The accumulation is done using Pipeline and the communication of values is done
using the Two-Bits protocol. Once the accumulation in a segment is completed, all entities
in that segment are passive; the entity delimiting it holds the local maximum, and starts the
next iteration, becaming waiting with this value. The Iteration phase terminates when all the
waiting entities have the same value; in this case, as proved later, this value is z5;. At this point,
the waiting entities become done and all the other entities are passive. Done entities start the
Notification phase.

In the Notification phase, the entities in a segment delimited by two done are notified of x
through a Pipeline started by the done entity located at the beginning of that segment. Upon
communication of zs, an entity ¢ becomes either mazimum (if z; = zps) or small.

The algorithm contains mechanisms to: detect termination of the Iteration phase; ensure
that the number of players is at least halved at each step; ensure that at each step the difference
in initiation time between any two entities which became players is bounded; ensure that x s is
always held by a non-passive entity.

An entity can be in one of the following states: {waiting, player, pipeline, head, accumulator,
delaying, suspended, done, passive, mazimum, or small}.

Following is the formal description of the algorithm at entity 7; the variables used are:

clock is the local clock, initially set to 0.
v contains the value associated to the entity.
- v, contains the value of the local maximum of the current step. Initially, it is set to ;.

- v, contains the value of the local maximum of the previous step. Initially, it is set to 0.
- ¢ is an auxiliary variable.

The when statement has precedence over the receiving statement, should the events occur simul-
taneously.



1 WAITING
when clock = f(n,v. — vy) do
send <starting:=0>
reset clock
become (player)
receiving <starting> do
reset clock
if <starting>=1
send <starting>
become (pipeline)
if <starting>=0
send <starting:=1>
become (head)

(2) PLAYER
receiving <starting> do
if <starting>=0
reset clock
become (suspended)
if <starting>=1
t := clock
send <alarm>
become (accumulator)

(3) ACCUMULATOR

receiving <ending> do

vp = Ve
v. =t — clock
become (delaying)

receiving <starting> do
send <starting>
become (passive)

(C)) DELAYING
when clock=v.+2-(n—1) do
become (waiting)
receiving <starting> do
reset clock
if <starting>=1
send <starting>
become (pipeline)
if <starting>=0
send <starting:=1>
become (head)

(5) PIPELINE
receiving <ending> do
if v, < clock

send <ending>
become (passive)
else become (head)
receiving <starting> do
reset clock
send <starting>

(6) HEAD
when (clock = v.) do
send <ending>
become (passive)
receiving <starting> do
reset clock
if <starting>=1
send <starting>
become (pipeline)
if <starting>=0
send <starting:=1>

7 SUSPENDED
when clock = n do
send <starting>
reset clock
become (done)
receiving <alarm> do
send <alarm>
become (passive)

(8) PASSIVE
receiving(val) do
send(val)
if val =<startmotification>
reset clock
if val =<end notification>
if v = v. become (mazrimum)
else become (small)

(9) DONE

when clock = v. do
send <end notification>
if v = v. become(mazrimum)
else become (small)



We shall now discuss the states in some details. In the following, the states waiting, player,
pipeline, head, accumulator, and delaying are called “active”.

Waiting entities start new steps executing the Waiting protocol. A waiting entity waits f(n,v)
time units, where v is a quantity known to the entity (initially set to its value). If, during
this time, it does not receive any message, it holds the minimum among the values held by the
waiting entities. In this case, it sends a <starting> bit, that starts the Pipeline in the segment,
and becomes player. If, while waiting, it receives a <starting> bit, there is a smaller value
held by a waiting entity; thus, it becomes head if it is the first active entity encountered by the
<starting> bit, pipeline otherwise. This situation is detected by the value of the <starting>
bit.

When a player receives the <starting> bit sent by the neighbouring player, two different state
transitions can arise. If there are no active entities in the segment between the two players,
it becomes suspended; otherwise it sends an <alarm> bit to notify that it is still playing, and
becomes accumulator. Which of the two situations has occurred is detected by the value of the
<starting> bit. As a consequence, if a segment consists only of passive entities, al least one
of the two players delimiting it becomes passive. This ensures that the number of players is at
least halved at each step.

Pipeline and head entities execute the Pipeline protocol. The purpose of this protocol is
to accumulate in the accumulator entities the local maxima of the segments. The head is the
first among the entities performing the Pipeline in a segment. When a head entity ends its
communication, it sends an <ending> bit and becomes passive. When a pipeline entity receives
the <ending> bit, it compares its held value with the one accumulated so far. If its value is
bigger, it becomes head; otherwise, it immediately forwards the bit, and becomes passive.

An accumulator is the entity located at the end of a segment; the value communicated to
it by the Pipeline is the maximum value in the segment. When an accumulator receives the
<ending> bit, it calculates the value of the local maximum, and become delaying.

Since the amount of time required for the Pipeline procedure directly depends on the accumu-
lated values, it can be the case that an entity in state head, pipeline or accumulator at step k
receives a <starting> bit from a player already in step k£ + 1. In this case, if head or pipeline,
the entity forwards the <starting> bit, and restarts the Pipeline for step £+ 1 without changing
state. If accumulator, it forwards the <starting> bit and becomes passive; the value it was
accumulating is being held either by a pipeline or by a head entity.

Delaying entities wait a certain amount of time to ensure that, in the next step, any two waiting
entities, which hold the same value, start the step with a delay bounded by their distance. By
design, the only message a delaying entity might receive is a <starting> bit. If, during this
time, it does not receive it, it becomes waiting . Otherwise, it forwards the <starting> bit
and becomes either head or pipeline depending on whether or not it is the first active entity
encountered by the bit. The situation is detected by the value of the bit.

A suspended entity waits n time units. If nothing occurs during this time, it becomes done.
Otherwise, it becomes passive.



Done entities know the value of the maximum z,; and start the Notification phase. Each done
entity 7 sends a <start_notification> bit, waits z; time units, and sends an <end_notification>
bit. If z; = xps, it becomes mazimum, otherwise it becomes small.

Passive entities just forward received bits. If the received bit is a <start_notification>, a passive
entity ¢ starts counting. When it receives an <end notification>, it knows zps. If z; = zjy, it
becomes mazimum, otherwise it becomes small.

Maximum and small are terminal states.

The state transition diagram is shown in Figure 1.

| TERATI ON PHASE

@ Del ayi ng

Pi pel i ne

Suspended

NOTI FI CATI ON PHASE

Figure 1: State Transition Diagram



4 Analysis of the Algorithm

In this section, we show the correctness of the algorithm and analyze its complexity. Since
the Notification phase is just a comunication of the values accumulated at the done entities, to
prove the correctness of the proposed solution, it sufficies to show the correctness of the Iteration
phase; that is, the done entities hold the maximum value when the Iteration phase terminates.
In the following we will denote by: d(7,j) the distance between entity ¢ and entity j; zk
the minimum value held by the waiting entities at step k; AF = z* . —2*~1 where 20 . = 0; 7F
the segment between two successive players terminating in player ¢ at step k; ac?wl the maximum

min

value in 7¥; TF the time when entity 4 starts step & with respect to the global clock.
We say that a set S of entities start the k-th step with bounded delay if, for any 7,5 € S,
Tk < T]k + d(j,). Let f(n,z) =2-n -z be the timeout function used by the algorithm.

The proof of correctness is carried out by a sequence of lemmas. The first lemma states a
sufficient condition for termination.

Lemma 4.1 If at step k all players become suspended, then all the other nodes are passive, and
the Iteration phase terminates.

Proof. If a player ¢+ becomes suspended, then in rf there are no head entities since any entity
which is or becomes head sets the <starting> bit to 1 (Rules (1), (4), (6)); similiarly, there are
no pipeline entities in rf since, by the same rules, to become pipeline it is necessary to receive
a <starting> bit equal to 1. Moreover, if all players become suspended, none of them becomes
accumulator (Rule (2)); hence no entity can become waiting. Since only waiting entities can

start new steps, the Iteration phase terminates at step k. |

We now prove that the sufficient condition of Lemma 4.1 is also necessary: if at least a player
does not become suspended, the Iteration phase does not terminate.

Lemma 4.2 If at step k there is at least one accumulator in the ring, then all the suspended
entities recetve the <alarm> bit at most n time units after becoming suspended.

Proof. Consider an entity ¢ that becomes suspended at time t;. To become suspended 1 must
have completed the waiting at time ty < #; without receiving any message, sent a <starting>
bit, become player, and received at time ¢ a <starting> bit equal to 0 (Rules (1), (2)). Consider
an accumulator 7; it must have received in state player a <starting> bit equal to 1 and sent
an <alarm> bit (Rule (2)); this has happened at time t5 < to + d(7,7) < t1 + d(j,¢). Thus, an
<alarm> bit will be received by ¢ at time

t3 <ty 4+ d(4,75) <ty +d(3,5) + d(5, 1) =t +n.

a

The following lemma shows that, at each step, all the entities which become players hold the
same value.

Lemma 4.3 At each step k

a) all waiting entities holding % . start the step with bounded delay; furthermore they are

the only entities which become player;
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b) all the other waiting entities become either head or pipeline.

Proof.
By induction on k.

Basis. In the first step, because of the wake up process, all entities start with bounded delay.
Since f(n,z) = 2-n-z, the entities with the minimum value finish waiting and send the notifica-
tion message before receiving any message; this is a basic property of the waiting protocol (e.g,
[16]). Hence, they become player. Moreover all the other waiting entities receive a <starting>
bit while still waiting; thus, they become head or pipeline (Rule (1)).

Inductive step. Let the lemma hold for the first k£ steps. We will show that, if the Iteration
phase does not terminate at step &, the lemma holds for step k + 1. By induction hypothesis, at
step k, the waiting entities holding the minimum value ac ., Start waiting with bounded delay;
that is, for any two waiting entities ¢ and j, TF — T]k < d( J,1). Furthermore they become player
while all the other waiting entities become head or pipeline.

If the algorithm does not stop at step k, then (by Lemmas 4.1 and 4.2) at least one player 4
must become accumulator in this step and waiting at step k + 1. In step k, entity ¢ received a
<starting> bit 6¥ time units after it finished waiting; that is, at time TF 4 f(n, A¥) 4+ §¥. This
bit was sent by its neighboring player i’ at time T5 + f(n, A¥); thus

Tk—l—(Sk Tk—l—d(z ).
Notice that ¢ does not know d(4, '), nor T%, nor TF; it does however know that
6P =Tk —TF+d(i,7)<2-d(i,7) <2-(n—1).

It finishes the accumulation of ac?wl at time TF + f(n, AF) 4 6F + ac?wl and becomes delaying. It
waits an additional amount of 2-(n— 1) — §¥ time units and it starts step & + 1 becoming waiting
(Rule (4)); that is,

TP =T+ f(n, AF) + 2y, + 20 (n - 1) (1)
If ¢ is the only accumulator, the lemma trivially holds. Let also 7 become accumulator at step
k; then

k+1 k k k

Tj+ =T/ + f(n, A") + 2y, +2-(n—1) (2)
Suppose now that the values accumulated by ¢ and j at step k are minima among the waiting
entities at step &+ 1; that is, 35?\4, = xﬁw = acﬁj;}l Then Tk'i'1 Tf"'l =Tk - T]k < d(j,17) proving
a).

Consider now the case in which 35?\4 > ac?wl = acﬁj;i Then, in step k + 1, entity ¢ finishes
waiting and sends a message which would reach entity j at time
k .o
T+ fn, A + d(i, ). (3)

The waiting of j ends at time
TP 4 f(nyaly, = onn) 2 TP 4 f(ng ol 41— ap) = T 4 fln, A 12000 (4)
From 1 and 2, it follows that

k k k_opk g gk 5 K
TZ"H—T]‘-I—IITZ' _Tj ‘I'xMi_xMJ Sd(j,’t)<n
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Hence, expression (3) is less than (4); that is, the message sent by ¢ would reach j while it
is still waiting, proving b). O

The next lemma shows that the values held by the players are increasing at each step.

k+1

min

k

Lemma 4.4 If the Iteration phase does not terminate at step k, then x >zho.

Proof. Let the Iteration phase not terminate at step k. Then, by Lemmas 4.1 and 4.2, at least
k

one entity 7 becomes accumulator, accumulates the maximum value xé“wl >z, in the segment
7%, becomes waiting, and starts step k + 1. Therefore, the value held by each waiting entity ¢ at
step k + 11is acé“wl > zk . Thatis, 540 > 2F O

The following lemma proves that the maximum value z,; in the ring is not lost during the

execution of the algorithm.
Lemma 4.5 At the beginning of each step, xp; is held by an active entity.

Proof. Initially, it is trivially true. Consider a step k > 1, and assume that the Iteration phase
does not terminate at this step. Then, by Lemmas 4.1 and 4.2, there is at least an accumulator.
Each accumulator i starts accumulating the largest value in 7. If it completes the accumulation,
i becomes delaying and then either waiting, or head or pipeline (Rule (4)); thus, if z); was in 7%,
it is now held by an active entity. Instead, if while accumulating, ¢ receives a <starting> bit for
the k 4 1 step, it becomes passive. In this case, in 77, the head and all the entities still pipeline,
when reached by the bit, enter directly stage k + 1 in state head or pipeline (Rules (5), (6) ).

Thus, if zp; was in rf, it will still be held by an active entity at the beginning of step k£ 4+ 1. O

Now we are able to show that the Iteration phase correctly terminates. We will prove that,
after a finite number of steps, the phase terminates and that, at the end of such a step, the
entities can be only in the state done or passive. Furthermore done entities know the maximum
value z4.

Theorem 4.6 After a finite number K of steps the Iteration phase terminates. Furthermore,
at step K :

K _ .
(Z) Linin — TM;

b) all the players become done and all the other entities are passive.

Proof. From Lemmas 4.4 and 4.5, it follows that eventually =, will be held by players; that
is, there exists a K such that z/. = z,;. Since z); is the maximum value, then all the waiting
entities of step K hold the same value. Thus all of them become player. Furthermore, neither
pipeline, nor head entities can be in the ring, as this would imply that there are entities holding
values greater than zj;. Therefore, each player receives a <starting> bit from the neighboring
player equal to 0, and becomes suspended. By Lemmas 4.1 and 4.2, it follows that the algorithm
terminates at step K. Furthermore, since no player becomes accumulator, no <alarm> bit will
be sent in the ring, and each suspended entity becomes done within an additional n time units.

O

We will now calculate the complexity of the algorithm.

12



Theorem 4.7 The algorithm determines zp in O(n-1log My, ) bits and O(n-xpr) time, where
Momin 18 the multiplicity of T, .

Proof. Let us consider first the number of steps required by the Iteration phase in the worst
case. It is easy to see that the number of players at each step is at least halved. This is due
to the fact that if the segment between two players at step k does not contain an active entity,
then the player at the end of the segment receives a starting bit = 0, and becomes suspended;
thus it cannot be a player at step k + 1. Since in the first step only the entities with z; = ..,
become players, it follows that the maximum number K of steps is logm,,;,.

At each step k, O(n) bits are required to find the minimum z* ; with the waiting technique,
and O(n) bits are required to accumulate the maxima with the pipeline technique and the Two-
Bit communicators. The notification phase would add another O(n) bits. Thus, the total bit
complexity is O(n - log myn).

Let us consider an entity ¢ that becomes done at the final step K. Let A be the time at
which ¢ becomes done; then

A<TE + f(n,A®)+2.n
Since, for 2 < k < K,

TF =T+ f(n, AF Y 42k + 2 (n— 1)

@ .
min

solving the recurrence and considering that Til <n-1, Ef‘:l z < K-zpp, and K < log mopin,

it follows that
A<zp-(2-n+logmumin)+(n—1)-(2-logmp, —1)+2-n

The Notification phase requires O(n 4 z7) time in the worst case. Hence the total amount of
time required by the algorithm is O(n - zy) O
Corollary If X is a set, the algorithm determines s in O(n) bits and O(n - 4, + zas) time.

In other words, if the values are distinct, the algorithm achieves the same bits-time bounds
than the solutions for sets, but without requiring a priori knowledge that X is a set.

5 Refinements and Proof of Main Theorem

5.1 Reducing the Time Complexity

In this section, we show how to reduce the time complexity of the algorithm described in the
previous section, without increasing its bit complexity.

The basic idea is to use the previous technique not to determine the maximum value x4,
but to find an upper bound y > zj; and then solve the simpler problem of finding the maxima
in a bounded multiset where the bound is known.

Given an invertible function f : R — R such that

FHIF@N) 2 2, (5)

a maxima finding algorithm can be constructed in two phases:

13



Phase 1 - Consider the multiset F = {fo, f1,..., fu1} where fi = [f(z;)]; clearly, the
maximum value in this multiset is [f(zs)]. Solve Maz(F;Z%) to find [f(zps)]. Since
y = fY([f(znm)]) > zpm, an upper bound on the maximum of the original value is now
available.

Phase 2 - Consider the multiset Y = {yo,41,...,Yn—1}, where y; = y — z; or y; = * depending
on whether or not f; = fi.q., respectively; clearly, the minimum value (different from x)
inY is ypuin = y — zy. Solve Min{Y;ZT U {x}) to find y,;,, where the entities whose
value is * act as relayers.

Using the algorithm described in Section 3, Phase 1 can be completed in O(n - f(zar)) time
with O(n -logn) bits. Using the Waiting technique (e.g., [16]), Phase 2 requires O(n) bits and
O(n - Ymin) time. Thus, the total bit complexity of finding the maxima using this two-phase
algorithm is O(n-logn), while the time complexity is O(n- Maz{f(zar), f [ f(za)]) —zar)})-

For example, using the function f(z) = logz, the bit complexity is O(n -logn); the time
complexity becomes O(n - Maz{log s, (2M°8%11 — 231)}) which, for some values of 7, can be
less than O(n - zpy).

The choice of f directly influences the time complexity whereas the bit complexity is O(nlogn)
regardless of the choice. To minimize the time complexity, f must be such that

FHIf(@)]) = = = 0(f(2)) (6)

Observe that, for the choice f(z) = logz described above, (6) does not hold.
A function that satisfies both (5) and (6) is f(z) = \/z, since [Z]” — z < 2\/z. For such a

choice, we obtain a maximum finding algorithm which requires O(n -logn) bits and O(n-/z,;)
time, improving the bounds obtained in Section 3. It can be shown that any other choice of f
would not lead to further improvements in the order of magnitude of the time complexity.
This approach has a major drawback. The bit complexity of the algorithm of Section 3
is sensitive to the multiplicity of the minimum value in X. In particular, if X is a set, the
algorithm requires only O(c-n) bits, even if this information is not known a priori. Because of
the “ceiling” operator, F' might be a multiset even when X is a set (in the worst case, all f;’s
could be equal). Thus, the overall bit complexity could increase with the proposed approach.
This drawback can be easily solved. In fact, to maintain the sensitivity of the original
algorithm, it is sufficient to add a Phase 0 to the strategy; in this phase, the minimum value
in X will be found and it will be detected whether it is unique. Using the algorithm of [10],
1

the minimum value can be found with O(c - n) bits and O(c-n-z° ) time for any integer
¢ > 0; determining whether it is unique requires an additional O(n) time and bits. Therefore,
for any ¢ > 1, the complexity of Phase 0 is not greater than the one of the other two phases. In
other words, we can reduce the time complexity of the algorithm of Section 3 maintaining the

sensitivity to the distinctness of the minimum value, and without increasing the bit complexity.

5.2 Bits-Time Tradeoff and Main Theorem

In the previous section, we have reduced the time complexity by first finding an upper bound y
on the zj; and then determining the minimum of the values y — x;. We will now show how to
extend this approach to derive a continuum of bits-time tradeoffs, which will lead to the proof
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of the Main Theorem. Namely, we will prove that, for any integer ¢ > 0, it is possible to find
1

the maxima in O((c + logn) - n) bits and O(c-n - zj;) time. If the values are distinct, the bit
complexity is O(c-n).

The basic idea is as follows. As before, we first find an upper bound ¥ on the maximum z s
using the technique described in the previous section and consider the multiset {yo,...¥,—1},
where y; = y—z;. To determine z 7, we decompose each value y; into a c-tuple (y/ 1,9/ 5, ..., ¥/ ),
with values in Z* U {*} and apply the minimum finding algorithm (waiting technique) to the
multisets Y; = {441,914+ > Yn_1.4)> 1 <t < ¢, sequentially until y,,;, = y — a7 is determined.

Specifically, to find the upper bound, we use the function f(z) = logz; thus we have y =
2Mlogzum] and Y = 2floganm] _ .

The values 3/, € Z% U {x} are chosen so that:

1
1) if yfi € ZT1 then yl’»i =0(zf);
2) if ¥i = Ymin, then Vj g/, <y’ , (Where every integer is assumed to be less than *);
3) if Y; < Yi = Ymin, then there exists a ¢ such that y!, > y/,.

A preliminary phase is executed to make the bit complexity sensitive to the multiplicity of
the minimum value.

Phase 0 - Solve Min{X;Z") to find z,,,. If the minumum is unique, the corresponding
entity determines the maximum value and the algorithm terminates; otherwise, Phase 1
is executed.

Phase 1 - Consider the multiset FF = {fo, f1,..., fu—1} where f; = [log(z;)]; clearly, the
maximum value in this multiset is [log(zas)]. Solve Maz(F;Z*) to find [log(zas)]. Since
y = Y [f(zp)]) = oMlogzarl > g1 an upper bound y on the maximum of the original
value is now available.

Consider the multiset {yo, ..., ¥,—1}, where y; = y — ;.
Let y; s and 24, 0 <72 <m —1and 1 <t < ¢, be recursively defined as follows:
1
vip = 25 (7)
where
Zit = Zig-1 — yf;i-{z (8)

1
and z;; = y; and y; 1 = |y ]

Phase 2 - Consists of at most ¢ steps:
step 1: solve Min(Y1;Z%) where Y1 = {444, .-, 411} and ¥/ = v;1.
If the minimum value 3/7lnm,1 is unique, terminate the algorithm; otherwise proceed.
step t (2 <t < ¢): solve Min(Yy; Z), where Vi = {4 1,41 4+ - > Y14y and:

) , o
y{ _ Yit if 3/1'715_1 = Ymin,t—1
gy * otherwise

very entity with value * acts only as a relayer). e minimum ¥/ . . is unique or ¢t = ¢
Every entity with val ts only layer). If the minj Yrin,¢ 18 UDiq t=c,
terminate the algorithm, otherwise proceed to step ¢ 4 1.
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Theorem 5.1 The mazimum zp; can be found in O((c+logn)-n) bits and O(c-n-xM%) time,
for every integer ¢ > 0. If the values are distinct, the bit complexity is O(c - n) and the time
1

complezity is O(c-n-z°. ).

Proof. Consider the three-phase algorithm described above. If the minimum value is unique,

this situation is detected in Phase 0, the maximum value is found, and the algorithm terminates.

Otherwise, the algorithm procedes with Phase 1. Using the algorithm of [10], the bit complexity
1

of Phase 0 is O(c-n) and the time complexity is O(c-n-z°. ).

In Phase 1 the upper bound can be found in O(n -logn) bits and time (see Section 5.1).

Phase 2 is composed of at most ¢ steps; step t, 1 < t < ¢, is an execution of the waiting
technique on the multiset Y;.

In each step t, there are two types of entities: relayers (i.e., y;, = *) and players (i.e.,
yi, € Z%). Initially all entities are players. By construction, if g}, = * then y! | = *; that is if
a player ¢ becomes a relayer, it will remain so until the end of the algorithm.

If entity 7 is a player in step ¢, then y/, = y; ;. By definitions (3) and (4)

1
—t

t—1 c
vie = L — Y v
k=1

Hence, if 4; = ¥nin, then V4§ and Vi, yl’»i < y}t (where every integer is assumed to be less than
*). Furthermore, if y; > y; = £, then there exists a ¢ < ¢ such that y}t > yz"i‘ Thus, entity j
becomes a relayer at step t. Therefore, when the algorithm terminates, all and only the entities
whose value is ¥,,;, are in state minimum.

Step t is an execution of the waiting technique on the multiset Y;; thus it requires O(n) bits
and O(n - Ymin,t) time, plus an additional O(n) bits and time to determine whether ¥, ¢+ is

unique.
c—t+2
We will now show that z,in 41 = O(2,,¢ ) and, thus, Ypin 41 = O(xM%). Fort =1itis

true, in fact
Zm1 = Ym = 2|—logxm-| —IM = O($M)

c—t+1

Let it hold for step t < ¢; thatis z;; = O(z; © ) and y;; = O(acﬁ) It follows that

C
o c—t+1 _
Zigr1 = Zig — Yoy =O0(z; )

K3

Thus, Phase 2 requires at most O(c-n) bits and O(c-n - acM%) time.

By Theorem 5.1 and Theorem 2.1, it follows

Main Theorem For any integer ¢ > 0, EF can be solved with O((c 4 logn) - n) bits in time

O(c-n- x%), where © = Maz{|Tmin|, | Tmaz|}-
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6 Finding the Multiplicity of the Extrema

In this section, we consider the Eztrema Counting Problem (EC); that is, the problem of finding
the multiplicity of the extrema in the multiset X. We show how the proposed algorithm for EF
directly implies the same bits-time upperbound for EC.

In the following, we will describe only the solution to the problem M AX C(X,Z*) of finding
the multiplicity of the maxima in X when U = Z™: as in the case of EF, this technique leads
to correct solution of the general case EC(X,Z).

The algorithm is composed of two phases.

First Phase:

the entities determine the maxima using the algorithm presented in Section 5. At this
point, each entity ¢ sets v; = 1 if it is mazimum (i.e., z; = zp), and v; = 0 if it is small
(i.e., z; < zpr). Let V = {wg,va,...,v,-1} be the resulting multiset.

Second Phase:
the entities solve SUM(V,{0,1}) (i.e., determine the number of ones in V) using the
algorithm of [1].

The first phase requires an execution of the algorithm of Section 5. The second phase of the
algorithm requires O(n -logn) bits and time [1].
In other words:

Theorem 6.1 For any integer constant ¢ > 0, EC can be solved with O((c+1logn)-n) bits and
O(n - maz{z'/¢,logn}), where &z = Maz{|Zmin|, |Zmaz|}.

We will now show that the proposed algorithm is bit optimal. This will be done by "lifting”
an existing result for computing the XOR of Boolean values.

Given two problems Wy and W5, we will denote by Wy <, W5 the fact that the bit complexity
of W3 is not greater than the one of Wj.

Theorem 6.2 Any solution to EC requires §(n - logn) bits
Proof. Given X = {z¢, %1, ..., 21}, let V. = {wg,v1,...,v,_1}, where v; = 1 iff #; = z5;. Then

EC(X,Z) >, MAXC(X,Z) >, MAXC(V,{0,1}) >, XOR(V,{0,1}) =, Q(n-logn); the
lower bound on the XOR has been established in [1]. O

Thus, the proposed algorithm has an optimal bit complexity.

7 Extensions and Remarks

7.1 Bidirectional Rings

In the previous section, we have considered unidirectional rings; that is, rings where each entity
1 can send messages only to ¢ + 1 and receive messages only from 7 — 1.

In the case of bidirectional rings, every entity ¢ can directly communicate with both 14+ 1 and
71— 1. Recall that the indices ¢, 7+ 1 and ¢z — 1 are used here only for convenience of notation and
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are not known to the entities. Rather, each entity is only aware of its two neighbours, locally
known as “left” and “right”. If the local assignment of these labels is globally consistent (e.g.,
each 7 knows ¢ + 1 as “right”), the ring is said to be oriented.

In oriented bidirectional rings, any unidirectional algorithm can be executed with the same
bits-time complexity by using only one direction for all communications. Thus, for such rings,
all the results discussed in the previous sections trivially hold.

If no orientation exists but the ring size n is odd, then the ring can be oriented with O(n-logn)
bits and time [2]. Thus, also in this case, the estabilished bounds hold.

Finally consider unoriented rings of even size. These rings cannot be oriented (i.e., no
deterministic orientation algorithm exists) [2]. In this case we can still achieve the same bounds
as follows. Every entity runs two parallel and independent executions of the unidirectional
algorithm, one for each local direction; when a message arrives, the direction of the arrival will
determine to which execution it must be applied. In this way, the correctness will be unchanged
and the complexity will be at most doubled.

7.2 Concluding Remarks

We have considered the Frtrema-Finding Problem; that is, the problem of finding the minimum
and the maximum values, #,,;, and z,,,,, of a multiset X = {z¢, z9, ..., z,_1}, whose elements
are drawn from a totally ordered universe U and stored at the n entities of a ring network.

We have shown that, in synchronous rings of known size, this problem can be solved in
O((c+1ogn)-n) bits and O(c-n-x%) time for any integer ¢ > 0, where = Maz{|Zin|, |Tmaz|}-
The previous solutions required O(n?) bits and the same amount of time.

The Extrema Finding problem is unsolvable if the ring size is unknown to the entities; it has
complexity ©(n?) in the case of asynchronous rings of known size. Thus, the only question still
open is whether the established bits-time bounds for synchronous rings of known size are tight.

We have also presented presented an O(n - logn) solution to the problem of finding the
multiplicity of the extrema, and shown it to be bit optimal. The last result leads us to the
conjecture that Q(n -logn) is also a lower bound on the bit complexity of Extrema Finding and,
thus, the proposed solution is bitwise optimal.
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