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ABSTRACT

Given a graph G, we intend to partition its nodes into two sets of equal size so as to minimize

the sum of the cost of the edges having end-points in different sets. This problem, called the uniform

Graph Partitioning Problem (GPP), is known to be NP-Complete. In this paper we propose the first

reported learning-automaton based solution to the problem. We compare this new solution to various

reported schemes such as the Kernighan-Lin’s algorithm, and two excellent recent heuristic methods

proposed by Rolland et. al. -- an extended local search algorithm and a genetic algorithm. The

current automaton-based algorithm outperforms all the other schemes. We believe that it is the fastest

algorithm reported to date. Additionally, our solution can also be adapted for the GPP1 in which the

edge costs are not constant but random variables whose distributions are unknown.

Keywords : Heuristic search; Graph partitioning; Adaptive learning; Learning Automata.

I. INTRODUCTION

Let G = (V, E) be a graph where the number of nodes, V, is even. We intend to partition V into

two disjoint node sets V1 and V2 in such a way that the sum of the cost of edges having end-points in

different sets is minimized. This problem, referred to as the Graph Partitioning Problem (GPP), has

been known to be NP-Complete [GJ79,GJS76]. The solution to the GPP can be used in several

important areas. Electronic circuit board communication rates are optimized when the distances

between the components are minimized. Minimal distances between components are also required in

order not to skew the communication timing delays. On a larger scale, wide area networks may show

better performance if nodes are clustered around the database-servers which they access the most.

This same principle applies to computer memory paging where the ideal situation is to minimize disk

swapping by clustering inter-related subroutines and data on the same memory pages. Similarly, the

problem of laying out complex floor space in industrial settings, and allocation problems in

distributed and parallel computing environments can be seen to be directly related to the GPP.

Due to the inherent complexity of solving the GPP a whole body of literature reporting various

heuristic solutions has emerged. Rather than survey the entire field, but in the interest of brevity, we

refer the reader to an excellent thesis [Ro91] and some recent papers [PR94,RP92] which give an up-

+ Senior Member, IEEE. The work of this author was partially supported by the Natural Sciences and Engineering Research
Council of Canada.
1With regard to this claim, please see the footnote at the end of Section I (on Page 3).
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to-date survey of the results available and of the various algorithms that have been currently reported.

One of the pioneering works in this direction was the solution due to Kernighan and Lin [KL70].

Their scheme, Algorithm KL, has been universally considered to be among the best solutions. More

recently [JAM89], Johnson et. al. showed how the philosophy of simulated annealing [AK89]

(referred to Algorithm SA) could be adapted to produce excellent solutions for the GPP. Their paper

demonstrated how the solution generated by Algorithm KL could be significantly improved.

Unfortunately, though, Algorithm SA is more computationally burdensome than Algorithm KL and

was reported [FK90] to be inferior to other methods when the GPP involved partitioning V into K

subsets (the K-way GPP). The results of [FK90] also show the extensive computational needs of

Algorithm SA and its relatively poor performance in various settings.

To our knowledge, the best reported algorithms to date, those proposed by Rolland2 et. al.

[PR94,Ro91,RP92] are :

(i) An extended local search scheme (referred to as Algorithm XLS), and

(ii) A Genetic Algorithm (referred to as Algorithm GA).

The above references demonstrate the power of these two strategies.

In this paper we shall present a new technique for solving the GPP. This involves the use of

stochastic learning automata. Learning Automata (LA) have been used to model biological learning

systems and also to learn the optimal action which a random environment offers. Learning is

achieved by interacting with the environment and processing its responses to the actions that are

chosen. Such automata have various applications such as parameter optimization, statistical decision

making and telephone routing [NT89,OF93,OM88,OVZ92,OZ93]. An excellent book by Narendra

and Thathachar [NT89] contains a review of the families and applications of learning automata.

The learning process of an automaton can be described as follows: The automaton is offered a

set of actions by the environment with which it interacts, and it is constrained to choose one of these

actions. When an action is chosen, the automaton is either rewarded or penalized by the environment

with a certain probability. A learning automaton is one which learns the optimal action, which is the

action that has the minimum penalty probability. Hopefully, the automaton will eventually choose

this action more frequently than other actions.

By suitably modelling the graph weights and feasible solutions as an "Environment" we shall use

the principles of LA to develop a very efficient solution for the GPP. Indeed, our current automaton-

based algorithm outperforms all the other schemes catalogued above by an order of magnitude. We

believe that it is the fastest algorithm reported to date. Finally, our solution is the first reported

2We are very grateful to Professor Rolland for introducing us to this problem. We appreciate his quick e-mail responses to
our queries. Our comparative results could never have been obtained if it had not been for his unusually good and cooperative
attitude of mind. Indeed, in that sense, he was more  of a co-worker in the publication of this paper than an observer.
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solution which can be adapted for the GPP when the edge costs are not constant but random variables

with unknown distributions.3

The organization of the paper is as follows. Section II reviews the related work on the GPP and

in particular, the principles and algorithms referred to above are briefly reviewed. Section III outlines

the use of a particular LA, the Object Migrating Automaton, which is the foundation for our present

solution. We then introduce our solution, the Graph Partitioning Learning Automaton (GPLA) and

conclude the paper by presenting various results demonstrating the power of our scheme.

II. PROBLEM FORMULATION AND PREVIOUS SOLUTIONS
II.1 The Graph Partitioning Problem (GPP)

Let G = (V, E) be any graph with an even number (2N) of vertices, V. The GPP4 involves

partitioning V into two node sets V1 and V2 (i.e., |V| = |V1| + |V2| and V1 ∩ V2 = Φ) such that the

sum of the edge-cost having end-points in different sets is minimized. Indeed, if cij  is the symmetric

cost of the edge connecting nodes i and j, the GPP is the following nonlinear optimization problem :

Minimize  ∑
i∈V

 

   ∑
 j∈V

 

  cij  xi
.(1 - xj) (1)

Subject to   ∑
i∈V

 

  xi = N (2)

where xi ∈ {0, 1} for all i ∈ V ; and xi = 1 ⇒ i is in set V1 ; xi = 0 ⇒ i is in set V2. (3)

The formulation of the GPP can be alternatively rewritten in an unconstrained form as:

Minimize   ∑
i∈V

 

   ∑
 j∈V

 

  cij  xi
.(1 - xj)  + Π (4)

where Π is a penalty measure associated with (2). The latter formulation was explicitly utilized by

Johnson et. al. in [JAM89] and later in the genetic algorithm proposed by [Ro91,RP92].

In the absence of a systematic algorithm for tackling the problem (which is known to be NP-

Complete [GJ79,GJS76]), the most obvious strategy is to resort to a brute force exhaustive search of

the solution space. In this case, the solution space is prohibitively large for any meaningful problem;

furthermore, this space grows exponentially with the number of nodes. Indeed, when |V| = 10, the

solution space is of cardinality 126. When |V| = 100 the space has more than 1029 feasible solutions !!

Rather than attempt to obtain the optimal solution, most "approximation algorithms" try to produce

3The claim that our solution can be adapted for the GPP when the edge costs are not constant but random variables with
unknown distributions has not been substantiated experimentally here. But, since all the learning principles invoked
[OM88, NT89,Ts73] here are originally derived from the setting of interacting with stochastic environments, we believe
that our claim will hold.  We are still investigating how this claim can be verified and proven. The difficulty lies in a very
fine technical issue : Unlike what is currently done in the literature concerning the GPP,  experimentation  with stochastic
environments would involve taking the ensemble average of the time averages as it done in adaptive learning [NT89].
4The K-way GPP involves partitioning V into K disjoint subsets such that the sum of the cost of edges having end-points in
different sets is minimized.
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near-optimal solutions. Indeed, a whole body of literature has gone into designing heuristic strategies

that yield solutions that are "arbitrarily close" to the optimal one, and which are computable in a

"reasonable" amount of time. In order to present our results in the context of the best known

solutions, we shall in the next few subsections, briefly catalogue some of these.

II.2 The Kernighan-Lin Algorithm

For many years the solution proposed by Kernighan and Lin [KL70] (referred to as Algorithm

KL) was reckoned to be among the best heuristic algorithms. The salient feature of Algorithm KL is

its ability to quickly locate "good" solutions. It uses the idea that some vertices are more strongly

connected than others implying that these, typically, have a higher degree (which is certainly true for

sparse graphs) and therefore should be migrated between potential solution sets as the clusters

develop. Thus, this procedure essentially makes use of the observation that inter-connected nodes

with weighty edge costs tend to cluster. Consequently, although migrating individual nodes between

the sets may have a detrimental effect to the overall solution, Kernighan and Lin observed that by

swapping groups of nodes between the intermediate solution sets, we can, hopefully, obtain solutions

superior to those which are obtained by swapping individual pairs of nodes. In every iteration, the

algorithm essentially first builds a set of gains (i.e., cost minimizations) obtained by swapping

individual pairs of nodes and subsequently swaps all the node pairs found to contribute to this gain to

generate a new solution5. This process is continued until no positive gains are obtained.

A precise description of the algorithm is given in [KL70,RP92]. In the implementation for

which we have reported experimental results, at each stage the algorithm can either iterate on a new

random solution or it can alternatively perform a sub-partitioning on the two solution partitions V1

and V2 and swap them to create V1
'and V2

'. This new solution then forms the basis for the next

iteration. Typically, a counter (on the number of iterations executed) is used to terminate the scheme.

 Although the algorithm is fast and reasonably accurate Pirkul and Rolland [Ro91,RP92] report

that the solutions obtained by Algorithm KL are not consistently of good quality.

II.3 The Extended Local Search Algorithm

We shall now briefly describe the Extended Local Search (XLS) Strategy introduced by Rolland

et. al. The latter is closely related to a local search scheme (Algorithm LS) which operates on a

current partitioning and modifies it by migrating a pair of nodes between the individual sub-

partitions. To be more specific, suppose that the current partition at time 'n' is π(n). A solution is

defined to be in the neighborhood of π if it can be obtained by swapping pairs of nodes between the

5Philosophically, the algorithm has two looping constructs. The outer loop terminates the scheme when no further
improvement is obtained. The inner loop, on the other hand, constructs the set of nodes to be swapped. The interesting
features of the technique are the details of how this loop migrates the nodes and how it permits the movement of nodes
which increase the weighted cut-set sum. We refer the reader to the excellent "pioneering" work in  [KL70] for these details.
Although these have been implemented in our study, to avoid repetition the details are omitted  in the interest of brevity.
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two sub-partitions with the additional restriction that each node can be moved exactly once. Thus

Algorithm LS searches the neighbourhood of π(n) to find a local optimum, and so, given any

feasible solution, a superior solution in its neighbourhood can be obtained by swapping a single pair

of nodes. This is exactly the philosophy motivating Algorithm LS.

The number of swaps done per iteration is bounded by N since a node, once swapped, is no

longer eligible for swapping. By re-initializing the scheme from an ensemble of random starting

solutions large sections of the problem space can be searched. LS has the following properties :

(i) Due to the exponentially large size of the solution space, repeated invocations to Algorithm

LS may not succeed in identifying an optimal solution [KL70].

(ii) Repeated invocations of Algorithm LS from an ensemble of random initial partitions has

been shown to be more efficient than a simulated annealing approach for the traveling

salesman problem [GS86].

(ii) Due to the existence of numerous "almost optimal" solutions for dense graphs, repeated

invocations of Algorithm LS works well in the case of such graphs [Ro91].

Rolland et. al. enhanced Algorithm LS (in a scheme referred to as Algorithm Extended Local

Search (XLS)) by permitting multiple swaps per iteration. Quite simply stated, the generalization

consists of the following: Once a new solution has been obtained, the set of pairs to be swapped, P, is

reconstructed repeatedly for every current best solution, and a node, once swapped, is permitted to be

swapped again. Of course, looping is prevented by never moving to a more expensive solution.

Experimental evidence [Ro91,PR94,RP92] shows that the algorithm yields good quality

solutions in a reasonable time. Since the number of swaps is not bounded by the number of elements

in each sub-partition, Algorithm XLS is typically more time consuming than Algorithm LS. Also,

since the number of iterations done by the former is unpredictable, in the worst case, unless a

stopping criteria is explicitly imposed, all possible potential solutions could be investigated. A faster

version of Algorithm XLS can be devised by creating the set of pairs to be swapped, P, for each

iteration, but utilizing only the best node-pair to update the partitions. Note that, in this case, the

procedure to construct P would not require sorting. Since the details these techniques are well

documented in  [Ro91,PR94,RP92] they are not re-iterated here in the interest of brevity. For the sake

of experimental comparison, however, Algorithm XLS has been implemented and rigorously tested in

our current study.

II.4 Genetic Algorithms for the GPP

A new philosophy to solve a variety of optimization problems emerged with the introduction of

Genetic Algorithms (GAs). These algorithms (analogous in spirit to the more traditional "generate

and test" algorithms) are motivated by the principles of the mechanics of natural selection. As

opposed to a virgin "generate and test" algorithm which repeatedly generates potential solutions and
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subsequently evaluates them, GAs generate potential solutions derived from solutions which were

previously well ranked and mutated by "genetic" operations such as substitution, bit swapping and

crossover. GAs are robust and effective for solving NP-complete problems [DS89], but their

effectiveness is greatly dependent on the "GA Representation" of the solution space. They are

inherently parallelizable since numerous solutions can be generated and tested simultaneously.

The literature in the field of GAs is extensive. We refer the reader to [CDQ91,Go87,Go89,

LH89] for good reviews of the theory and relevant applications of GAs.

Pirkul and Rolland [Ro91,RP92] devised an Extended Genetic Algorithm (Algorithm XGA) to

solve the GPP. The motivation for their representation can be found in [RP92]. Algorithm XGA used

a population of Norg organisms with Ngen generations where each organism was a binary array of bits

of size 2N. The individual bits represented the membership of the nodes as follows:

xi = 1 ⇒ i is in set V1; xi = 0 ⇒ i is in set V2.

In each generation the fittest organism generated (the best potential solution) was "coronated" to be

the Queen, and a King was selected from the population using a weighted random selection process.

The Queen and King were used to generate a pair of offspring using bit swapping and the two new

offspring generated were subsequently mutated in a bit-wise manner so as to provide a more diverse

and stronger gene pool for the next generation. Consequently, each subsequent generation could be

expected to contain a larger proportion of the local optimal solutions. On termination of the

algorithm (after a number of generations) the Queen represented the best solution to the GPP. Note

that the description of GAs described here differs marginally from the more standard form in which

the mating pairs (and not just the "kings") are selected randomly using the fitness scores to weight

their selection probability. The scheme described for the GPP is formally given in [Ro91,RP92].

We shall now proceed to discuss our automaton-based solution to the GPP.

III. LEARNING AUTOMATA AND OBJECT PARTITIONING

Stochastic learning automata can be classified into two main families : (a) Fixed structure

stochastic automata and (b) automata whose structures evolve with time. Examples of the former type

are the Tsetlin, Krinsky and Krylov automata [NT89,Ts73,OM88]. Although the latter automata are

called variable structure stochastic automata because their transition and output matrices are time

varying, in practice, they are merely defined in terms of action probability updating rules [NT89].

A Fixed Structure Stochastic Automaton (FSSA) is a quintuple (α, Φ, β, F, G) where :

(i) α = {α1, ..., αR} is the set of actions that it must choose from.

(ii) Φ = {φ1, ..., φS} is its set of states.

(iii) β = {0, 1} is its set of inputs where '1' represents a penalty and '0' a reward.

(iv) F : Φ × β → Φ is a map called the transition map. It defines the transition of the state of the

automaton on receiving an input. F may be stochastic.
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(v) G : Φ  →  α is the output map and determines the action taken by the automaton if it is in

state φi.  With no loss of generality G is deterministic [NT89].

The selected action serves as the input to the environment which in turn emits (communicates) a

stochastic response β(n) at time 'n'. β(n) is an element of β = {0,1} and is the feedback response of the

environment to the automaton. The environment penalizes (i.e., β(n) = 1) the automaton with the

penalty ci, which is action dependent. On the basis of the response β(n), the state of the automaton

φ(n) is updated and a new action chosen at (n+1). Note that the {ci} are unknown initially and it is

desired that as a result of interaction with the environment the automaton arrives at the action which

presents it with the minimum penalty response in an expected sense.

In this paper we propose that the GPP be solved by viewing the problem not as a searching

problem or a parameter-based training problem, but instead as one that falls in the domain of object

partitioning problems. The goal is to model the problem so as to determine the nodes in V that

"match" other nodes possessing "similar" properties. In other words we attempt to impose an

intelligent measure of "similarity" on the nodes so that these "similar" nodes coalesce. This implicit

measure of similarity is closely linked to whether the nodes belong to the optimal partition or not.

Furthermore, instead of using some classification method which stipulates the membership of the

nodes into groups, the system adaptively decides the grouping by extracting information about the

relative groupings of the various nodes when they are considered in pair-wise migrations. To achieve

this, the algorithm uses previous sub-partition patterns to intelligently partition the entire node set so

as to obtain a superior partitioning. As a by-product of the scheme, the solution not only decides the

partitionings but also quantifies the "closeness of fit" of how well the nodes belong to the

corresponding sub-partitions. To our knowledge, ours is the first scheme capable of quantifying this.

There are many advantages to this approach. Unlike search methods, the search for a better

solution is not just for a new partitioning in the "neighbourhood" of the current one. Instead, pairs

(and sometimes, a group of three/four) nodes are compared in a pair-wise manner so as to achieve the

learning. Also, the technique is adaptive. Furthermore, unlike heuristic methods [Ni80,Ro91,RP92]

which merely impose a search criterion for closeness between two partitions, we can now generalize a

closeness criterion to extrapolate whether a node belongs to a potential sub-partition.  Finally, (and

far from being insignificant) the scheme also provides a mechanism by which we can nominate the

"best" (or most representative) node for each sub-partition. This node which can be thought of as the

nucleus of the respective sub-partition is automatically and adaptively stipulated by the system. The

algorithm is both time and space inexpensive (sorts in place) and provides a good solution quickly

which can subsequently be improved upon by using one of the other local improvement schemes

which take care of the "straggler nodes". Finally, the automaton recommended here can also be

adapted for the GPP in which the edge costs are not constant but random variables whose

distributions are unknown. We believe that this is the first solution which is capable of this.
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The strategy in this paper utilizes the philosophy of the Object Migrating Automaton that has

been proven to be powerful in solving the Object Partitioning Problem (OPP) [YSL81,OM88]. The

OPP can be defined as follows: Let A = {A 1,...,AW} be a set of W objects to be partitioned into K

classes {π1,...,πK}. The objects are partitioned such that those that are frequently accessed together lie

in the same class. This implies that there is a correct partitioning, called a grouping, for the objects. In

the most straightforward form of the OPP, objects are accessed in pairs <Ai, Aj> called a "Query". It is

assumed that the objects within the same grouping are accessed more frequently together than with

objects in other groupings. Thus, the solution to the OPP will process a sequence of queries so as to

increase the likelihood that the pair of objects accessed will reside in the same class the next time an

identical query is formed.

Unlike the general case of object partitioning the GPP is closely related to the special case in

which all the classes are of equal size. This problem is referred to as the Equi-Partitioning Problem

(EPP). The best non-automaton solution to the EPP is the method due to Yu et. al. [YSL81]. In this

method, initially each member object, Ai, is associated with a real number Xi. Whenever a query <Ai,

A j> is processed, the quantities {Xi, Xj} are moved towards their centroid by some amount δ1. Then, a

random pair <Xp, Xq>, (1≤ p,q≤ W) is moved away from its centroid by some amount δ2. The result is

that similar objects will gradually cluster together and dissimilar objects will separate.

The best known solution for the EPP is the Object Migrating Automaton (OMA) proposed by

Oommen and Ma [OM88] which has already been used in a number of application domains [OF93,

OVZ92,OZ93]. The OMA moves all the W objects around within its states as opposed to traditional

automata which simply move from one state to another. Thus, when applied to the EPP a solution is

not defined by the current state of the OMA; instead it is defined by the entire structure of the

automaton. The mapping function defining the transition of the automaton from one state to another

essentially defines the motion of two or three objects within this structure. When a query <Ai, Aj> is

received, if Ai and Aj are in the same class, they are both rewarded and moved towards the most

internal state associated with that class. This motion is executed one step at a time. However, if Ai and

A j are in different classes, they are moved towards the states sharing common boundaries with the

other classes one step at a time, and whenever one of them is in the boundary state it is migrated

towards the corresponding state of the other action.

The OMA is extremely accurate and fast. Experimentally, it converges to the true solution all

the time, and does so in a speed which is an order of magnitude faster than the scheme due to Yu et.

al. [YSL81] when all the objects are initialized to be in the boundary states of their respective classes

(instead of initializing to random states). In the interest of brevity, we omit the detailed description of

the OMA here and refer the reader to [OM88] for its structural details and for a review of the other

reported solutions to equi-partitioning. We shall now adapt this philosophy for the GPP and

demonstrate how efficient migration can be done to ensure an excellent partitioning.
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IV. AUTOMATA-BASED GRAPH PARTITIONING

The input to our automaton, the Graph Partitioning Learning Automaton (GPLA) is the set of

nodes V={ v1,...v2N}  to be partitioned into two equi-sized sub-partitions, V1 and V2 and the set of

edge weights. The GPLA can be easily generalized for the case of partitioning V into K sub-partitions

by designing it so as to possess K actions. The objects migrated by the GPLA are the conceptual set

of nodes, V, with the aim that the nodes that are strongly connected and which hopefully belong to

the partition choose the same action.

For the rest of this section we assume that the GPLA equi-partitions V into K subsets. Initially,

all the objects (each of which represents a node) are placed randomly into the K actions. We define

the Graph Partitioning Learning Automaton (GPLA) as a 7-tuple as below :

( V, E , {φ1, φ2, ..., φKM }, { α1, α2, ..., αK}, β, Q, G), where,

(i) V={ v1,...vKN} is the set of nodes to be partitioned.

(ii) E is the edges with the associated cost matrix C.

(iii) { φ1, φ2, ..., φKM } is the set of states. M is called the "Depth of Memory" of the machine.

(iv) { α1, α2, ..., αK } is the set of K actions, each representing a certain sub-partition into

which the elements of V must fall.

(v) β = {0, 1} is its set of inputs where '1' represents a penalty and '0' a reward.

(vi) Q, the transition function specifies how the objects (the conceptual nodes) should move

between the various states and is quite involved. It will be explained in detail presently.

(vii) The function G partitions the set of states for the sub-partitions. For each action α j,

there is a set of states {φ(j-1)M+1, ..., φjM }, where M is the depth of memory. Thus,

G (φi) = αj if (j-1)M + 1 ≤ i ≤ jM (5)

This means that the node in the automaton chooses α1 if it is in any of the first M states,

it chooses α2 if it is in any of the states from φM+1 to φ2M, etc. We assume φ(j-1)M+1 to

be the most internal state of action α j, and φ jM  to be the boundary state. These are

called the states of MaximumCertainty and MinimumCertainty respectively

As in the case of the OMA, we shall require that all the elements of V move among the states of

the machine, and thus it is distinct from traditional learning automata. Also, if node vi is in action αj,

it signifies that it is in the sub-partition whose index is j. Observe too that if the states occupied by the

nodes are given, the sub-partitions can be trivially obtained using (5). This will completely specify the

set of sub-partitions currently dictated by the GPLA.

Let ωi(n) be the index of the state occupied by node vi at the nth time instant. Based on {ωi(n)}

and (5) let us suppose that the GPLA decides a current partitioning of V into sub-partitions. Using

this notation we shall later describe the transition map of the GPLA.

Since the intention in the learning process is to collect "similar" nodes of the graph into the

same sub-partition, the question of "inter-node similarity" (i.e., which two nodes should be grouped
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together) is rather crucial. The philosophy we have used to quantify this is analogous to that used by

Kernighan and Lin. We shall reckon that two nodes are "similar" if they are "strongly" connected, and

thus their corresponding edge cost is small. Otherwise they will be dissimilar. Explicitly, we reckon

that they are strongly connected if their edge cost is (1+ρ) times the mean edge cost of the entire

graph, where ρ is a user-specified parameter of the scheme. Analogously, they are deemed weakly

connected if their edge cost is (1-ρ) times the mean edge cost.

First of all, observe that the different states within a given sub-partition quantify the measure of

certainty that the scheme has for a given node belonging to the sub-partition in question. At system

start-up all the nodes are placed in the boundary state (of MinimumCertainty) of their initially

randomly chosen sub-partitions indicating that the scheme is initially uncertain of the placement of

all the nodes. As the learning proceeds, "similar" nodes of the graph will be rewarded for their being

together in the same sub-partition and they will thus migrate towards their most internal state of the

sub-partition -- their corresponding states of MaximumCertainty, indicating that the system is more

certain that the nodes belong there. Likewise other nodes will be penalized and are either moved

towards their boundary state or to another sub-partition, indicating the system's current ambiguity in

associating them to the current sub-partition.

Initially, the GPLA has a preprocessing phase in which the mean edge cost is evaluated. The

algorithm now moves into its main learning loop. The edges are repeatedly processed in a random

order. Whenever an edge eij  is processed, if vi and vj are "similar" and they currently belong to the

same sub-partition, the automaton (and in particular, vi and vj) is rewarded. This mode of rewarding

is called the RewardSimilarNodes mode. However, if they are both assigned to distinct sub-partitions,

the automaton is penalized. This mode of penalizing is called the PenalizeSimilarNodes mode,

because, in this mode, nodes which are actually similar are assigned to distinct sub-partitions, and the

partitioning is therefore to be penalized.

As opposed to this, if vi and vj are "dissimilar" and they currently belong to the distinct sub-

partitions, the automaton (and in particular, vi and vj) is rewarded. This mode of rewarding is called

the RewardDissimilarNodes. However, if they are both assigned to the same sub-partition (which they

should not be assigned to), the automaton is penalized. Analogous to the above, this mode of

penalizing is called the PenalizeDissimilarNodes mode, because, in this mode, nodes which are

actually dissimilar are assigned to the same sub-partition and they are therefore penalized.

The cycle then continues to the next iteration where the rewarding and penalizing phases repeat.

We now describe the actual transitions described by Q for each of these operations.

( i ) Transitions for Rewards : RewardSimilarNodes

This is the case encountered when nodes vi  and vj are reckoned to be similar and

simultaneously in the same sub-partition. Since they are in the same sub-partition, say, αk, both of



           
Graph Partitioning Using Learning Automata
Page 11

them are moved toward the most internal state of that sub-partition, φ(k-1)M+1, one step at a time. See

Figure I(a). If either is in the most internal state, it merely remains in that state.

(ii) Transitions for Rewards : RewardDissimilarNodes

In this case vi and vj are reckoned to be dissimilar and simultaneously in distinct sub-partitions

say, αk and αm respectively. This being a favourable scenario, both the nodes are moved towards the

most internal state of that sub-partition, φ(k-1)M+1 and φ(m-1)M+1 one step at a time. As in (i) above, if

either is in the most internal state of its action, it merely remains in that state.

(iii) Transitions for Penalties : PenalizeSimilarNodes Mode

This is the case encountered when two similar nodes, vi and vj, are located in distinct sub-

partitions. Let us assume that vi and vj lie in different sub-partitions, say αk and αm respectively, (i.e.

vi is in state ωi, where ωi∈{ φ(k-1)M+1,.., φkM}, and vj is in state ωj, where ωj ∈ {φ(m-1)M+1, ..., φmM}).

Then they are moved away from φ(k-1)M+1 and φ(m-1)M+1 as follows:

a) If ω i  ≠  φk M  and ω j  ≠  φm M , then move vi  and vj  one state towards φk M  and φm M

respectively. We thus move them towards the boundary states. See Figure I(b).

b) If at least one of vi or vj is in the boundary state of MinimumCertainty, (i.e. either ωi= φkM

or ωj = φmM) , then move the node in the boundary state, say vi, to φmM, the boundary state

of αm. In this case, since this will result in an excess of nodes in the partition represented by

αm, one of the nodes in αm other than vj is moved to φkM , the boundary state of αj. We

choose to move the one closest to φmM. See Figure I(c).

(iv) Transitions for Penalties : PenalizeDissimilarNodes Mode

This case is encountered when two dissimilar nodes, vi and vj, are simultaneously located in the

same sub-partition, say, αk. They are then both moved away from φ(k-1)M+1 as follows:

a) If ωi ≠ φkM  and ωj ≠ φkM , then move both vi and vj one state towards φkM the boundary

states. See Figure I(d).

b) If at least one of vi or vj is in the boundary state of MinimumCertainty, (i.e. either ωi= φkM

or ωj = φkM) , then move the node in the boundary state, say vi, to φZM , the boundary state

of αZ. In the 2-way GPP the latter action is merely the partition which they are not currently

in. However, in the K-way GPP the migrated node is repeatedly moved to all the other K-1

partitions and finally stationed in the best of these, which is the one which minimizes the

inter-set costs. Again, since this will result in an excess of nodes in the partition represented

by αZ, one of the nodes in αZ closest to φZM is moved to φkM. See Figure I(e).

The GPLA has an excellent partitioning capability. Typically,  it yields an excellent initial

partitioning in an order of magnitude faster than all the other algorithms, Thereafter a single iteration

of a local search algorithm (either Algorithm XLS or Algorithm KL) yields our final solution. The

combination of the two is referred to as Algorithm GP_System formally given below.
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Algorithm GP_System
Input : The set V = {v1,...vKN}, to be partitioned into K sub-partitions.
Output : The final solution of the GPP
Assumption:The algorithm can invoke the GPLA and either KL or XLS
Method

{V 1, V2, ..., VK}  := GPLA(V)
Final _Solution := Do_Local_Search(V1, V2, ..., VK) /* Do One iteration of KL or XLS*/

End Algorithm GP_System

Algorithm  GPLA
Input : The set V = {v1,...vKN}, to be partitioned into K sub-partitions.

C is the adjacency cost matrix and V1, V2, ..., VK are current feasible sub-partitions.
ρ, a parameter used to decide whether two nodes are reckoned "similar", i.e., strongly

connected. In our implementation ρ:= 0.25.
M is the number of states associated with a class. In our experiments M := 10.
The algorithm is run for a fixed number of iterations. In our implementation the

number of  iterations was K.100.N, where K.N is the size of the node set6.
Output : The final partitions {V1, V2, ..., VK}.
Notation : ωi is the state of the node vi. It is an integer in [1..KM], where,

if (j-1)M +1 ≤ ωi ≤ jM, then node vi is assigned to the sub-partition αj.
PreProcess

Compute Mean_Edge_Cost
Randomly create K equi-sized subsets of V, {V1, V2, ..., VK} and assign the nodes to the
boundary states of the corresponding actions.

Method
For Iteration := 1 to Max_Iterations Do

For a random edge Eij  Do
If Cij  > (1+ ρ) .Mean_Edge_Cost Then

If vi and vj are in the same class Then
RewardSimilarNodes (i,j)

Else
PenalizeSimilarNodes (i,j)

EndIf
Else

If Cij  < (1- ρ) .Mean_Edge_Cost Then
If vi and vj are in the same class Then

PenalizeDissimilarNodes (i,j)
Else

RewardDissimilarNodes (i,j)7

EndIf
EndIf

EndIf
EndFor

EndFor
Return the final partitions {V1, V2, ..., VK}

End Algorithm  GPLA

6In some cases the number of iterations was only K.50.N, where K.N is the size of the node set. See Section IV for details.
7Procedures RewardSimilarNodes and RewardDissimilarNodes are identical; they are written separately only to clarify the
different modes of the algorithm.
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Procedure RewardSimilarNodes (i,j)
Input : Node indices i and j where ωi and ωj are the state indices of similar nodes.

vi and vj are in the same sub-partition.
Method

If ωi mod M ≠ 1 Then /* i is not in the most internal state */
ω i := ω i - 1

If ωj mod M ≠ 1 Then /* j is not in the most internal state */
ω j := ω j - 1

End Procedure RewardSimilarNodes

Procedure RewardDissimilarNodes (i,j)
Input : Node indices i and j where ωi and ωj are the state indices of dissimilar nodes.

vi and vj are in distinct sub-partitions.
Method

If ωi mod M ≠ 1 Then /* i is not in the most internal state */
ω i := ω i - 1

If ωj mod M ≠ 1 Then /* j is not in the most internal state */
ω j := ω j - 1

End Procedure RewardSimilarNodes

Procedure PenalizeSimilarNodes (i,j)
Input : Node indices i and j where ωi and ωj are the state indices of similar nodes.

vi and vj are in distinct sub-partitions.
Method 

If (((ωi mod M) ≠ 0) and ((ωj mod M) ≠ 0)) Then /* Both are in internal states */
ωi := ωi + 1
ωj := ωj + 1

Else
If (ωi mod M ≠ 0) Then  /* v i is in an internal state */

ωi := ωi + 1 /* Update state of vi */
temp := ωj        /* Store the state of vj */
ωj := (ωi DIV M) * M /* Move vj to same group as vi */
t := index of a node in sub-partition of vi

where vt ≠ vi and is closest to boundary state of ωi
ωt := temp /* Move vt to the old state of vj */

Else
If (ωj mod M) ≠ 0) Then /* v i has to be moved */

ω j := ω j + 1 /* Update state of vj */
temp := ωi        /* Store the state of vi */
ωi:= (ωj DIV M) * M         /* Move vi to same group as vj */
t := index of a node in sub-partition of vj

where vt ≠ vj and is closest to boundary state of ωj
ωt := temp /* Move vt to the old state of vi */

EndIf
EndIf

EndIf
End Procedure PenalizeSimilarNodes
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Procedure PenalizeDissimilarNodes (i,j)
Input : Node indices i and j where ωi and ωj are the state indices of dissimilar nodes.

vi and vj are in the same sub-partition.
Method 

If (((ωi mod M) ≠ 0) and ((ωj mod M) ≠ 0)) Then /* Both are in internal states */
ωi := ωi + 1
ωj := ωj + 1

Else
If (ωi mod M ≠ 0) Then  /* v i is in an internal state */

ωi := ωi + 1 /* Update state of vi */
TempState1 := ωj       /* Store the state of vj */
Solution_Cost := EvaluateCost of current partitioning
For all the remaining K-1 partitions Do

ωP := state of node closest to boundary in this current sub-partition
TempState2 := ωP
ωj := (ωP div M +1 ) * M /* Move vj to new sub-partition */
ωP := TempState1 /* Move vP to the old state of vj */
New_Cost := EvaluateCost of current partitioning
If New_Cost > Solution_Cost Then /* This change is not superior */

ωP := TempState2 /* Undo it */
ωj := TempState1

Else /* This change is superior */
Solution_Cost := New_Cost /* Retain it */

EndIf
EndFor

Else /* v j is in an internal state */
ωj := ωj + 1 /* Update state of vj */
TempState1 := ωi  /* Store the state of vi */
Solution_Cost := EvaluateCost of current partitioning
For all the remaining K-1 partitions Do

ωP := state of node closest to boundary in this current sub-partition, αZ
TempState2 := ωP
ωi := (ωP div M +1 ) * M /* Move vi to new sub-partition */
ωP := TempState1 /* Move vP to the old state of vi */
New_Cost := EvaluateCost of current partitioning
If New_Cost > Solution_Cost Then /* This change is not superior */

ωP := TempState2 /* Undo it */
ωi := TempState1

Else /* This change is superior */
Solution_Cost := New_Cost /* Retain it */

EndIf /* Move vt to the old state of vi */
EndFor

EndIf
EndIf

End Procedure PenalizeSimilarNodes

Note that although the fundamental principles involved in the individual migrations are based

on the philosophy used in the OMA (namely, the Tsetlin-like8 transitions on being rewarded and

penalized), the algorithm is completely different. The primary differences are the following :

8Tsetlin-like transitions are transitions which go one step deeper into the most internal state of an action on being
rewarded. They unlearn by going towards the peripheral states on being penalized, one step at a time. This sort of learning
was initially motivated by the Linear Tactic proposed by Tsetlin [TS73,NT89].
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(i) Unlike the OMA where the migrations are done "on request" (i.e., when a user performs a

query), in the GPLA the migrations are performed for all pairs of nodes processed.

Furthermore, these node pairs are processed randomly.

(ii) Unlike the OMA, which has no way of penalizing "non-accessed elements" the GPLA has a

strategy of penalizing them by considering how similar the nodes within the same sub-

partition are. Clearly, this cannot be done in the OMA because, in that case, the system is

absolutely dependent on the users' queries. In this case the system can quantify how fitting a

node is for a sub-partition, because the internal state of a node is an indication of the latter.

(iii) Unlike the OMA, the GPLA permits us to quantify how suitable a node is for a sub-partition.

This is analogous to the technique used in string taxonomy [OD94] and to the distance

metrics used in statistical pattern recognition where the mean feature for a class can serve as

its representative. In this case, although such a mean does not exist, the node closest to the

most internal state can be reckoned to be the node that best represents that sub-partition. This

is the primary advantage of our scheme when compared to the other reported algorithms.

Like the other algorithms discussed in Section II, we are able to make perturbations to the

current partitioning. However, unlike the other algorithms, we do not merely represent the

solution as sets. Rather, each node in the solution sets also have an index of how certain the

algorithm is in assigning it to the set. Thus, perturbations to a current solution are made to

involve only the nodes closest to the boundaries -- the nodes whose assignments the algorithm

is least certain of. This is probably the reason for the excellent performance of the GPLA.

(iv) Finally, the concept of selectively processing nodes using ρ is unique to the GPLA. Unlike the

OMA, we are not dependent on the users' query patterns. Thus, once the graph is available, the

edges are randomly chosen and the corresponding nodes are either rewarded or penalized

depending on their current locations in the sub-partitions. But, whenever an edge cost is

greater than (1+ ρ) times the mean edge cost we treat the nodes to be strongly connected.

Similarly, whenever an edge cost is less than (1- ρ) times the mean edge cost we treat the

nodes to be weakly connected. The edges are thus selectively processed, and the domain

between these upper and lower bounds is reckoned as an "unsafe" zone where the decisions of

partitioning have to be made very conservatively.

 V. EXPERIMENTAL RESULTS

The GPLA has been rigorously tested for the 2-way GPP and the results that we have obtained

are quite fascinating. The data which was used was obtained from four types of graphs :

(i) Dense graphs with Euclidean distances as edge costs

(ii) Sparse graphs with Euclidean distances as edge costs

(iii) Dense graphs with random edge costs
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(iv) Sparse graphs with random edge costs.

The Euclidean graphs were generated by randomly selecting real-valued points in a 100 x 100

Cartesian square. As opposed to this, the random edge-cost graphs were obtained by uniformly

generating real numbers chosen from the interval [0, 100]. Also, to create a sparse graph, each edge

was deleted with an independent probability of 0.33. For each of the above graph types the

cardinality of the node set was varied in the various experiments. Also, to ensure that the experiments

were meaningful, a depth first search was run on each generated input graph so as to prevent

disconnected graphs from being used for any test. Finally, to ensure uniformity in reporting the

results, all the algorithms examined were tested for the same graphs.

As mentioned earlier, although the GPLA finds fast solutions these are rarely the global optima.

This is probably due to the fact that it is incapable of detecting "straggler nodes" (as Kernighan calls

them). These stragglers do not know which is the best class they should belong to and consequently

tend to migrate back and forth in the various sub-partitions, and thus tend to stay in the

corresponding boundary states. Thus, the GPLA demonstrates a marked improvement if it was

followed by a single local search iteration using either the Kernighan-Lin scheme or Extended Local

Search. In other words the GPLA finds the region close to an optimal solution quickly.

Experimentally, the structure of the graph also played a major role in determining which

algorithm would find the best solution. Thus, since sparse graphs contained deeper local optima and

fewer good solutions, they were excellent candidates for the GPLA. Also, as reported in

[PR94,Ro91,RP92] for smaller dense graphs the Algorithm KL demonstrated an excellent

performance. In the interest of comparison, Algorithm KL was run for a single iteration and for ten

iterations (referred to as Algorithms KLx1 and KLx10) respectively. Unfortunately, the Extended

Genetic Algorithm was very slow and so, in our implementation, the number of generations

considered was bounded9 by 10. However, given enough time it is possible that (as reported in [Ro91,

RP92]) both Algorithms XLS and XGA would have found better solutions than those reported here.

The three automaton solutions tested were :

(i) The GPLA scheme with ρ := 0.25.

(ii) The GPLA scheme with ρ := 0.25 augmented with one iteration of Algorithm XLS (GP_XLS).

(iii) The GPLA scheme with ρ := 0.25 augmented with one iteration of Algorithm KL (GP_KL).

In case (i) the number of iterations done was 100 times the number of actual edges in the graph, G,

and in cases (ii) and (iii) the number of iterations done was only 50 times the number of edges in G.

The actual test suite consisted of five sets of experiments. The details are listed in Table I below:

9One referee had suggested that we increase the number of generations to 100. On attempting to do this we observed that the
time taken for the scheme was prohibitively large. Indeed, running the XGA for 10 generations itself was a computationally
colossal exercise -- for  larger graphs the algorithm did not even terminate after running all night on a Pentium 75.  In terms
of computational efficiency, increasing the number of generations would only render the XGA even less suitable as a
competitor for solving the GPP.
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Experiment  No. No. of  Runs No. of Nodes Methods Tried

Experiment 1 1 10-80 XLS, XGA,KL,GLPA,GP_XLS,GP_KL

Experiment 2 3 20-160 KLx1,KLx10,XGA,GPLA,GP_KL

Experiment 3 10 20-180 KLx1,KLx10,GPLA,GP_KL

Experiment 4 2 100-380 KLx1,KLx10,GPLA,GP_KL

Experiment 5 1 500 KLx1,KLx10,GPLA,GP_KL

Table I : Overview of the experiments conducted
Experiment Set 1

In these experiments to measure how the various schemes would perform on individual runs,

the various algorithms were tested for sample individual graphs on an IBM-486 running on the

MACH operating system. The node set was varied from 20 to 80, and in each case, the convergence

cost and the time required to converge was recorded for all the four types of graphs.

The results that we have obtained are remarkable (See Table II). In terms of accuracy, all of the

schemes are comparable. But when it concerns time, the last of the above three (GP_KL) was the most

superior. Thus, for example, for a complete random graph with 80 nodes, all the algorithms

converged to solutions possessing almost the same accuracy. However, Algorithm XLS required

approximately 1078 seconds, and Algorithm XGA took 518 seconds. As opposed to this, Algorithm

KL required only about 111 seconds. The automaton solutions were much faster. The GPLA by itself

required about 47 seconds when the number of iterations done was 100.Nedges. Augmented with one

iteration of Algorithm KL the system (with 50.Nedges iterations) required only about 24.5 seconds.

For the sparse Euclidean graph with 80 nodes all the algorithms were again almost as accurate. But

whereas, Algorithm XLS required approximately 1116 seconds, Algorithm XGA took 530 seconds

and Algorithm KL required only about 207 seconds. The automaton solutions were again superior.

The GPLA (when the number of iterations done was 100.Nedges) by itself required about 49 seconds.

Augmented with a single iteration of Algorithm KL the system (with 50.Nedges iterations) required

only about 25.6 seconds. Such results, implying an order of magnitude superiority are typical.

Experiment Sets 2-5

In these sets of experiments, the performance of the algorithms were tested for average

behaviour. In each case, the results reported are the average costs obtained and times required for all

the respective types of graphs when the algorithms were run on a Pentium 75 running on Windows

3.11. Since the XGA required enormous computations, in Experiment 2 (See Table III) the number

of nodes were varied from 20 to 160, and in each case only three runs were conducted. In

Experiment 3, since the XGA was not included in the testing, ten experiments were conducted to do

the averaging (See Table IV). In Experiment 4, (See Table V) we studied graphs with large sets of

nodes (up to 380), and since the times involved did not permit us to do too many parallel runs, only
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two runs were done for each graph type. Finally, in the last set of experiments we investigated the

behaviour of the algorithms for graphs of 500 nodes (See Table VI).

In all cases the results obtained are quite conclusive. Thus, (See Table III) for a complete

random graph with 140 nodes, all the algorithms converged to solutions possessing almost the same

accuracy. However, Algorithm XGA took 381 seconds. As opposed to this, Algorithm KL required

only about 9.7 seconds for a single iteration, and about 103.0 seconds for ten iterations. The

automaton solutions were much faster. The GPLA by itself required only about 2.7 seconds, but

augmented with a single iteration of Algorithm KL the system needed only about 12.3 seconds.

Consider now (See Table IV) the case of a sparse Euclidean graph with 140 nodes. Here too all the

algorithms converged to solutions possessing almost the same accuracy. But whereas, a single

iteration of Algorithm KL required only about 11.40 seconds and ten iterations of the latter took

117.10, the GPLA by itself required about 2.50 seconds. Enhanced with an iteration of Algorithm

KL the system required an average of 17.3 seconds -- an order of magnitude less computation.

Similar advantages are seen in the results tabulated in Tables V and VI for graphs of larger size. In

some cases, the GPLA alone gave an exceptional performance. Thus, for a sparse random graph of

500 nodes, the GPLA working on a standalone basis converged to an excellent value (to a value

which is less than 0.2 % of the terminal value given by Algorithm KLx10 !!!) in less than 2.5 % of the

time required by the latter. Indeed, in all cases, the power of our new system is obvious, and its

superiority over the current methods seems to increase with the size of the graph (See Figure I).

VI. CONCLUSIONS

In this paper we have presented, to our knowledge, the first reported Learning Automaton (LA)

solution to the NP-Complete Graph Partitioning Problem (GPP) which involves partitioning the nodes

of a graph G into two (in general, K) sets of equal size so as to minimize the sum of the costs of the

edges having end-points in different sets. We have compared our solution to various reported

schemes such as the Kernighan-Lin’s algorithm, and two excellent recent heuristic methods proposed

by Rolland et. al. The current automaton-based algorithm outperforms all the other schemes with

regard to computation time -- we believe that it is the fastest algorithm reported to date.

We are currently investigating using LA for the GPP when the edge costs are random variables

with unknown distributions. Also, just prior to the revision of this paper we were sent a new

unpublished manuscript containing results on using the Tabu Search for the GPP. The latter results

are extremely impressive and seem to be comparable, in terms of computational efficiency, to the

methods developed here. We are currently attempting to study these two methods comparatively.
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Figure I(a):Reward transitions for the 2M-State GPLA. In this case, (the RewardSimilarNodes mode) vi and vj are
similar and located in the same sub-partition. If vi  and vj  were dissimilar (the
RewardDissimilarNodes mode) and in distinct sub-partitions the transitions would be identical --
the nodes would move towards the most internal states of the corresponding sub-partitions one step
at a time.
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Figure I(b): Penalty transitions for the 2M-State GPLA -- PenalizeSimilarNodes Mode. vi and vj are similar but
located in the distinct sub-partitions. Neither is in a boundary state.
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Figure I(c): Penalty transitions for the 2M-State GPLA -- PenalizeSimilarNodes Mode. Here vi and vj are similar
but located in the distinct sub-partitions. However one of them (vj) is in a boundary state.
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Figure I(d):Penalty transitions for the 2M-State GPLA -- PenalizeDissimilarNodes Mode. Here vi and vj are
dissimilar but in the same sub-partition. Neither is in a boundary state.
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dissimilar but located in the same sub-partitions. However one of them (vj) is in a boundary state.
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Nodes Sol./Time for
XLS

Sol./Time for
GPLA

Sol./Time for
GP_XLS

Sol./Time for
GP_KL

Sol./Time for
XGA

Sol./Time for
KL

10 1253/0.28 1280/0.83 1253/0.22 1253/0.44 1256/3.93 1253/0.30
20 4713/3.97 4749/2.89 4713/0.84 4713/1.67 4713/10.88 4713/4.37
30 10716/18.88 10788/6.34 10708/2.85 10711/3.46 10715/28.32 10708/9.85
40 19822/66.85 19947/11.48 19816/10.02 19809/6.28 19825/58.53 19817/41.92
50 33365/160.56 33650/18.39 33367/23.60 33361/9.56 33370/118.28 33370/111.61
60 48493/335.08 49000/26.46 48484/59.53 48483/14.15 48506/199.37 48485/215.26
70 64245/668.35 64896/36.24 64243/123.10 64233/21.04 64242/333.53 64230/413.97
80 84398/1183.00 84919/47.44 84392/265.78 84396/26.99 84409/509.71 84391/585.37

Table II(a) : Results for dense Euclidean graphs.

Nodes Sol./Time for
XLS

Sol./Time for
GPLA

Sol./Time for
GP_XLS

Sol./Time for
GP_KL

Sol./Time for
XGA

Sol./Time for
KL

10 1085/0.54 1085/0.89 1085/0.39 1085/0.58 1085/4.22 1085/0.29
20 4385/3.96 4423/2.91 4360/0.65 4360/1.50 4423/10.19 4385/1.80
30 9881/19.55 10078/6.44 10020/1.83 10018/3.37 10018/25.05 9881/6.70
40 17778/64.30 18050/11.46 17872/4.13 17803/6.01 17767/59.16 17767/11.41
50 28587/156.50 28832/17.92 28548/9.74 28457/9.39 28157/114.92 28281/28.49
60 41090/335.00 41751/26.19 40759/28.20 41138/13.55 41365/209.10 41287/48.30
70 55945/630.28 56976/35.70 56008/56.53 55561/18.81 56119/332.02 56030/95.54
80 73274/1077.74 74766/46.61 74043/72.46 73190/24.51 74153/517.74 73274/110.92

Table II(b) : Results for complete random graphs.

Nodes Sol./Time for
XLS

Sol./Time for
GPLA

Sol./Time for
GP_XLS

Sol./Time for
GP_KL

Sol./Time for
XGA

Sol./Time for
KL

10 747/0.29 726/0.92 653/0.13 653/0.52 653/4.01 653/0.48
20 2514/4.09 2514/2.95 2514/0.64 2514/1.68 2514/10.73 2514/2.00
30 5643/20.22 6094/6.51 5643/1.87 5643/3.45 5643/25.13 5725/8.86
40 11352/65.93 11632/11.58 11178/4.77 11071/6.65 11226/55.85 11263/23.68
50 17673/161.19 18066/18.33 18024/9.79 17795/9.57 18009/118.54 17628/60.17
60 26155/342.81 26397/26.77 26867/11.04 25909/13.89 26536/206.05 26581/76.58
70 37309/638.00 38320/37.05 37326/50.48 36923/20.10 37270/337.82 37114/100.62
80 48951/1116.45 50019/49.20 49180/151.52 48956/25.63 49082/530.00 48799/207.56

Table II(c) : Results for sparse Euclidean graphs.

Nodes Sol./Time for
XLS

Sol./Time for
GPLA

Sol./Time for
GP_XLS

Sol./Time for
GP_KL

Sol./Time for
XGA

Sol./Time for
KL

10 680/0.28 780/0.93 680/0.22 680/0.36 680/4.18 680/0.22
20 2535/4.05 2638/3.00 2638/0.66 2638/1.68 2638/11.02 2535/1.19
30 6249/19.65 6196/6.66 6198/2.28 5871/3.52 5871/25.92 6352/7.95
40 11199/64.11 10837/12.94 11034/4.97 11000/6.11 10961/57.64 11037/19.92
50 17247/162.99 18088/18.38 17309/16.84 17155/9.66 17515/122.68 17247/37.77
60 24970/363.04 26223/26.91 25567/25.26 25838/13.94 25661/210.08 25862/51.67
70 35141/655.00 36053/36.46 34759/57.18 34673/19.50 34823/334.47 34813/99.85
80 46366/1160.00 47209/48.32 45994/134.38 45892/25.91 46313/509.76 46093/293.26

Table II(d) : Results for sparse random graphs.

Table II : Solution values and time required for individual runs of different GPP solutions for various graphs. The
experiments were conducted on a IBM-486 machine running on the MACH operating system.
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Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

Sol./Time for
XGA

20 5134/0.00 5049/0.00 5049/0.00 5049/0.00 5055/1.00
40 20871/0.00 20467/0.33 20463/0.67 20462/4.33 20476/7.33
60 49898/0.67 46781/2.67 45721/2.00 45718/12.33 45759/24.67
80 90525/1.00 88279/1.67 82140/6.00 82138/30.67 82214/59.00
100 141890/1.00 139188/2.00 127584/6.67 127446/64.33 127527/137.67
120 199169/1.33 195384/4.00 174892/26.67 174890/120.67 174996/231.00
140 277940/2.33 273561/6.67 242640/10.33 242428/140.67 242539/383.00
160 380258/3.00 375121/8.33 325054/31.33 324943/245.67 325138/580.67

Table III(a) : Results for dense Euclidean graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

Sol./Time for
XGA

20 4313/0.00 4142/0.00 4111/0.00 4101/0.33 4174/0.67
40 18122/0.00 17643/0.00 17481/0.00 17429/2.00 17734/7.33
60 40146/0.67 39572/0.67 39340/0.67 39018/7.33 39983/26.00
80 72416/0.67 71586/2.00 71527/2.33 71250/17.00 72528/63.00
100 114283/1.00 113108/3.33 113905/3.00 112442/35.33 114736/139.33
120 165097/1.33 163759/6.33 163900/5.67 163207/70.00 167019/245.33
140 227039/2.67 223505/12.33 224631/9.67 223055/103.33 228213/380.67
160 296625/3.33 293525/13.33 294013/20.67 293373/149.00 299110/611.00

Table III(b) : Results for complete random graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

Sol./Time for
XGA

20 2923/0.00 2750/0.00 2715/0.00 2701/0.00 2743/1.00
40 11767/0.00 11160/0.00 11092/0.67 10952/2.00 11203/6.67
60 26691/0.67 25942/1.00 26337/1.00 25870/7.33 26413/25.33
80 58095/1.00 50003/2.67 49841/2.33 49670/18.67 51507/62.67

100 95273/1.00 78490/5.67 79020/3.33 77933/35.33 80493/134.67
120 129512/2.00 110691/9.67 112091/6.67 110075/68.33 113629/236.67
140 174515/3.00 151581/15.00 151865/11.33 151127/110.67 154717/377.00
160 252357/3.33 206561/24.00 207942/15.67 206272/162.00 211226/577.67

Table III(c) : Results for sparse Euclidean graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

Sol./Time for
XGA

20 2490/0.00 2413/0.00 2393/0.00 2383/0.33 2474/1.00
40 11044/0.00 10515/0.33 10432/0.33 10400/2.00 10830/7.00
60 24691/0.67 24425/0.67 24036/1.00 23755/7.33 25023/25.67
80 46794/0.33 45673/2.00 45845/1.33 45268/18.33 47022/64.33

100 74018/1.00 72221/3.67 72327/3.33 71285/34.00 73951/135.00
120 108766/2.00 102965/7.33 103689/5.33 102198/59.00 106024/230.00
140 155549/3.00 142674/12.67 143084/9.00 141741/99.67 147095/377.67
160 211700/4.33 188504/21.67 189527/14.00 187325/145.00 194321/598.33

Table III(d) : Results for sparse random graphs.

Table III:  Average solution values and time required for three runs of different GPP solutions for various graphs.
The experiments were conducted on a Pentium 75 running Windows 3.11.
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Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

20 5161/0.00 5064/0.00 5063/0.00 5062/0.40
40 20347/0.20 19992/0.60 20022/0.60 19985/4.30
60 49271/0.40 46822/2.20 45406/1.70 45391/17.30
80 90137/0.40 87105/3.00 81775/4.10 81462/35.80
100 143722/0.80 138856/7.80 126729/6.30 126375/71.00
120 210007/1.20 205801/4.80 186020/11.40 185546/133.00
140 294232/2.00 289504/6.50 255453/16.70 255011/184.80
160 373680/2.50 365529/21.90 323980/32.70 323105/239.40
180 482006/3.20 474430/22.00 415447/41.50 414896/377.50

Table IV(a) : Results for dense Euclidean graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

20 4331/0.10 4220/0.10 4225/0.00 4193/0.50
40 17555/0.00 17248/0.10 17134/0.30 17047/2.30
60 40125/0.30 39607/0.80 39609/0.80 39386/8.50
80 72410/0.40 71604/2.10 71540/2.20 70917/20.40
100 114549/1.00 113677/3.90 113774/4.40 113032/40.90
120 165021/1.50 163065/6.80 163833/8.10 162811/72.90
140 227353/2.30 224537/10.50 225088/11.40 223882/116.60
160 296995/3.20 292636/19.10 293718/20.00 292610/175.80
180 379129/4.70 371916/30.00 374212/23.60 371825/241.10

Table IV(b) : Results for complete random graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

20 2969/0.00 2768/0.00 2796/0.00 2743/0.10
40 11777/0.20 11376/0.60 11385/0.30 11246/2.20
60 28541/0.50 27669/1.30 27821/1.00 27350/8.10
80 54701/0.90 50173/2.90 49890/2.60 49767/19.10
100 91448/1.10 77350/5.70 77505/4.20 76877/41.30
120 132211/1.80 111338/11.30 111451/7.30 110552/71.10
140 176976/2.50 152744/17.30 152888/11.40 152123/117.10
160 242462/3.30 204851/28.40 204536/19.10 204118/188.00
180 305004/4.40 259067/36.90 259259/26.70 258333/262.50

Table IV(c) : Results for sparse Euclidean graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

20 2575/0.00 2445/0.00 2458/0.00 2387/0.60
40 10611/0.00 10124/0.40 10161/0.20 10094/2.10
60 24706/0.50 24323/1.00 24631/0.70 24180/7.90
80 46346/0.50 45387/2.10 45546/1.90 44767/20.30
100 73296/1.10 71654/4.00 71361/3.70 70952/41.90
120 108397/1.90 103687/7.30 104483/7.00 103267/71.40
140 155830/3.00 142872/12.70 142863/11.80 141766/113.20
160 209716/4.00 188875/21.40 189244/16.50 187740/171.80
180 263931/5.20 239170/32.90 240517/23.20 238428/246.00

Table IV(d) : Results for sparse random graphs.
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Table IV :  Average solution values and time required for ten runs of different GPP solutions for
various graphs. The experiments were conducted on a Pentium 75 running Windows
3.11.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

100 144067/1.00 141048/3.00 128521/9.50 128518/79.50
140 286673/2.00 281725/6.50 251028/6.50 249190/166.50
180 493570/3.00 487729/12.00 418833/54.50 418059/361.00
220 747892/4.50 741006/21.00 629859/15.50 628081/466.00
260 1045216/7.00 1035385/34.00 878223/52.50 876091/345.00
300 1385825/10.00 1226465/108.50 1167695/40.50 1165996/455.00
340 1755336/12.00 1553463/127.50 1496866/59.50 1493621/677.50
380 2222291/15.50 1873752/137.00 1849515/82.50 1847449/1036.50

Table V(a) : Results for dense Euclidean graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

100 113903/1.00 113030/3.50 113909/3.00 112247/36.00
140 227313/2.00 224831/11.50 224997/13.00 224444/114.50
180 380484/5.00 373109/25.50 374270/22.00 373048/238.50
220 576581/8.50 561391/48.50 561652/43.50 561022/443.50
260 815302/14.00 792724/104.00 792424/72.00 789287/737.50
300 1091379/21.00 1091379/61.50 1088429/69.50 1081333/738.00
340 1402034/29.50 1402034/117.00 1413690/74.00 1404953/1020.00
380 1752873/40.50 1752873/161.00 1763296/141.50 1761003/1137.50

Table V(b) : Results for complete random graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

100 86917/1.50 76716/6.00 76562/4.00 75864/35.50
140 179700/2.50 156821/17.00 156228/13.00 155882/120.50
180 288753/4.00 253624/36.00 253718/23.50 252400/242.50
220 483358/6.50 396935/65.50 398193/47.50 397167/475.50
260 666977/9.50 565335/124.00 564327/103.00 562773/785.00
300 821884/14.00 781447/93.00 770158/89.00 769344/660.00
340 1065800/18.00 1000549/105.50 983499/74.00 981073/848.00
380 1306380/25.50 1251560/145.00 1250474/101.00 1240290/1071.50

Table V(c) : Results for sparse Euclidean graphs.

Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

100 71977/1.00 70536/3.50 70987/4.50 70171/36.50
140 163316/3.00 146130/12.00 145852/9.00 144371/109.00
180 261490/5.00 237925/27.00 239852/20.50 236517/235.50
220 395293/8.00 362561/51.00 363320/47.00 360996/398.00
260 553320/12.50 514305/102.50 513375/78.50 513356/712.50
300 736056/17.50 727483/86.50 729269/50.00 719488/640.50
340 935415/23.00 935415/82.00 945568/103.00 935767/834.50
380 1174335/31.50 1174335/152.50 1189749/120.50 1178613/1064.50

Table V(d) : Results for sparse random graphs.



           
Graph Partitioning Using Learning Automata
Page 26

Table V : Average solution values and time required for two runs of different GPP solutions for various "large"
graphs. The experiments were conducted on a Pentium 75 running Windows 3.11

Graph Type Nodes Sol. /Time for
GPLA

Sol. /Time for
GP_KL

Sol./Time for
KLx1

Sol./Time for
KLx10

Dense Euclidean 500 3849632/30.00 3259503/628.00 3261159/502.00 3259211/2647.00
Complete Random 500 3052113/86.00 3052113/571.00 3066905/187.00 3057474/2519.00
Sparse Euclidean 500 2171829/51.00 2119500/238.00 2119521/278.00 2111092/2752.00
Sparse Random 500 2040433/57.00 2040433/348.00 2044179/282.00 2037173/2495.00

Table VI: Solution values and time required for a single run of different GPP solutions for a "very large"
graph of 500 nodes. The experiments were conducted on a Pentium 75 running Windows 3.11
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Figure I : The average time required for the GP_KL and KLx10 algorithms for dense Euclidean graphs
plotted against the number of nodes. The data for the graph (See Table V(a)) is obtained from
experiments conducted on a Pentium 75 running Windows 3.11. Although we have only
shown the plot of the times required for these two algorithms, typically, the superiority of our
scheme over the current methods seems to increase with the number of nodes.


