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Abstract

We consider the problem of recognizing whether a given binary string
of length n is equal (up to rotation) to the input of an anonymous ori-
ented ring of n processors. Previous algorithms for this problem have
been “global” and do not take into account “local” patterns occurring
in the string. Such patterns may be repetitive or discriminating, and
can be used to provide efficient algorithms for recognizing strings. In
this paper we give new upper and lower bounds on the bit complexity
of string recognition. For the case of periodic strings, near optimal
bounds are given which depend on the period of the string. For the
case of a randomly chosen string, an optimal algorithm for the problem
is given. In particular, we show that almost all strings can be recog-
nized by communicating ©(nlogn) bits. Tt is interesting to note that
Kolmogorov complexity theory is used in the proof of our upper bound,
rather than its traditional application to the proof of lower bounds.

1980 Mathematics Subject Classification: 68Q99
CR Categories: C.2.1

Key Words and Phrases: Anonymous rings, boolean function, pe-
riod, string, Kolmogorov random string.

Carleton University, School of Computer Science: SCS-TR-256

*Research supported in part by National Sciences Engineering Research Council of
Canada grant.
TCarleton University, School of Computer Science, Ottawa, ON, Canada. K1S 5B6



1 Introduction

There have been several studies in the literature concerning the construction
of communication efflicient algorithms for computing functions on anony-
mous rings [1, 3, 4, 5, 9, 10], as well as on more general anonymous networks,
like tori [2], hypercubes [6], Cayley networks [7], etc. In general, studies
of the bit complexity of computing boolean functions of the inputs mainly
resort to input collection before determining the output of the boolean func-
tion.

In particular, Attiya, Snir and Warmuth [1] show that all the functions
that are computable in an anonymous asynchronous ring of processors, can
be computed using O(n?) messages (one bit message if the functions are
boolean). They also proved that every algorithm that computes the mini-
mum of all inputs (the O R function in the boolean case), requires as Q(n?)
messages, i.e., the bounds in this case are tight. Furthermore they show
that almost all boolean functions on n variables, require Q(n?) bits to com-
pute. On the other hand, Moran and Warmuth [10] give an Q(n logn) lower
bound for computing any non-constant function and present functions (de-
rived from a recursive application of de Bruijn sequences) with a O(nlogn)
bit complexity.

In this paper we further investigate the bit complexity of computing
boolean functions on an anonymous ring by concentrating on an interesting
class of functions related to the problem of recognizing an input as being
equivalent up to rotation to a fixed string. These functions are shown to
exhibit behavior opposite to what was described above, i.e., almost all such
functions can be computed using O(nlogn) bits and functions requiring
Q(n?) bits are the exception, not the rule. The bit complexity of string
recognition is shown to be closely related to the underlying symmetry of the
string.

1.1 Results of the paper

Let ¢ = zy29- 20,y = y1y2---yn € {0,1}" be binary strings of length n
and suppose that for each ¢ = 1, ..., n the ¢th processor of an anonymous ring
knows the ¢th bit y; of y as well as the entire string . By string recognition
we understand the following problem: “Give an efficient algorithm so that
all n processors recognize whether or not the input string y is identical (up
to rotation) to the string z”.

We can reformulate our problem in terms of boolean functions. For



any string « € {0,1}" define the boolean function f, : {0,1}" — {0,1} as
follows:

1 if y is a cyclic shift of =

0 otherwise.

Jo(y) = {

Clearly, being invariant under rotations, the function f. is computable in
the oriented anonymous ring [1]. We are interested in determining the bit
complexity of computing f.(y).

The input collection algorithm of Attiya, Snir and Warmuth [1] implies
that for every @, f,(y) can be computed using O(n?) bits. Such an algorithm
is “global”, in the sense that the same algorithm is executed regardless of
x or the input to the network. In the sequel, we show how taking into
account repetitive or discriminating patterns within a string might provide
more efficient algorithms for our problem. For the case of symmetric or
repetitive strings we specify upper bounds (section 2.1) and lower bounds
(section 3) which depend on the period k of a string & of length n, where
r = whv, t > 0, v a prefix of w, and k¥ = |w|. If v = ) then we give an
O(nk + n? min{1, 10%”}) upper bound and Q(% + nlogn) lower bound. If
v # () then we give an O(nk + nlogn) upper bound and Q(nlogn) lower
bound.

Finally, we show (section 2.2) that almost all strings can be recognized
using ©(nlogn) bits. Our upper bound is an interesting application of
Kolmogorov complexity theory which has traditionally be used to show lower
bounds. From an intuitive point of view, Kolmogorov complexity theory
deals with the amount of information that a string contains [8, 11]. This
quantity can be calculated in terms of the size of the shortest program that
computes the string. For a random string z of length n, the length of its
shortest program is very close to n, with high probability. A string with
this property is called incompressible. We use this fact to derive an upper
bound of O(nlogn) bits for almost all strings, by showing that if no efficient
algorithm exists to recognize a string then a short program exists to compute
the string, contradicting its incompressibility.

The following table summarizes the bit complexity of recognizing a string
z which is of the form w'v, where |w| = k, k is the period of z and v is a
proper prefix of w, and for a string = which is Kolmogorov random (see
definition below).

r=wv,v=10 r=wv,v#( | zis K-random
O(nk + n* min{1, 10%” ) | O(nk 4+ nlogn) O(nlogn)
Q(%2 + nlogn) Q(nlogn) Q(nlogn)




1.2 Preliminaries

As our model of computation we consider the standard anonymous, asyn-
chronous, ring of n processors [1]. The size n of the ring is known to the
processors, and initially the processors are given a single bit as well as a
string = of length n. By anonymity, the processors execute the same algo-
rithm given the same data. At the end, it is desired that all the processors
determine correctly whether or not the given string is a rotation of the input.

In the proofs below we further assume that the ring is oriented, i.e., the
processors can distinguish in a “globally consistent” manner their left from
their right neighbor. Nevertheless, all our results are valid for unoriented
rings with only minor modifications in the definitions and the statements of
the results.

Let n be the number of processors and let 0 < ¢ < n denote the ith
processor. If b, is the input to processor p then < b, : p < n > denotes
the network input. The right (respectively, left) neighborhood of processor
p of length k is the sequence of bits < byy; : 0 < 7 < k > (respectively,
< b,—; : 0 <1< k>), where the operations +, — are modulo n.

Before we proceed with the main algorithm we give some necessary def-

initions.
NotratioN 1 Call u (respectively, v) a prefix (respectively, suffix) of the
string z, if = uv for some string v (respectively, u); the prefix (respectively,
suffiz) is called proper if it is not equal to x. For any string x of length n
let the period of z be the smallest integer k < n such that for some strings
w,v we have that

e w has length k,
e v is a prefix of w, and
o x = wl/kly,
For any string u, let |u| denote its length.

NOTATION 2 : (liven a string © = z129...2, of length n, let © T s =
123 ...¢5 denote the first s bits of x, and " = T, 1%, 49...2pT122 ... 24
the r-th rotation of x. S is the set of all the different substrings of x, and
of all its rotations, that are of length t < n, i.e., St = {a* [ t|i=1,...,n}.

DEFINITION 3 : Given a string x of length n, a program p of length |p|,
a programming language S, let Kg(x) denote the length of the minimum
program that outputs x using S, i.e., K¢(z) = min{|p|: S(p) = =}.



From now on we will use the notation K () to refer to the Kolmogorov
complexity of z with respect to an optimal method of specification 5, i.e., a
method whose complexity differs by at most a constant from other methods
that compute z. If K'(2) > |2| — O(log|z|) we say that the string  is loosely
random, or O(log|z|)-incompressible, or Kolmogorov random. 1t is easy to
derive the fact that almost every string of a given length is Kolmogorov
random. To simplify our presentation we assume from now on that the
string 2 is Kolmogorov random if K(z) > |z| — log|z|. In particular, this
implies that a string of length n is Kolmogorov random with probability at
least 1 — 1/n.

2 Upper Bounds

2.1 Periodic strings

In the sequel, we give two efficient algorithms for the string recognition
problem. We can prove the following theorem.

THEOREM 4 Let & = wl™* v be a string of period k such that |z| = n, |w| =
k and v is a proper prefix of w. There is an algorithm for recognizing the
string x on an n processor anonymous oriented ring with bit complexity

O(nk + n* min{1, 10%” Yifv =20, and O(nk 4+ nlogn) if v # (.

ProoF The O(n?) upper bound is an immediate consequence of the standard
input collection algorithm given in [1]. So we concentrate on proving the
rest of the upper bound.

The main proof of the theorem consists of an efficient input collection
algorithm satisfying the requirements above. Let a string z be known to
all the processors and let b, be the input to processor p. In the output of
the algorithm it is determined whether or not z is a rotation of the input.
Each processor executes the following algorithm which is described in several
phases.

Phase 1

The processor computes the period &k of the given string z as well as strings
w, v such that v is a proper substring of w and in addition z = w'v, for some
integer t > 0. This is a local step executed initially by all the processors
and does not contribute in any way to the overall bit complexity of the final
algorithm.



Phase 2

Let k be the period of the string = as computed in phase 1. The proces-
sors now compute their left neighborhood of length k as well as their right
neighborhood of length 2k + 1 by executing the following algorithm.

/* computing the right neighborhood */

send b, to the left;

for «: =1 to 2k do
send bit received from the right to the left
od

/* computing the left neighborhood */

send b, to the right;

fori=1tok—1do
send bit received from the left to the right
od

The idea of this phase is to compute a small length neighborhood of the
input string and use this to decide whether or not the input string is a
rotation of z. It will become apparent in the case v # () (discussed in the
sequel) why we need to compute a neighborhood of length 2k +1 to the right
and a neighborhood of length k to the left (for the time being we will only
have use for the left neighborhood of length k). By phase 1 each processor
knows the representation z = w'v. Clearly, the bit complexity of phase 2 is

O(nk).

Phase 3

In this phase the processors will execute the main part of the algorithm that
will determine whether or not the given string is a rotation of the input.
The rest of the algorithm depends on whether or not v = 0.

CASE v = {):

Let u, be the first £ bits of the right neighborhood computed by processor
p in phase 2 above. Now p executes the following algorithm.

if u, is not a rotation of w
then broadcast x is not a rotation of the input;
else /* u, is a rotation of w */



if u, is the lexicographically maximal rotation of w
then send two counters ¢g, ¢; around the ring;
counter cg is incremented only by processors
whose string is a rotation of w;
counter ¢; is incremented by every processor;

if processor p receives counter values such that
Ch=C1 ="
then broadcast x is a rotation of the input;
else broadcast z is not a rotation of the input;

fi

At the confirmation stage at most n/k processors participate (i.e., the ones
that have a lexicographically maximal rotation of w); each processor sends
a message around the ring (confirming that it has a lexicographically maxi-
mal rotation of w) together with a counter indicating that the message has
circulated all the way around the ring (whence the logn factor). Finally, if
any processor either has a neighborhood of length k& which is not a rotation
of w or receives a message that such a neighborhood exists in the ring, it
sends this message to its neighbor and does not transmit again. Thus the
overall bit complexity of this phase is O(n?logn/k).

At the end of this phase all processors will know whether or not all
processors have seen a rotation of w. If indeed, all processors have seen a
rotation of w then the string z is accepted else the string is rejected. The
correctness of this last assertion is proved in the sequel.

In the following argument we assume that the strings z,w,v are as in
the statement of Theorem 4.

If there exists a processor p € {i = 1,...,n} that does not see a rotation
of the input, this obviously implies @ # w!, and p will broadcast a message
to stop the other processors.

If all the processors have seen a rotation of the input, then 2 = w’
must hold. Let us assume on the contrary that there exist a processor
p whose left neighborhood w1 = w, . wpwy .. w1, t=1,...,kis a
rotation of the input, but its neighbor p + 1 sees another rotation wt=1) =
Ws .. . Wpwy ... ws_1, 8 = 1,...,n, which is not adjacent. Since p and p+ 1
are adjacent, their left neighborhood must have k& — 2 bits that are the
same, i.e., W(141)modk - - - WkW1 -+ - Wt_1 = Ws ... WEW1 ... Ws—2. Moreover, if
the two rotations cannot be adjacent, we have w; # w,_1, and since we are
working with binary strings, we have w; = W,_7. We now need the following:

LEMMA 5 Every two rotations w1 = w, .. wpwy ... w_q, t = 1,...,k,



and w1 = w, . wpwy .. ws_q, s = 1,....k of the binary string w® =
wy ... wg of length k have the same number of ones.

PrOOF Let us assume by contradiction that the number of ones in w(—1)
and w1V is different. By definition of rotation, if we start rotating both
the bits of w=1) and of w(~1) at a certain point we obtain the string w(®,
and this implies that the number of ones must be the same. =

We have assumed that there can be two rotations with a different num-
ber of zeros since w; # wy_q1, but the above lemma shows that this is not
possible, i.e., we have a contradiction. If each processor sees a rotation of

the input, then the string can only be z = w.

CASE v # {:

We assume that x = w'v, where v = vy ...v; is a proper prefix of w of length
l,ie., v = wy...w;. Using the fact that w is the period of the string z, and
assuming « = &y ...Z,, we can prove easily the following lemma.

LEMMA 6 There exists a substring z = z1...z; of length k of x that has
weight (i.e., number of bits equal to 1) different from the weight of w.

ProoF Easy by contradiction, using the fact w is the period of z, and that
v£). m

Let v, be the neighborhood of length 3% computed by processor p in
phase 2. It consists of the left neighborhood of length 2k + 1 and the right
neighborhood of length k. In view of the representation of x in the form w!v
it is an immediate consequence of Lemma 6 that there is a unique position
in the string @ whose k-neighborhood is not a rotation of w, but such that
the k-neighborhoods of all £ positions to its left are indeed rotations of w
and the k positions to its right have the correct values.

However, the converse of this is also true, in the sense that if the input
string has a unique position satisfying the above conditions, as well as the k
positions to its right have the correct k-neighborhoods, and in addition all
other positions have a k neighborhood which is a rotation of w then in fact
the input string itself must be a rotation of z. In the proof of the following
lemma we assume that 2 = wlilu, | %] > 2. The case 2 = wv can be solved
using input collection with O(n?) bit complexity.

LeMMA 7 If after phase 2 of the algorithm there exists at least a processor
whose 3k-bits string obtained in Phase 2 is different from 3k bits of the



string wvw?, then v # wlilv. If on the other hand all the processors see
a correct 3k-neighborhood, then x = wL?Jv, or x = wlvw?v...w*v, for
5,22, 5=1,...1,1> 2.

ProoF The first part of the proof is straightforward. For the second part let
us then assume that the 3k-bits string is correct, and let us examine the 3k
(correct) bits that two processor that are neighbors can see. We will denote
them with Y7 = y1...y3;, and Yo = y2...y3p41. We will now show that
the only strings that can occur are z = wlwlo, or 2 = wHow™v. . . wv, for
s;>2,7=1,...,4,7 > 2. There are four cases:

1. Y and Y; are both rotations of w>.

This implies that y; = ysk41 (same as the proof for the case v = 0).

2. Y] is a rotation of w® and Y5 is a rotation of 3k bits of wivw?, but

Y2 7£ w3.

Since v1...v; = wy...w; and Y] and Y, are consecutive, for Y; =

Wy . .. wpwiwy ... ws_q we have:

If s <k, then Yy = wyqq .. Lwpwwy .. SWs—1Yap+1 Tor s < k,or Yy =
w?wy ... wp_1y3gp41 for s = k. This implies ysry1 # ws because Y; is
not a rotation of w?, so it must be Ysk+1 = wy and [ = s — 1. There
are then 3k 4+ 1 consecutive bits in the resulting string, in the form

ws .. wpw?owy, [v] = s — 1.

3. Y] is a rotation of 3k bits of w3vw?>, but V3 + w?, and Y5 is a rotation
of w3.

Since v1...v; = wq...w; and Y] and Y, are consecutive, for Yy =
2

Wi .. WEW Wy ... w1 We have:

(a) If t > 2, then Y] = yrw;... wpw?wy ... wi_q, and y; # wi_q
because Y] is not a rotation of w®. So it must be y; = wy, # wy_q,
and wy...wp = Wy Wg—yy1 = v1...0, and k—t+1 =1 If
this is not true, the two neighbors cannot have seen a correct
neighborhood. There are then 3k + 1 consecutive bits in the form
WW;s . . WEWAWY L. Wiy = W vWAWwy .. Wy, 0| =k — 1+ 1.

(b) If t = 1, then Yy = yyw?wy ... wy_y, and y; # wy, because Y is
not a rotation of w?, so it must be y; = v; # wy. There are then
3k + 1 consecutive bits in the form vyw?wy ... wg_q.



4. Both Yy and Y; are rotations of 3k bits of w3vw?, but Yy, Yy # w3.

This case is much more complicated then the others since the substring
v can be in different positions within the 3k bits. In most of the cases
we will assume that Lemma 6 is true, i.e., by looking at k consecutive
bits, we can always tell whether they are a rotation of w or not. We
will refer to the following:

LeEMMA 8 The strings w = w©, w® . wk=1) are all different.

ProoOF If on the contrary any two of the above strings were equal then
we could find a string « such that «” = w, for some integer r > 1, thus
contradicting the fact that w is the period of the string z. =

(a) Y1 = wy...wpw?vy ... opwy .. ws_y—q (e, wy # wigq),s < k1 <

(b)

s — 1. This implies Yy = wyyq .. Lwpwieg . vy . cWs—[—1Y3k+1
for s < k,or Yy = w?vy ... 00wy .. wp_j_1y3ps1 for s = k. The
only possible situation is ysg+1 = ws—;, otherwise the processor
don’t see a correct configuration. The 3k consecutive bits are
then w, ... wpyw?vwy ... ws_y, s < k.

i.

ii.

iii.

Y1 = wy.. wpgy o wpwowy . Wh—gys—1 (e, w1 #E wigr),
1 <s<l+1<k. The only possible situation is then Y, =
Wetl o« WEWOWT « . Whs—]—1Y3k+1 and Y3p41 = Wi—i+s. The
3k consecutive bits are then wy ... wpwowy ... We_i4s.

Y1 = wigr . cwpwowy Wiy (e, w1 £ wiyq), 1 < s =
I+ 1 < k. This implies Y5 = wys... wpwvwysgyrr. The
only possible situation is ysgx+1 = w1 (Lemma 8), and the 3k
consecutive bits are then wyyq ... wrwovwws.

Y1 = ws...wpwvwwy .. cws_j—1 (e, w1 # wiy1), [+ 1 <
s < k. This implies Yy = weqq .. . wpwowwy ... Ws—j—1Y3k+1
for s < k, Yy = wowwy ... ws_j—1Ysg+1 for s = k. The only
possible situation is ysg+1 = ws—;, otherwise the processors
don’t see a correct configuration. The 3k consecutive bits are
then w, ... wpwvwwy ... we_j.

LY = we e wigg L WEDL 0w W1, L < s < T F

1 < k. This implies Yy = wsyq ... wpvwwy .. . Wg—j45—1Y3k+1-
The only possible situation is ysx+1 = Wg—i4+s, and the 3k
consecutive bits are then wy ... wrvwwy ... We_jts.

10



. Y1 = wigy..oowpvy.oopw?, 1 < s = 1+ 1 < k. Note that
this is different from w® for Lemma 8. This implies Y; =
Wiy ... wpvw?ysry1. The only possible situation is y3p41 =
wy. The 3k consecutive bits are then wyyq .. Lwpvwlwy.

ili. ¥Vi = wy...wpvr...oowtwy .. we_j—1, [+ 1 < s < k. This
implies Yy = wspy ... wpvw?wy ... ws_j_1y3p41 for s < k, or
Yo = vw?wy ... wg_i_1ysrgy for s = k. Le. if (weyq ... w50 =
Whti—st1 - - - Wi ) for s < k (or (v = wi—y ... wy) for s = k),
and 2l = s — 1, then ysp41 = wq, else yspr1 = wy—;. The 3k
consecutive bits are then wjy...wpvw?vw; in the first case,
O Wy ... WEoW2wy ... we_; in the second.

iv. Y1 = wpvr...oopwdwy . owp_j_q, [+ 1 < s = k. This im-
plies Y5 = vy ...vopw?wy ... wi_;_1y3re1- The only possible
situation are if vy ... vy = wi_;...wp and & = 2] — 1 then
Ysk+1 = W1, else yspr1 = wr—;. The 3k consecutive bits are
then wpvw?vw; in the first case, and wpvw?wy ... wy_; in the
second.

v. Y] = vm...vlewl...wk+m_l+1, 1 < m < [. This implies
Yo = Vgt - 0wy oo W Y3ka1, 1.0 i Opgy .. vp =
Whtm—i—1 - - - Wk, aNd Wy, # Wg_j4m, and 20 = k 4+ m, then
Ysk+1 = Wi, else Yspy1 = Wigirm—i- The 3k consecutive
bits are then v, ...vww; .. Wk4m—1 in the first case, or
Vo WAL L W _ W1 = Uy .. cvpw?owy in the sec-
ond.

It can never happen that two strings v are close to each other less then 2k
bits, i.e., of a string w?. This condition comes from the fact that, if we try to
build up a string of length n starting from Y7 and shifting one bit to the right
at the time, the resulting string will maintain the above condition. This can
be viewed as follows: if a new string Y3 = y3...y3r43 is built starting from
the string Y; we obtained before, we will fall again in one of the above cases.
The only critical case is case 4 (¢) iii), iv), and v), where the string v occurs
twice while building Y5 from Y7, but Y3 sees only the rightmost one. Y3 will
anyway see the string v to the right of w?, i.e., Y5 and Y3 will fall again in
case (4) a and so on. This implies that the only possible resulting strings
are either x = wL%Jv, orz = wlvw?v... w¥v, fors; >2,5=1,...1,7 > 2.
[

It is now easy to convert this characterization into an O(nk 4 nlogn)
algorithm for determining whether or not the input is a rotation of . The

11



algorithm for processor p is as follows.

if a proper rotation is not seen or a halt is received
then broadcast x is not a rotation of the input and halt
else if in the “unique” position
then send a message around the ring with a counter ¢q
fi;
counter ¢y is incremented by every processor;
if in the *“unique” position,
and a counter ¢; < n is received,
then broadcasts z is not a rotation of the input and halt
else if ¢; = n,
then broadcast x is a rotation of the input;

fi

The observations made above prove the correctness of the algorithm. Only
one processor can be in the unique position. If there is more then one, this
situation is detected by another processor in a unique position, by receiving
c1 < n. Note that it is not possible that every processor has w® as a
neighborhood (2| = n cannot be divided by |w]|, since |v| < |w|). The bit
complexity of the algorithm is straightforward. In the worst case in this step,
a message of at most logn bits travels for n steps. The total bit complexity
of the algorithm, in the case v # 0 is then O(nk + nlogn). This completes
the proof of Theorem 4. m

2.2 Kolmogorov random strings

We now present an algorithm that optimally finds using ©(nlogn) bits,
whether a Kolmogorov random string z is a rotation of the input checking
only a logarithmic number of bits. (The lower bound follows from [10].)
In particular this shows that almost all strings can be recognized using

O(nlogn) bits.
THEOREM 9 Let x be a Kolmogorov random string of length n. There is an

algorithm for recognizing the string x on an n processor anonymous oriented
ring with bit comlexity O(nlogn).

12



Proor Let 2 be a Kolmogorov random string of length n, given as an
input to all the processors, and let b, be a single bit of input at processor p.
In the output of the algorithm it is determined whether or not z is a rotation
of the input configuration. In the algorithm we use a constant ¢ that will be
more precisely calculated in Lemma 11. We will refer to Lemma 11 and 12
to justify the fact that, if the ¢[log n] neighborhood of a processor coincides
with one of the strings contained in S = {z' 1 ¢|i=1,...,n} (see section
1.2), then, for n large enough, the input string must be z or one of its
rotations.

Let ¢ = max{c’,¢"}, where ¢/ and ¢” are constants given in Lemma 11
and 12.

A generic processor p executes the following phases.

Phase 1
compute and store 5% = {2* [ t|i=1,...,n}, fort = clogn. This is a local
step and it does not contribute on the overall bit complexity of the final
algorithm.

Phase 2

compute the right neighborhood of length .
/*computing the right neighborhood*/
send b, to the left;
fori=1tot do
send bit received from the right to the left;
od check whether the t-neighborhood coincides with one of the strings

contained in §? = {a* | ¢]|i=1,...,n}. The cost of this phase, in terms of
bits transmitted, is O(n logn).
Phase 3

In this phase p will determine if the input string is a rotation of z.

Since z is a Kolmogorov random string, if after ¢ — 1 steps all the pro-
cessors have seen strings of ST = {a' | t|i = 1,...,n}, then the input
string must be z (see Lemma 11), otherwise, if at least one finds a different
substring, it is not z.

Let u, be the t-neighborhood of processor p. Now p executes the follow-
ing:

ifu, ¢ SL={a" 1t]i=1,...,n},

then broadcast x is not a rotation of the input and halt;

else if u, is the maximal string

then send a counter ¢y around the ring;
/* counter ¢q is only incremented by processors who
have seen an acceptable string */

13



if a counter value cqg = n is received
then broadcast z is a rotation of the
input and halt;
else /* ¢y < n , or another processor
has seen a not acceptable string and has sent a
halt */
broadcasts z is not a rotation of the
input and halt
fi
else /* u, is not a maximal string */
if a not acceptable string is seen
then broadcast z is not a rotation of the
input and halt
else if a counter ¢g is received
then broadcast ¢cg:=cg+1
else /*a halt is received*/
store the information “z is (is not) a
rotation of the input”, broadcast it and halt

fi
fi
fi
fi
We can now precisely define a method to find the right value of ¢ and
we can justify phase 2 and 3 of the algorithm.

DEFINITION 10 Two strings * = x129...2, and ¥y = y1Y2 ...y, of length
n, a substring of y' s = $1...5 = as...awvy, of lengtht < n, 1 < i < n,
and a substring ay ...ayuq of 27, 1 < j < n are given. We define as right
overlap (respectively left overlap ) of length 1 > 1 of a = ay ...a; in ¥’ and s,
the substring a;_i41 . ..a¢ (respectively ay . ..a;) of a that coincides with the
substring sy ...s; (respectively s;_jy1...5:) of s. If l = 0 we say that there
is no overlap.

We have the following;:
LEMMA 11 : There exist a constant ¢’ € N, such that, for n sufficiently
large and for all t > 'logn, for any two strings v = x1x3...7, and y =

MYz .- -Yn of length n, if x is Kolmogorov random, and Sé CSL, thenx =y
up to rotation.
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PrOOF Given an integer ¢t < n, let a € Sé, le,y'=a-v=aj...a1... 0, ¢
for some ¢ € {1,...,n} and some string v, |[v]| = n —¢ > 1. Since a € S,
it is clear that 2/ = a-u = ay...a;uy ... u,—; for some 7 € {1,...,n} and

string u, |u| = n—1¢ > 1. Consider the substring s of y*, s = sy ...5 =
azvy of length ¢, s € Sé C S!. The proof of the lemma is divided

in different cases depending on the different overlaps of the strings s and
a in 27. W.lo.g we assume that the overlap does not coincide with the
bits ay . ..a;u; since, if it is the case, we can always rotate the string 27 up
to a point in which it does not coincide, or otherwise we easily obtain the
condition x = y up to rotation.

Let [ be the length of the overlap of s in 7.

Case 1): There is a right overlap of a in 2’ and s, of length 0 < I < %
Moreover n > 14 2(¢t —{ — 1). (See Figure 1.)

The overlap covers the bits a;—j41 ...a;. There might even be a left
overlap on a, but w.l.o.g. we will not consider this condition (since, if
it is the case, we are able to compress more the coding of the string
z). Let us assume §; = @_y41 = Q2,...,81-1 = G = A[,...,5 =
Up = Q41,5 = Uy—; = v1. Hence the substring ay...a;—; of length
t—1—-1> % is repeated at least twice in 7.

We now prove that K'(z) < n—logn which contradicts the incompress-
ibility of z. We encode z as aq plus twice a string of length ¢ — [, plus
the remaining string 2’ of length n —2(¢ — 1) — 1. Hence x is given first
by specifying a; in O(1).. The encoding of the two strings ag . ..a;_; is
as follows: let T' be a Turing Machine that computes as . ..a;—; from a
program p. Let num(T) = n be the number associated with the Turing
Machine 7" and fix a Universal Turing Machine V such that V started
on the input O™ (1) 1p simulates T on input p and then doubles the
output starting from position 2. If we start the reference Universal
Turing Machine U on input omm(V)10mwm(T)1 p we will have the dou-
ble string as output, starting from position 2. This will add a term

15
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K(ay...a;—;) 4+ O(1) for the encoding of twice ag...a;—;. We have a
term of O(log2(t — ) — 1) to remember the position of the end of the
double string plus O(log 7) bits for the index j of the rotation of the
string 27. The string @' = wy_i41 ... u,_¢ has length n — 2(t—=1)— 1.

We have then:

K(z) < O1)+ K(az...a;—;)+0(1)+ O(log(2(t —1)—1))
+ Oflogj)+ K(+")
< t—=1-140(ogn)4+n—-2(t—-1)—1

t
n—(t—l)—l—O(logn)<n—§—|—cllogn,

i.e., there exists a constant ¢; € NV, such that, for large enough n, for
t>2(c1+1)logn, K(z) < n —logn which is a contradiction.

Case 2): There is a right overlap of @ in 27 and s, of length 0 < [ < %
Moreover n < 14 2(¢t — [ — 1), i.e., there is even a left overlap. (See
Figure 2.)

The right overlap covers the bits a;_j41...a;. There are two cases
depending on the length of the substring of s that covers the last bits
of 27 from position a;_;y1, up to u,_; (since the overlap is wrapping
around). To be more precise let m = [+n—t < t—[—1 be the length of
this substring. A possible coding is given by repeating twice the last m
bits of 27 . We have to remember the positions m+1=Il=n—t+1
and t — [ + 1 where respectively the first of these repeated strings
ends and the where the other starts. The encoding is given again by
running the Turing Machine 7" on input p’ for which it computes the
string @z ...dm4+1. The Universal Turing Machine V' will repeat the
string twice, starting from ay and a;—;41. We have then

K(n) < O)+m+ K(ap41...a:-1)+ O(log(m+ 1))

16
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O(logt —1+1) + O(logj)
= O(l)+m+t—1—m+ O(logn)
= t—1+4cylogn,

i.e., there exists a constant c; € N, such that, for large enough n, for
t—Il<n—{(cg+1)logn, K(z) < n—logn which is a contradiction.

Using this coding the condition t — I < n — (¢z + 1)logn, is sufficient.
Ift—102>mn—(c2+ 1logn (ie., m = n—t+1 < (cg+ 1)logn),
then t > n — (cz + 1)logn, i.e., there is a right overlap of length
t—m >n—2(c;+ 1)logn. For large enough n, n — 2(cy + 1) logn >
= ﬂcﬁ;—m, i.e., we fall in Case 5.

Case 3): There is no right overlap and a left overlap of @ in 27 and
s, of length 0 < 1 < L. (i.e., if [ = 0 there is no overlap at all and

2
aty1 = v1 in the figure.) (See Figure 3.)

The proof is done in the same way as the first subcase of case 2.
Case 4): There is a right overlap of a in 27 and s, of length [ > £. (See
Figure 4.)

The right overlap covers bits a;—_;yq ...a;. We first observe that since
we have assumed that v; # uq, the overlap must contain at least two

17
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elements. This implies that the substring as . ..a;_; is repeated at least
Ltiﬁlj + 1 times. (We can encode this with O (log (LZLJ + 1))
%J + 1 times ay...a:_y,

plus a string 2’ of n — 1 — ((L S+ 1) (t—1- 1)) bits, plus the

t—I-1
starting positions.

bits.) The encoding is given by a1, plus |

K(z) < O(ogn)+t—Il-1—-(t—1l-1)4n-1

(=) e-r-)

l
< n+ O(logn) — 3

Since [ > %, there exists a constant ¢4 € A, such that, for large enough

n, for t > 4(cq + 1) logn, K(z) < n —logn which is a contradiction.

Case 5): There is a left overlap of a in 27 and s, of length [ > % There
might be or not a right overlap. (See Figure 5 for the case of the right
overlap.)

The overlap covers the bits ay...a;. This means that the last ¢ — [
bits are ag...ap_jq41. It <n—(t—=1)and (t =1+ 1) > | %] (i.e., the
string ay ...a;—;41 is repeated once in ay...a¢),ort > n— (¢t —1) and
(t—14+1)> Lﬂzt;llj (i.e., the string ay ...a;—;41 is repeated once in
ay .. .an_(t_l)), then the encoding is given by aq, plus ay...a;—;47 in
positions 2 and n — (¢ — [) 4 1, that is
K(z) < O1)+n—(t—1)+ O(logn)
i
< n- L§J — 14 ¢slogn,
i.e., there exists a constant ¢5 € NV, such that, for large enough n, for

t>2(c5+ 1) logn, K(z) < n—logn which is a contradiction.

18



Ift<n—(t—1)and (t —1+1) < [£] (i.e., the string a1 ...ar_141 is
repeated | ;=jz7] times in ay...a;), ort >n—(t—1)and (t—1+1) <
Lﬂzt;llj (i.e., the string aj...a;_;41 is repeated L%;_I_;lllj times in
ai...a,_(;—p), then the encoding is given by Lﬁj (respectively

L%ﬁ_;lllj) times the string ajas . . .a;—;41 plus the remaining substring.

With some calculations we obtain:

t
K(z) < n- 3 + cglogn,
i.e., there exists a constant cg € N, such that, for large enough n, for
t>2(cg+ 1) logn, K(x) < n—logn which is a contradiction, or
n—(t—1)

K(z) < n-— — + O(logn) < g + crlogn,
i.e., there exists a constant ¢; € N, such that, for large enough n,

K(z) < n—logn which is a contradiction.

The constant ¢’ of the statement of the lemma is then ¢ = max{eq,...,cr}.
This ends the proof of the Lemma 11. m

To prove the correctness of phase 3 we need another lemma which ensures
that, if a string is Kolmogorov random, then there must exist a unique
maximal substring:

LEMMA 12 : Given a string @ = x123...2, of length n, and an integer
t < n, there exist a constant ¢ € N, such that, if n is large enough, for
each t > "logn, if |SL] < n, then x is not Kolmogorov random.

ProOF Let us take two substrings s and s’ of  which are equal. The proof
is very similar to the one of Lemma 11. There are two cases:

e Case 1): The (right or left) overlap [ of s and s’ in 2 is of length

> L. Rotate the string x in such a way that the corresponding z7

2
starts with one of the substrings (w.l.o.g. s), and has a right overlap
of length > % (There might even be a left overlap, but we will not

consider it.) (See Figure 6.)

Since t — [ < %, the string sy ...s;_; is repeated at least twice, more
precisely || times. The coding can then be: repeat || times the
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string s1 ...8;—; and add the final string. This leads to:

n— QttTlJ - 1) (t = 1)+ O(log n)

i
< n- §—|—0810gn,

i.e., there exists a constant cg € N, such that, for large enough n, for
t>3(cgs+ 1) logn, K(2) < n —logn which is a contradiction.

K(x)

IN

Case 2): Both the right and left overlap of s and s’ in z are of length
< % Call [ the biggest of the two and, w.l.o.g. assume that is the
right overlap. Rotate the string = in such a way that the corresponding
2 starts with one of the substrings (w.l.o.g. s) and has [ as a right

overlap. (See Figure 7.)

Since the right overlap is of length at most [, and the left overlap is
< I, there are at least ¢ — [ bits of &' that overlap the last bits of 7.
The encoding for [ > 0, can be given as repeating twice the string
81 ...8¢_; from position 1 and t — [ + 1 for [ > 0. This implies:

K(z) < n—(t—-10)+O(logn)

t
< n—§—|—0910gn,
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i.e., there exists a constant cg € N, such that, for large enough n, for
t>2(cg+1)logn, K(z) < n—logn which is a contradiction.

If I = 0, i.e., there is no right or left overlap, the entire string s is
repeated twice, that is:

K(z) < n—t+cologn,

i.e., there exists a constant c¢;g € N, such that, for large enough n, for
t>(c10+ 1) logn, K(z) < n—logn which is a contradiction.

The constant ¢ of the statement of the lemma is then ¢ = max {cs, cg, ¢10}-
This ends the proof of Lemma 12. =

Lemma 12 gives a necessary condition for a string to be Kolmogorov ran-
dom. The next lemma will define a method to reconstruct a string starting
from its set of substrings, and will prove that this string is unique.

LemMa 13 : A Kolmogorov random string, can be reconstructed from the
set Sfc/, where t' >t and t is the smallest integer that satisfies the conditions

of Lemma 12.

ProoF We reconstruct the string from S}Z,/ by using the ¢ length substrings.
Let s bein Sfc/, § = 51 ...8¢, and let us add a new bit at the time by shifting of
one position to the left and searching among the remaining ¢’ length strings.
If at each time there is a unique choice from the set S;/, then the resulting
string of length n must be unique. On the other hand let us assume that,
w.l.o.g. at step 2 we can choose between two strings of length ¢/, s5...s:0
or Sy ...5:1. If this happens this implies that, in the set Sfcl_l there are two
strings that are equal, i.e., [S¥1] < n. But #' — 1 > ¢ where ¢ satisfies the
condition of Lemma 12, that is we are contradicting the incompressibility of
z. =

If the input string is « then for Lemma 12 and Lemma 13 there exists
a unique leader since only one processor sees a maximal substring. The bit
complexity of this step is then O(Zi»ozgon 2{(i+ 1)) + O(n) = O(nlogn). If
the input string is not x, then there are at most ——, ¢ € N, that see the
maximal string and that send a counter. In this case the bit complexity
is still O(nlogn) + O(n) = O(nlogn) since each counter will stop after
reaching one of these processors, i.e., at most c¢logn bits message will travel
for n steps. The correctness of this step is straightforward. If the input
string is @, then there is a unique leader that acknowledges the fact that
each processor has seen an acceptable neighborhood, and Lemma 11 states
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that this condition is sufficient. On the other hand, if there is more then one
leader, or at least one processor finds an unacceptable neighborhood (and
from Lemma 11, if # is not the input string then this must happen), then a
halt is sent and eventually all the processors will end their computation.

The overall bit complexity of these phases is O(nlogn). These completes
the proof of Theorem 9. m

3 Lower Bounds

In this section we prove lower bounds for the string recognition problem.
In the case of Kolmogorov random string we need only the lower bound
of Q(nlogn) of [10] and the equivalent boolean function formulation of the
string recognition problem stated in the introduction. This lower bound
implies the optimality of the algorithm given above. For the case of x = w'v

we have the following;

THEOREM 14 Let v = wl¥lv be a string of period k such that 2| = n,
|w| = k and v is a proper prefix of w. The lower bound for recognizing any
n-ary string on an n processors anonymous oriented ring is Q(% + nlogn)

ifv=0,Qnlogn) if v#0.

ProOF Let & be a string as in the statement of the theorem. The Q(nlogn)
bound follows from [10]. Hence we only need to prove the 9(72—2) lower bound
for the case v # ().

By Theorem 5.1 in [1] we know that a lower bound on the bit complexity
of computing a function can be derived as follows.

Given two input configurations y and z of length n, every algorithm that
computes the function on input y requires at least

84
S S1(y. i), (1)
=0
messages in the worst case.

Here « is a constant, such that there exist two processors p and ¢ in
the ring, for which p has the same a-neighborhood in y as ¢ in z, but their
output (at the end of the algorithm) is different. SI(y,7) is the symmetry
index function of the string y, i.e., the minimum number of elements in a
equivalent ¢-neighborhood for processors in the configuration y.

Consider the string recognition problem with an input string = wli!,
v = 0 and run the algorithm with input configurations y = z and z =
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wlw!=Ywy . . wj_;w5. There exist two processors p in y and ¢ in z, that
have the same |%] — l-neighborhood, but their output for the problem is
different since y = 2, and z # z. On input y there are at least Lg;J processors

who see the same |Z| — 1-neighborhood, we have then:

o SR EYRTY
YoSIwi)= X 5= L5 (2)

n2

i.e., the lower bound is Q(%-). m

We finally show a family of strings whose lower bound is tight within
a logarithmic factor. For every k we choose the string x = (0*~11)L¥].
The lower bound is Q(nk + % + nlogn), since 9(72—2 + nlogn) is obtained
from Theorem 14, and from the following intuition which adds an O(nk)
factor: given as input string # and 2’ = (Ok_ll)L%J_IOk, every processor
must trivially wait nk messages on 2’ before one processor can detect that
the string 2’ # 2, and then broadcast it.

4 Conclusions and open problems

In this paper we have studied the string recognition problem on anonymous,
asynchronous, n-processor rings.

We have shown a O(nlogn) bit complexity for Kolmogorov random
strings, which in turns implies this same bit complexity for almost all strings.
For strings in the form @ = w'v, ¢ > 0, we have shown an O(nk + nlogn)
upper bound when v # () and an O(nk+n? min{1, lc’—%ﬂ}) when v = (). When

v = () we have also shown an Q(%2 + nlogn) lower bound which shows that
the upper bound is tight, within a logarithmic factor for & = O(y/n). When
v # () the upper bound O(nk 4 nlogn) is tight for & = O(logn).

An interesting open problem would be tighten the previous bounds in
all cases.

As a final remark, we observe that the proof given for the string recog-
nition problem when x is a Kolmogorov random string can be modified and
extended to other networks like tori, meshes, etc.
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