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ABSTRACT

In this paper we consider Variable Structure Stochastic Automata (VSSA) which
interact with an environment and which dynamically learns the optimal action which
the automaton offers. Like all VSSA the automata are fully defined by a set of action
probability updating rules [4,9,22]. However, to minimize the requirements on the
random number generator used to implement the VSSA, and to increase the speed of
convergence of the automaton, we consider the case in which the probability updating
functions can assume only a finite number of values. These values discretize the
probability space [0,1] and hence they are called Discretized Learning Automata. The
discretized automata are linear because the sub-intervals of [0,1] are of equal length.
We shall prove the following results: (i) Two-Action Discretized Linear Reward-Penalty
Automata are ergodic and e-optimal in all enviroments whose minimum penalty
probability is less than 0.5. (ii) There exist Discretized Two-Action Linear
Reward-Penalty Automata which are ergodic and e-optimal in all random
environments. (iii) Discretized Two-Action Linear Reward-Penalty Automata with
artificially created absorbing barriers are e-optimal in all random environments.

Apart from the above theoretical results simulation results will be presented which
indicate the properties of automata discussed. The rate of convergence of all these
automata and some open problems are also presented.
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. INTRODUCTION

Learning automata have been extensively studied by researchers in the area of
adaptive learning. The intention is to design a learning machine which interacts with
an environment and which dynamically learns the optimal action which the
environment offers. The literature on learning automata is extensive. We refer the
reader to a review paper by Narenda and Thathachar [9] and an excellent book by
Lakshmivarahan [3] for a review of the various families of learning automata. The latter
reference also discusses in fair detail some of the applications of learning automata
which include game playing [5], pattern recognition and hypothesis testing [9], priority
assignment in a queueing system [7] and telephone routing [10,11]. Applications not
found in [3] include the solution of stochastic geometric problems using learning
automata [15] and the partitioning of objects using various types of automata [16,17).

Broadly speaking, learning automata can be classified into two categories : Fixed
Structure Stochastic Automata ( FSSA ), and Variable Structure Stochastic Automata
( VSSA ). A Fixed Structure Stochastic Automaton ( FSSA ) is one whose transition
and output functions are time invariant. Examples of such automata are the Tsetlin,
Krylov and Krinsky automata [19,20]. By far, most of the research in this area has
involved the second category, namely, Variable Structure Stochastic Automata
(VSSA). Automata in this category possess transition and output functions which
evolve as the learning process proceeds. It can be shown that a VSSA is completely
defined by a set of action probability updating functions [8,9,22].

VSSA are implemented using a Random Number Generator ( RNG ). The
automaton decides on the action to be chosen based on an action probability
distribution. Nearly all the VSSA discussed in the literature permit probabilities which
can take any value in the range [0,1]. Hence the RNG must theoretically possess
infinite accuracy. In practice, however, the probabilities are rounded off to a certain
number of decimal places depending on the architecture of the machine that is used to
implement the automaton.

To minimize the requirements on the RNG and to increase the speed of
convergence of the VSSA the concept of discretizing the probability space was
recently introduced in the literature [12,16]. As in the continuous case, a discrete VSSA
is defined using a probability updating function. However, as opposed to the functions
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used to define continuous VSSA, discrete VSSA utilize functions that can only assume
a finite number of values. These values divide the interval [0,1] into a finite number of
subintervals. If the subintervals are all of equal length the VSSA is said to be linear.
Using these functions discrete VSSA can be designed - the learning being performed
by updating the action probabilities in discrete steps.

Learning automata can also be broadly classified in terms of their Markovian
representations. Generally speaking, learning automata are either ergodic
[10,13,14-17,19] or possess absorbing barriers [6,9,12]. Automata in the former class
converge with a distribution which is independent of the initial distribution of the action
probabilities. This feature is desirable when interacting with a non-stationary
environment - for the automaton does not "lock itself" into choosing any one action.
However, if the environment is stationary an automaton with an absorbing barrier is
preferred. Various absolutely expedient schemes which ideally interact with such
environments have been proposed in the literature [3,6,8,9].

In this paper we shall be presenting some new results on discretized automata.
Historically, various experimental results involving discretized Reward-Inaction
automata were first reported by Thathachar and Oommen [18]. The first theoretical
results concerning discretized Automata were proved in [12]. The latter paper
concerned the e-optimality of the two-action discretized Linear Reward-Inaction
automaton. Later, in [14] Oommen developed and presented results involving linear
and non-linear discretized automata. Among the results proved in [14] were the
following for the two-action case :

(i) The Discretized Linear Reward-Inaction ( DLR|) automaton is absorbing
and e-optimal in all random environments.

(ii)  The Discretized Linear Inaction-Penalty ( DP|p ) automaton is ergodic and
expedient in all random environments.

(i) The Discretized Linear Inaction-Penalty automaton with artificially created
absorbing barriers is e-optimal in all random environments. The latter is the only
scheme known to us which is of a linear inaction-penalty flavour and which is
simultaneously e-optimal.

(iv)  The family of Discretized Nonlinear Reward-Inaction ( DNR ) automata is
g-optimal in all random environments . Further, the maximum advantage that can be
obtained by nonlinearizing the automaton was also derived.

In this paper we shall extend the results of [14] and consider various other families
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of linear discretized automata which are of a Reward-Penalty flavour. We shall prove
the following results :

(i) Two-Action Discretized Linear Reward-Penalty ( DLgp ) automata are
ergodic and e-optimal in all random environments whenever Cmin < 0.5.

(ii)  There exist Two-Action Discretized Linear Reward-Penalty Automata
which are ergodic and e-optimal in all random environments. We shall refer to this
machine as the Modified Discretized Linear Reward-Penalty ( MDLRp ) automata.

(iii) Discretized Two-Action Linear Reward-Penalty Automata with artificially
created absorbing barriers are e-optimal in all random environments. These automata
shall be called the Absorbing Discretized Linear Reward-Penalty ( ADLRp ) automata.

The above automata are the only schemes known to us which are of a linear

nature and yet e-optimal even though the probability re-enforcing rules are of a
reward-penalty flavour.

It has been well-known that the updating function of a learning automaton must be
dependent on the response it receives from the environment. For example, consider a
continuous VSSA which completely ignores the penalty responses of the
environment. Such an automaton is of the Reward-Inaction type, and it is well known
that there are linear and nonlinear Reward-Inaction schemes which are both
absolutely expedient and e-optimal. Apart from the continuous schemes, indeed as
shown in the Section IV of [14], even discretized e-optimal schemes of the
Reward-Inaction flavour do exist. It is in this connection that we believe that the
introduction of the above schemes is a major contribution. Although continuous
linear symmetric Reward-Penalty schemes are at their best expedient ( and definitely
not absolutely expedient [3] ) reward-penalty schemes are not entirely rejectable. In
this paper, we have shown that by discretizing the probability space and rendering the
boundary values absorbing the resulting symmetric automaton is indeed e-optimal.
Alternatively, by making a stochastic modification to the transition function, the
automata can be made ergodic and e-optimal in all random environments.

The question naturally arises : Are there situations in which a reward-penalty
scheme is to be preferred ? Simulation results indicate that the ADLgrp scheme is
extremely accurate and fast in its convergence. Further, in a case when the penalty
probabilities are near 0.5 ( i.e. the reward probabilities are almost the same as the
penalty probabilities ), the automaton utilizes all the responses of the environment and
ignores none of the environment responses as a reward-inaction automaton does.
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For the rest of this section we shall present some fundamentals and the notation
we shall be using. We shall subsequently present the various theoretical results we
have obtained concerning the three automata discussed above. We shall then present
the simulation results and compare the corresponding automata with known existing
learning machines. We shall conclude the paper with the simulation results of the
DLrp automaton iterating with a non-stationary environment.

I.1 Fundamentals

The automaton considered in this paper ( Figure 1 ) selects an action a(n) at each
instant 'n' from a finite action set { a; | i = 1 to R }. The selection is done on the basis of a
probability distribution p(n), an R x 1 vector where, p (n) = [P1(n), po(n), ... ,pH(n)]T with,

pi(n) = Pria(n) =ga],

D, p(n)

i=1

pl

1 foralln (1)

The selected action serves as the input to the environment which gives out a
response b(n) at time 'n’ . b(n) is an element of B = {0,1}. The response '1' is said to be
a 'penalty’. The environment penalizes the automaton with the penalty c;, where,

¢ = Pr[b(n)=1|a(n) =3} (i=1toR). (2)

Thus the environment characteristics are specified by the set of penalty probabilities

{cj} (i=1to R). On the basis of the response b(n) the action probability vector p (n) is
updated and a new action chosen at (n+1).

The reward probability is defined as 1-¢; for 1<i<R.

The { ¢; } are unknown initially and it is desired that as a result of interaction with
the environment the automaton arrives at the action which evokes the minimum
penalty response in an expected sense. It may be noted that if L is the action which
obeys,

C = miin (c) (3)
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then p_(n) =1, p;(n) =0 fori= L achieves this result. Updating schemes for p (n) are
to be chosen with this optimal solution in view. Throughout this paper we deal with the
case when R, the numbers of actions, is two. The analogous results for R > 2 are yet
open but conjectured to be true.

1.2 Learning Criteria

With no apriori information, the automaton chooses the actions with equal

probability. The expected penalty is thus initially Mg . the mean of the penalty
probabilities.

An automaton is said to learn expediently if, as time tends towards infinity, the
expected penalty is less than My. We denote the expected penalty at time 'n' as
E[M(n)]. The automaton is said to be optimal if E[ M(n) ] equals the minimum penalty
probability in the limit as time goes towards infinity.

It is e-optimal if in the limit E[ M(n) ] < ¢y + & where ¢y, = min { ¢; }, for any
arbitrary € > 0 by suitable choice of some parameter of the automaton. Thus the limiting
value of E [ M(n) ] can be as close to ¢,y as desired.

Il. THE DISCRETIZED LINEAR REWARD-PENALTY (DLRp) AUTOMATON

The Discretized Linear Reward-Penalty ( DLrp ) automaton has (N + 1) states
where N is an even integer. We refer to the set of states as S = { sg, s1,..., s\ }-
Associated with the state s; is the probability i / N, and this represents the probability of
the automaton choosing action a4. Note that in this state the automaton chooses action
ao with probability (1- i/N). Since any one of the action probabilities completely
defines the vector of action probabilities, we shall, with no loss of generality, consider
p1 (n).

The basic idea in the learning process is to make discrete changes in the action
probabilities. By defining the transition map as a function from S X B to S the changes
in the action probabilities are indeed discrete. The transition map of the DLgpp
automaton is specified by (4) below for s(n) =5, 1 <k <N-1.
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s(n+1)=sK, 1 ifa(n)=aqandb(n)=0
ora(n) =as and b(n) =1

=8k.q1 ifa(n)=aq andb(n)=1,
ora(n) = as and b(n) = 0. (4)

t

Observe that (4) is valid only for the interior states. For the end states -

s(n+1) = s(n) ifs(n) =sgorspand b(n) =0
= 84 if s(n) = sg and b(n) = 1
SN-1 1fs(n) =spy and b(n) = 1.

Il

Figure Il shows the transition map of the automaton schematically.

Observe that if the machine is in state Sq it has to choose a, and similarly if it is in

SN it has to choose aq. Thus the change in action probabilities can be written for
O<p4(n)<1 as :

P1(n+1)=pq(n)+1/N ifaqischosenandb(n)=0
or a, is chosen and b(n) = 1
= p4(n)-1/N if a4 is chosen and b(n) = 1

or as is chosen and b(n) = 0. (5)

At the end states the following equality holds :

pi(n+1)=pq(n) ifp4(n)=0o0r1 andb(n)=0
=1/N ifpy(n) =0 and b(n) = 1
=1-1/N ifpy(n) =1 and b(n) = 1.

The way by which the action probabilities are updated warrants the name of the
automaton.

If ¢y <cp , the automaton has no absorbing barriers except in the degenerate
cases when cq = 0 or ¢, = 1. This implies that the Markov chain is ergodic and that the
limiting distribution of being in any state is independent of the corresponding initial
distribution [2]. More specifically, p1(n) behaves as a homogeneous Markov chain
defined by a stochastic matrix M whose arbitrary element Mj,j is defined as :

M;j = Pris(n) =sj|s(n-1) =s;], where,
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Mii1 = gic1 + gi(1-¢cp) for1 <i <N,
Mii+1= dic2+ g (1-¢¢) for 0<i<N-1,
Mjij =0 for 1<i<N-1  (6)

where g;=i/N and g4 = 1-i/N. All the other elements of M are zero. Furthermore,
the boundary conditions for the Markov chain are specified by :

MO,O =(1-cp) and MN,N = (1-cq). (7)

The Markov chain consists of exactly one closed communicating class. Further,
since it is aperiodic the chain is ergodic and the limiting distribution is independent of
the initial distribution [2]. Let TU(n) be the state probability vector, where, for all n,

TUn) =[mg(n), y(n),. .., mNy() ] T, m(n) = Prs(n) =s;], and, (8)
N
Z T(n) = 1
i=0
Then the limiting value of TU is given by the vector which satisfies,
MITT =TT (9)

Using (9) we now derive the asymptotic properties of the DLRp automaton.

Theorem 1.
Let A=(cqy+cp-1). Then m;, the ith component of the asymptotic probability
vector obeys the following difference equation for 1 <i < N.

e, 85

me———— i=1,2,...,N.

| (1- 2)+A%

Proof :
By definition, the limiting equilibrium probability vector TU satisfies

MITT = T,

where, 7U is defined by (8) above. To render the computations easy we introduce the
following polynomials P(Z) and Q(Z), where,
N

P2 = nZ, and

i=0
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Q) = -I%.Z.P'(Z) - ) ton.Z.
i=0

Using the notation that A=cq + ¢y - 1, the equation 70 =MT TU can be easily seen to
be equivalent to (10) below :

1-¢

(% - AZ)Q(2) + ( 22 +¢,Z)P(2)
T
S(1-g)F+my(1-c)-emZ  +(1cmZ + (ere, M Z " =P@)  (10)

Moving P(Z) to the left hand side, multiplying by Z and dividing by 1 - Z yields :
A1+2)Q2)+((1-co)-coZ)P(Z) = (1-¢co)mp- (1 -c1)1cNZN+1 (11)

By comparing coefficients this gives
i-1

(A'[iT’*“'Cz))ni+(AT'C2)ni-1=0 =Ty o bl (12)

Moving terms with x;_4 to the right side and dividing by the coefficient of m; yields:
i-1

% AR
Mo T, i=1,2,...,N (13)
(1 -02) + Aﬁ
and the theorem is proved. soe

We shall now prove the g-optimal properties of the DLrp scheme.

Theorem |Il.

The DLRp automaton is e-optimal whenever the minimum penalty probability is
less than 0.5.
Proof :

With no loss of generality let a4 be the optimal action (i.e., let C1< Cp). It is remains
to be proved that E[ pq(ee)] tends to unity as N —eo if and only if ¢4 < 0.5, where,

N .
Elp, (=)] = D, (x)m
i=0
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We consider three mutually exclusive and exhaustive cases.

Case |l : C2>0.5>C1.
From (13) we can see that if Co > 0.5 > ¢q, then,
i 2Q Ty
where g > 1 for all i.

This easily implies thatas N — = the major part of the probability measure on TUis
contained in an arbitrarily small neighbourhood of unity. Thus,

N
im E[p, ()] = im Y, =% o L
N—oeo N3 =0 N
Casell: 0.5 2cp>cy.
1-202

1
Let i, =N[—— + :
. [2 N 2(1'(01"'02))]
Note that ip need not be an integer. For the sake of notation, let the ratio of 7 to mj_4 in
(13) be g;. Then, a simple algebraic computation shows that :

-4
CQ'A(LN"')
q, = : < 1 for1<i<i
(1-¢,) +AG:)

0

> 1 fori0<iSN.

It is important to observe that for large N, ig < gN, where q is strictly less than 0.5.

The e-optimality of the scheme when ¢ = 0.5 is disposed of by remarking that g;
increases to (1-cq+ A/N) / ¢4 and is strictly greater than unity for all i.

Consider now the case when €o < 0.5. In this case, qgj < 1 and increases for 1<i<ip,
and continues to increase beyond ig. We compare = for 0 <i < ig and ig<i<2ig+2 to
mj for i in the interval 2ig + 2 <i < N. In the latter interval,

Let i1 be the first integer in the interval (2ig + 2, N]. Then the probability measure
in the first two intervals sum to a quantity less than 2gN=4, where q is chosen strictly
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less than 0.5 such that i < gN for sufficiently large N and q independent of N. Similarly,
the probability measure in the last interval sums to a quantity more than S', where,

1-¢
2.,.(1-2q)N
1 _(__)( )

C
S = 2 . (14)

This shows that for N — o most of the probability mass sits in the last interval, and an

argument as in case (i) finishes the proof. Between Cases | and Il we see that the
scheme is e-optimal whenever ¢4 < 0.5.

Caselll: c5>cq20.5.

Let o be defined as o = (2c - 1)/2(co + ¢4 - 1). Of course, a is strictly greater
than 0.5 in the case we are considering. Let d > 0 be an arbitrarily small positive
number. Fori=0,..., N, let i1 be the first of the numbers i/N which belong to the interval
from a-d to a, and let n(i{) be the corresponding associated probability measure.
Since the probabilities are increasing in the interval from 0 to i1 the probability of the
whole interval from 0 to a-d is bounded above by iy. n(i1). We shall show that the
probability of the interval from a-d to a-d/2 is bounded below by n(iq) times the sum
of a quotient series where the quotient is bounded below by d(cy+Co-1)+1
independent of N (if d is sufficiently small and N is large enough). But the number of
terms in that quotient series is asymptotic to (1/2d) N since each of the numbers in the
intersection of the progression i/N with the interval from a-d to o - d/2 contributes one
term. Hence, as N tends to infinity, most of the probability mass in the interval from 0 to
a sits in the interval from o-d to a. A very similar argument gives that most of the
probability mass in the interval from o to 1 sits in the interval from o to o+d, where d is
arbitrarily small. This concludes the proof.

Hence the automaton is not e-optimal whenever the minimum penalty probability
is greater than 0.5. Interestingly enough the value of E[pq ()] = 1 when cq = 0.5.

Hence the theorem ! eoe0

Remarks.
1. The question of whether the DLrp automaton was e-optimal was left open in
[14], but Oommen conjectured that the machine was e-optimal in all environments. An
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| anonymous reviewer of [14] had suggested that the conjecture was too powerful, and
indeed this is the case ( see the footnote of page 291 of [14]). The first author of this
paper would like to put on record his gratitude to the reviewer of [14] who pointed him
to the true property of the DLgp automaton.

2. When Tsetlin first designed the Tsetlin automaton, Lon 2 (or linear tactic ), his
automaton was the first ( deterministic or stochastic ) automaton that could be proven to
possess learning properties. The automaton was shown to be e-optimal in
environments whenever the minimum penalty probability is less than 0.5. It is not
inappropriate to mention that the DLrp automaton is not a generalized version of the
linear tactic, but is distinct in both design and operation for the following reasons :

(a) Whereas the Loy » automaton is a FSSA, the DLgp scheme is a VSSA.

(b) In the case of the Lon,2 automaton, the action probability vector is a
deterministic vector. In the case of the DLRp scheme ,p(n) is a random vector. Thus,
whenever ¢4 < 0.5, whereas in the former case the probability Pi(e) > 1 as N — oo,
in the latter case the expected probability E [P1(ee)] = 1as N — . Thus all the
advantages of VSSA over FSSA (such as that of possessing the capability of choosing
different actions at almost all consecutive time instances) are found in the DLRp
scheme. Additionally, the expected penalty tends to the value of the minimum penalty
probability whenever the latter quantity is less than 0.5.

(c) When interacting with non-stationary environments, we shall show that the
DLRp scheme is superior to the Ly > automaton.

We shall now present a modification of the DLgp automaton which is e-optimal in
all random environments.

lll. THE MODIFIED DISCRETIZED LINEAR REWARD-PENALTY
(MDLRp) AUTOMATON

The Modified Discretized Linear Reward-Penalty (MDLRp) automaton has (N+1)
states where N is an even integer, which as in the case of the DLgp automaton is the
set S = {sg, Sq, ..., 8N } . Associated with the state s; is the probability i/N, and this
represents the probability of the automaton choosing action a;. As before, note that in
this state the automaton chooses the action a, with probability (1 - i/N).

As in Section I, the learning is achieved by making discrete changes in the
action probabilities, and is done by defining the transition map as a function from S X B
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to S. The transition map of the MDLgp automaton is specified stochastically below

fors(n) =sk, 1 <k <N-1.

$(n+1) = sy 4 w.p. 1.0 if
= Ski1 w.p. 0.5 if
= SK4q w.p. 0.5 if
= SK.1 wp. 1.0 if
= Sk.q w.p. 0.5 if
= SK.q w.p. 0.5 if

a(n) = a4 and b(n
a(n) = a4 and b(n
a(n) = ap and b(n
a(n) = ap and b(n

)=0
j=1
=1
)=0
a(n) = a5 and b(n) = 1

At the boundary states the MDLRp automaton obeys :

s(n+1) = s(n) wp. 1.0 if
= s(n) w.p. 0.5 if
= Sy w.p. 0.5 if
= SN-1 w.p. 0.5 if

a(n) = a4 and b(n) = 1 (15)
s(n) =sg or sy and b(n) =0

s(n) = sg or sy and b(n) = 1

s(n) = sg and b(n) = 1

s(n) =sp and b(n) = 1. (16)

Observe that if the machine is in state sq it has to choose as and similarly if it is in sy,
it has to choose ay. Thus the change in action probabilities can be written for

O<pq(n)<t as:

py(n+1)= pq(n)+ 1/N w.p. 1.0
= pq(n)+1/N w.p. 0.5
= pq(n)+1/N w.p. 0.5
= pq(n)-1/N w.p. 1.0
= pq(n)-1/N w.p. 0.5
= pq(n)-1/N w.p. 0.5

if a(n)=a4 and b(n) =0
if a(n)=a4 and b(n) =1
if a(n)=ao and b(n) =1
if a(n)=ao and b(n) =0
if a(n)=a, and b(n) =1
if a(n)=a4 and b(n) =1 (17)

At the boundary states the probability changes as below :

p1(n+1) = p4(n) w.p. 1.0 if
= pq(n) w.p. 0.5 if
= 1/N w.p. 0.5 if
= (N-1)/N w.p. 0.5 f

s(n) =sg or sy and b(n) =0
s(n) = sg or sy and b(n) = 1
s(n) = sg and b(n) = 1

(n)

s(n) =sy and b(n) = 1. (18)

We shall now prove the e-optimal properties of the MDLgp scheme.
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Theorem IIl.

The MDLRp automaton defined by (15) and (16) is e-optimal in all random
environments.

Proof :

If ¢4 < co, the automaton has no absorbing barriers except in the degenerate
cases when cq = 0 or ¢y = 1. This implies that without loss of generality the Markov
chain is ergodic. p4(n) behaves as an ergodic homogeneous Markov chain defined by
a stochastic matrix Q whose arbitrary element Qi,j is defined as

Oi,j =Pr[ s(n) = i |s(n-1)=s;], and,

Qjiq = 0.5gjc1 + gj(1-co)+05g4cH for 1 <i <N,
Qjis1= 05gicy + gj (1-¢4)+0.5gco for 0 <i<N-1,
Qi =0 for 1<i<N-1 (19)

where g;=i/N and ¢'j = 1-i/N. Allthe other elements of Q are zero.
The boundary conditions for the Markov chain are specified by :
Q0,0 =0.5¢o + (1-co) and QN,N =0.5¢c1 + (1-¢q). (20)

Let e4 = 0.5c; and ep = 0.5¢co. Then, (19) and (20) become (21) and (22)
respectively.

Qi1 = g1 + gj(1-ep) for1 <i<N,
Qiip1=9e2 +gi (1-eq) for 0 <i<N-1,

Qi =0 for 1<i<N-1 (21)
Qoo =1-e2 and QnN = 1-e4 (22)

Comparing (21) and (22) with (6) and (7) we observe that :
(i) There is a non-zero entry in Q if and only if there is one in the
corresponding position in M.
(i) Every ¢jin M is replaced by e; (i.e. 0.5¢;) in Q. Similarly (1-cj) in M is
replaced by (1 - €;) in Q.

Due to the above observations, the ergodic Markov chain represented by Q can
be solved trivially, by merely substituting in the solution for (6) and (7) e; and 1-g;
instead of ¢; and 1-c; respectively. This leads us to the interesting conclusion that the
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MDLRp automaton interacting with an environment with penalty probabilities (cq, co)
behaves exactly as a DLrp automaton would if it interacted with an environment with
penalty probabilities (c{/2, co/2). Since Cq and co are probabilities the e-optimality of
the MDLRp automaton in all environments follows from the g-optimality properties of
the DLgp automaton proved in Theorem Il. Hence the result | eoe

Remarks .

1. The DLrp automaton is the only known ergodic symmetric linear
Reward-Penalty VSSA which is e-optimal in any random environment. In the
continuous case, it is easy to see that no such scheme can exist - since the symmetric
Lrp scheme is at its best expedient [3]. By discretizing the probability space and by
rendering the probability changes discrete the automaton can be made e-optimal in
some environments. This, in our opinion, in itself, is a significant discovery not only in
the field of adaptive learning but also in the area of the psychological modelling of
biological systems.

2. The MDLRp automaton is the only known ergodic linear e-optimal
reward-penalty VSSA which does not require the penalty response to be arbitrarily
smaller than the response to a reward. This is notably distinct from the set of ergodic
e-optimal schemes described in [3].

3. The MDLRp scheme can be viewed as a filter in conjunction with the DLrp
scheme described in Section Il. The filter transforms the responses of the environments
as follows : Whenever b(n) = 0 the filter emits the response b'(n) identically equal to 0.
However, whenever b(n) = 1, the filter emits the response b'(n) to be 1 with a
probability of 0.5, and emits the response b'(n) to be equal to 0 with a probability of 0.5.
This conceptual view of the MDLRp scheme is shown in Figure ll. Notice that although
the environment may have the penalty probabilities (c{, ¢5), the DLgp automaton
effectively interacts with a "pseudo-environment" with penalty probabilities (cq4/2, co/2).
We call such a filter an " Environment Transforming Filter ". We are currently
investigating the existence of various other such filters and studying their application to
list organizing strategies.

We shall now proceed to present a symmetric linear reward-penalty scheme

which is e-optimal in all random environments.
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IV. THE ABSORBING DISCRETIZED LINEAR REWARD-PENALTY
(ADLRp) SCHEME

The Absorbing Discretized Linear Reward-Penalty (ADLgp) automaton is
obtained by defining the states sy and sy of the DLgp to be absorbing. The
automaton is formally defined as a pair (S, G) where,

(i) S is the set of states and is identical to the set of states of the DLgpp
automaton, and,

(i) G is the state transition map specified by (23) below for s(n) =si,1 <k <N-1.

s(n+1)=s, .1 ifa(n)=aqandb(n)=0,
ora(n) =ap and b(n) = 1
=SK.q1 ifa(n)=aq andb(n)=1,
ora(n)=asandb(n)=0 (23)
Further, sq and sy are absorbing states, and thus, if s(n) =sgthens(n + 1) = Sp, and if
s(n) = s, then s(n+1) = sy, for all n.

Notice that, as in the case of the DLgp scheme, if the machine is in state s;, it will
choose action a; with probability i/N. Thus in this state it chooses ao with probability
(1-i/N). The above design warrants the name of the automaton.

As in the other cases recorded earlier, observe that if the machine is in state s it
has to choose ap and similarly if it is in sp, it has to choose aq. Thus the change in

action probabilities can be written for 0 < pq(n)<tas:

p-|(n + 1)

pq(n) + 1/N if a4 is chosen and b(n) = 0
or a, is chosen and b(n) = 1

pq(n) - 1/N if a is chosen and b(n) =0
or a4 is chosen and b(n) = 1.

At the end states the following equality holds for all n.
p1(n+1) =pq(n) if p1(n) € {0, 1}.

Obviously, p4(n) behaves as a homogeneous Markov chain with two absorbing
states. Furthermore, it is a random walk with transition probabilities dependent on the
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state of the machine. Let R be the stochastic matrix defining the chain, whose arbitrary
element R; ; is :

Ri,j =Pr[s(n) = §j Is(n-1) =s;], and,

Rii-4 = gicy + d(1-cy) for1 <i<N,
Rijis1=dico+ gj (1-¢4) for 0.<i<N-1,
Rij =0 for 1<i<N-1 (24

where g;=i/N and g = 1-i/N.All the other elements of R are zero, excepting Ro.o
and Ry . Since the chain is absorbing, Ro,0 = Ryn=1.

We can now prove the asymptotic properties of the ADLRp scheme.

Theorem 1V.

The ADLRp automaton is e-optimal in all random environments.
Proof :

With no loss of generality let let a4 be the optimal action (i.e., let C1 <Co ). Let H(j)
be the first passage probability of being absorbed in state SN given that the chain
started in state s;. Clearly,

H(0)=0, and, H(N)=1.

Additionally, 0 <H(i) < 1. Assuming that we start at state N/2, we aim to prove that
H(N/2) tends to unity as N — oo,

Let x; be the difference between H(i ) and H(i- 1) for 1 <i<N. Then, since H is
invariant under the chain, we get :
i

Ry + (-1 -glx = -

T (1-c) + (1-

1<i < N-1 (25)

Thus x; is a probability distribution on i and H( i ) is the cumulative probability.
Rewriting (25) yieids,

+ (1--|1T)(1—C2)
i X, 1 <i < N-1 (26)
(1-e) + (1-5)¢,

i+1

N
1
N

The proof now follows, very closely, the proof of Theorem Il, the main difference
being that the quotients are (very close to) the reciprocals of the quotients obtained in
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Theorem Il. Hence we shall show that most of the probability mass of the vector

X=[0,xq,Xp,..., xN]T lies in the "head" (i.e. in the leftmost components of x). We shall
consider three distinct cases as in Theorem II.

Case I. c¢p > 05 > ¢y.
In this case we see that

Xig1 < AXj 1<i <N-1,
1—c2 c,
where q = max]| , 1. (27)
» 1-¢

Since g < 1, as N — =, most of the probability mass of the vector x sits at the head and
hence H(i) tends to unity when i/N is bounded away from zero. In particular, of
course, H( N/2 ) tends to unity.

Case Il. 05 > Co > Cq.

In this case we define o = (2¢, - 1)/ 2(¢4 + cp - 1). Then 0 <a < 0.5, with the
inequality being strict at the upper bound. The value of the quotients q; starts (for i = 0)
by being equal to (1 - Co)/co > 1, then descends for i/N < o to the value of unity. It
further descends to c4/(1 - C4) < 1 fori/N in the interval from o to 1. The situation is thus
very similar to Case Ill of Theorem Il and the proof is almost identical. Thus in this case,
most of the probability mass of the vector x sits at i, where i/N is in the neighbourhood
of a. Hence, as N — oo, if i/N > @ +¢€p (with eg > 0) H(i ) tends to unity. In particular
again, of course, H( N/2 ) tends to unity as N — eo,

Case lll. co>cq>05. :

In this case a simple algebraic manipulation shows that X; decreases for i/N < o,
where o, as before, is defined by (2¢c5 - 1)/ 2(cq + Co - 1), and satisfies « > 0.5. Let
ip=c. In this case, the quotient starts by being (1 - cp)/co > 1, and ascends to 1 in the
interval from 0 to «, then further ascends to c4/(1 - ¢1) > 1in the interval from acto 1. We
prove that most of the probability sits in the leftmost part of the unit interval. The
argument is very similar to Case Il of Theorem Il except that the unit interval is divided
in the three subintervals [0, 2ip-1]; [2ig-1, ig] and finally [ig,1]. Most of the probability sits
in the first interval and the proof is essentially the same, the difference being that ig is
precisely equal to a and the situation has been mirrored into the middle point 1/2.
Consequently it can be seen that as N — « the probability mass in the first interval far
exceeds the probability mass in the other two intervals. Thus, most of the mass sits in
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the left most portion of x, and thus H(i) 51asN — «ifi/N > gp > 0. In particular, of
course, again H(N/2) — 1 as N — « and the theorem is proved. o0e

The ADLRp scheme is the only known symmetric linear reward-penalty
scheme which is e-optimal in all random environments. We conjecture that there is
none other. Indeed, it is far superior to its corresponding continuous conterpart.

V. EXPERIMENTAL RESULTS

To evaluate the performance of the DLyp and ADLRp automata, the latter were
simulated and made to interact with various stationary environments whose penalty
probabilities are (cq, ¢p). The various environments were obtained by varying ¢4 from
0.1 to 0.7, while co was kept constant at 0.8. The automata interacted with each
environment for 400 experiments so that a relatively accurate measure of the average
performance of the automaton could be obtained.

The learning capability of the DLRp scheme as a function of the number of states
which it possessed has been tabulated in Table I.

c, Elp, ()] Var[p, ()]
0.1 0.99897 0.00001
0.2 0.99654 0.00007
0.3 0.99249 0.00018
04 0.98196 0.00027
0.5 0.95193 0.00335
0.6 0.74069 0.00574

Table | : Variation of E [ Py (=) ] and Var [ pq (e) ] with the penalty probability c;.
In all cases N = 100 and ¢, = 0.8.

The typical variation of E [ P1 () ] and Var [ pq (e) ] with N is shown in Figure IV
for the case whency = 0.4 and co = 0.8.

In the case of the ADLgp scheme, simulations were performed with environments
just as described above. However, to render the experimental results meaningful, the

learning properties of the ADLRp automaton was also compared with two other finite
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state learning machines - the 2N-state Tsetlin automaton, the corresponding (N+1)
State Discretized Linear Reward-Inaction (DLR|) automaton, and the corresponding
(N+1) State Absorbing Discretized Linear Inaction-Penalty (ADL|p) automaton for
various values of N. Figure V shows the variation of E [ Pq (=) ] with ¢4, for the depths
of memory of the machines being 10. Observe the superiority of the ADLgp automaton
in all environments for N = 10. Such results are typical.

To compare the rate of convergence and the accuracies of various absorbing
discretized automata, we present below some of the experimental results obtained
involving the DLp,, the ADLjp and the ADLRp automata. Some typical results are
tabulated in Table II. From the table we see that the ADLRp scheme is superior on
counts of both speed and accuracy. For example, when N=10, ¢1=0.6 and Co = 0.8, the
DLR| scheme converges with an expected accuracy of 85.5%. The mean time to
converge for the DLR| scheme was 25.58 iterations. The corresponding figures for the
ADL|p scheme were 93% and 499.11 iterations respectively. However, for the ADLpp,
the accuracy was 93% and the mean time to converge was only 32.45 iterations.

o DLRI Scheme ADL - Scheme - ADLRP Scheme
V| By (=) MTC. | E[p (=) MTC. | E[p, ()] M.T.C.

. 0.2 0.896 4.61 0.960 987 0.95 2.965

0.4 0.843 6.04 0.825 10.65 0.86 3.730

0.6 0.741 852 0.655 10.57 0.72 4.830

0.2 0.980 11.46 1.00 7028 1.00 8.220
N=1o]| 0.4 0.951 16.15 1.00 19678 | 0.98 14.88

0.6 0.855 2558 0.93 49911 | 093 32.45

Table Il : Typical results demonstrating the properties of the DLR|, ADLjp, and the
ADLRp Automata. In all the experiments ¢, = 0.8.

Of all the linear automata which we have worked with, the ADLRrp automaton
seems to be the most superior based on counts of both speed and accuracy. It is
indeed an extremely impressive learning machine.

We shall now consider the learning properties of the DLrp scheme when
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interacting with a non-stationary environment. Although the details of these results
have been presented elsewhere [14], for the sake of completeness we present the
conclusions again in all brevity, so that this paper represents a comprehensive study of
the state of the field when it concerns Discretized Reward-Penalty automata.

VL. THE DLgRp AUTOMATON IN NON-STATIONARY ENVIRONMENTS

Tsetlin who initiated work in Learning Automata did some work on the behaviour
of his Automaton L2N,2 in a Non-stationary environment [19,20]. The automaton was
made to switch between two environments E4 and E, according to a Markov chain that
determined the probability with which it was in either environment. If the probabilities of
being in the ith environment at any time was given by Pg; (n), then the probability of
being in the same environment in the next instant was given by :

(1-8)Pg (n) + 8P (n) i#j0j=1,2 (28)

When 3 is small, (28) states that with almost the same probability the same
environment will be chosen in the next instant. A small value for 8 thus implies a slowly
varying Markov chain. The limiting value of the vector [pg,, pg,]T is [ 0.5, 0.5 T, and so
in the steady state, both the environments will be chosen with equal probabilities.

The mean time during which the automaton will be interacting with any particular
environment can be easily shown to be 1/8. If environment E4 has penalty probabilities
¢4 and 1-cq, in Tsetlin work, E5 was so chosen to have penalty probabilities 1-c4 and
¢4. The initial average penalty Mg is thus 0.5.

The expected value of the final penalty is compared to Mg and the difference
computed. Further, to reduce the errors incurred due to taking the sample mean as the
expected value, the difference (Mg - M*) was computed, where,

K

M = % D E[M©n)]

n=1

where K, the number of iterations done per run, was made very large. It is clear that a
higher value of (M, - M*) indicates a better automaton.

It was shown by Tsetlin that there was, for each environment, an optimal memory
for which (Mg - M ) was the maximum. This memory was smaller for faster switching
environment Markov chains (8 - large). Tsetlin's experiments proved that for faster
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switching environments, it was not advantageous to increase the memory. Storing the
information regarding the previous environment chosen was not beneficial, if the mean
time during which the particular environment interacted with the automaton was small.

Theoretically ( by considering a composite Markov chain ), he proved that the L, 2
was the best automaton, if
1-2 1
<
§(1-8 c¢(1-c)
In such cases this is the best performance that any deterministic automaton can give
(since Tsetlin Ly is equivalent to the Krinskyo, automaton).

In [14], Oommen indicated that the DLRp scheme (with N=2) gives a higher
accuracy (for all environments), than the Loo automaton. Thus in all environments
where the Loy is the best deterministic automaton, the DLRp will perform better,
yielding a lower expected penalty and thus a higher value for (Mg - M*). Based on
other experimental results presented elsewhere [14] ( they are not repeated here for
the sake of brevity ), the following observations can be made :

(i) Only in environments for which the optimal memory is large (no exact limit has
been derived ) is the Loy » superior to the DLgp.

(i) In many cases, even when the Loo is not the best automaton, but the memory
is small, the DLgp performs better than the Lon 2 and with the advantage that the
memory requirement is less.

(iii) From Tsetlin's results [20] it is observed that for all environments which switch
corresponding to a larger value of 3 (8> 0.32 ), the optimal deterministic automaton is
the Loo. Since the Lyo always gives a higher expected penalty than the DLpp we
assert that in all such environments, the DLgp will perform better and will give a lower
value for (M - M)

We thus conclude that in general, the DLgp automaton performs better in most
non-stationary environments at least for all (0.32 < & <1). One must appreciate the fact
that learning in a faster switching environment is more difficult than in a slower
switching environment. This augmented with the fact that the penalty probabilities are
close to each other makes the problem more difficult when both & is small and the ratio
¢/(1-c) is near to unity. Simulation results show that in such enwronments the (Mg - M )
obtained from the DLRp is many times higher than the (Mg - M ) obtained by using
the Lo o automaton.
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Vil. CONCLUSIONS AND OPEN PROBLEMS

In this paper we have stated and proved asymptotic results concerning various
variable structure stochastic automata. These automata however, unlike most
automata discussed in the literature, change the action probabilities in discrete jumps.
The automata are called linear because these jumps are all of equal length. We have
proved that the DLrp scheme is ergodic and is g-optimal in all environments
wherever the minimum penalty probability is less than 0.5. By artificially making the
end states of the latter automaton absorbing, we have designed the ADLRpp automaton
and proven its e-optimality. This is the only known symmetric Reward-Penalty scheme
which is linear and yet e-optimal. We conjecture that there is none other.

Also by stochastically filtering the inputs to the DLRp automaton we have
designed the Modified DLRp ( MDLRp ) automaton which is the only known ergodic
linear reward-penalty scheme which is e-optimal in all random environments.

We are currently investigating the use of these automata to adaptively control a
robot manipulator operating in a noisy workspace. The problems of studying nonlinear
[14] and multi-action discretized reward-penalty schemes remain open.
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Figure 1 : The Automaton-Environment Interaction
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Figure I :  The Transition Function of the DLz, Automaton.
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Figure Il : The Modified Discretized Linear Reward-Penalty (MDLgp) Automaton

viewed as a filter preceding a DLgp  Automaton.
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