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Abstract

In 1981, Avis and Toussaint gave a linear-time algorithm for the following problem:
Given a simple n-vertex polygon P and an edge of P, determine whether each point in P can
be seen by some (not necessarily the same) point on the edge. They posed the more general
problem of finding a sub-quadratic algorithm for determining whether such an edge exists.
In this paper, we present a linear-time algorithm for determining all (if any) such edges of a
given simple polygon.

| Introduction

The notion of visibility underlies many applications, such as image
processing, robotic control, computer graphic etc. In this paper, we investigate a
question pertaining to visibility in simple polygons. Two points in a polygon are
considered (mutually) visible if the line segment joining them does not intersect
the exterior of the polygon. If a point x is visible from all other points of the
polygon P, then x is called a star of P and the set of all stars of P is called the
kernel of P; the kernel may be empty. A linear-time algorithm for computing the
kernel has long been known [LP79].

In this paper, we are concerned with a more general notion of visibility,
introduced by Avis and Toussaint [AT81]: A point of a polygon P is weakly visible
from an edge e if there is a point y on e that can see x. An edge e is called a
(weak-)visibility edge if @ can weakly see the entire polygon. We solve the
problem of determining all visibility edges of a given polygon in linear time.
Previously, only an O(n?) algorithm was known which followed from Avis and
Toussaint's linear time test to check whether a given polygon is weakly visible
from a given edge.

There are many problems in computational geometry for which linear-time
algorithms exist provided that the input polygon is triangulated (e.g. shortest path,
visibility [GHLST86], minimum link distance [Su87], polygon separability [ST85]).
At present, the best triangulation algorithm for a simple n-vertex polygon runs in

*+ This work was done while the second author was with Johns Hopkins University and visited
Carleton University.



O(n loglogn) time [TV86]), while a linear-time algorithm is known for triangulating
weakly visible polygons [TA82]. The triangulation algorithm for weakly visible
polygons requires the knowledge of a least one visibility edge. Our linear-time
algorithm detects whether a given simple polygon is weakly visible and reports
all visibility edges. Thus the algorithms mentioned above can be speeded up if
the polygon turns out to be weakly edge-visible.

The paper is organized as follows, in Section II, we introduce some
notation and derive a theorem which, using a recent result of Chazelle and
Guibas [CG85], enables us to design an O(n logn) algorithm for reporting all
visibility edges of a given n-vertex polygon. The remainder of the paper is
devoted to improving this bound to O(n). In Section I, we solve this problem for
polygons with at least one given visibility edge. We first assume that this edge
has two convex endpoints. Subsequently, we show how to drop the latter
restriction. In Section IV, we deal with the general case of detecting weak edge-
visibility of an arbitrary simple polygon and reporting all visibility edges. The
solution is partly a reduction to the previously discussed special cases.

Il. Preliminaries

Let P be a closed simply connected planar region, whose boundary is given
by a polygon of n sides. The boundary of P will be denoted by éP. Let {p1, p2,...,
pn}and {ey, ea..., ep}, respectively, be the vertices and the edges of P listed in
a counterclockwise order, where e; joins pj and pj.7; ej will also denote the

vector directed from p; to pj,.1 and ¢! the vector directed from p; to pj.1 . Let
A(x,y) denote the counterclockwise path along 6P from the point x to y, where
x,y € 6P. A (point, direction)-pair, (x,u), consists of a point x and a direction u
such that the ray originating from x in the direction u is locally directed towards
the interior of P. Let xbe a point on an edge e; of P. We define o(x,e;) (resp.
o(x,ej 1)) to be pj.1 (resp. pj.1) if pjs1 (resp. pj.1) is a convex vertex; otherwise,
o(x,8j) (resp. o(x,ej-1)) is defined as the first point on 8P hit by the ray from x in
the direction 6j (resp.e;-7). The latter definition is also used to define o(x,u), for
directions u not co-linear with e;. An edge ee A(x,0(x,u )) is called a proper edge
of A(x,o(x,u))if @ does not share a point with the ray originating from x in the
direction u. Let %(x,u) and %1(x,u), respectively, be the set of proper edges in

A(x ,0(x,u)) and A(o(x,u),x) (see Figure 1). The following fact can be easily
established.

Lemma 1: The vertex pj is invisible from each edge in x(pj, ej) L x~1(p;i, ei').

For a point ze P, the visibility polygon of z, V(z) is the closed set of points in P
that are visible from z; if the sides of P are opaque, V(z ) is the region of P
illuminated by a light source placed at z. An edge on the boundary of V(z) is



called a window if it does not belong to 6P: Windows of V(z) delimit the
illuminated regions from the dark ones in P. Note that if w=ab is a window of
V(2) such that a lies in the relative interior of the segment (z,b) (for short denoted
by zb) then a is a reflex vertex of P. Any window w partitions P into two polygons

one of which contains the point z; we denote the other such sub-polygon by
ear(w) of P.

Lemma 2: Let ze 6P be a point and let e be an edge of P invisible from z. Then,

there exists a vertex p,e P, 1S a < n, such that eex( Pa,6y) VX (P8’
Proof Since e is invisible from z, we must have e¢ P-V(z). Let ear(ab ) be the
unique ear containing e, where a=p; is a reflex vertex of P and lies in the

relative interior of the segment zb. In the counterclockwise traversal of V (z)
starting from z, if a precedes b then e e x(pj.1,6j-7) and if b precedes a then e
e ! (Pj+1 ,aj.,.rf) (see Figure 2). Clearly, we can choose p, to be pj.7 in the
former and pj,.1 in the latter case. This completes the proof. ¢

The following theorem completely characterizes the edges from which P is
weakly visible and also leads to a fast method of identifying them. The proof of
this theorem follows rather easily from Lemma 2. First, some more notation is

introduced. Let E denote the set of edges of P. Let X= U<, X(Pin€j)and X1
=Ucisn X'0i, 61).

Figure 1: Giving an example for x(x, u)={ep, e3, e4}, x'1(x, u)={eg,e7,€g,€9} ,
x(p2, e2) ={e4, es,eg}, and x(p2, e2 )={}.



Figure 2: lllustrating the visibility polygon V(z) from a point z and its pockets
(shaded).

Theorem 1: P is weakly visible from an edge e; ifand only ife; e E-X U X1,

Proof = Suppose P is weakly visible from an edge e;, for 1<i<n. Consider pj
e P. Since x (pj,ej) v x(pjej') consists of only those edges that are invisible
from pj, and e is visible from pj by the hypothesis, we must have eje x(pje)) v

x-1(p-,ej-1 ). Since p; was chosen arbitrarily, it follows that eg XUX - and the
proof is complete in one direction.

<=LletgjeE - X UX -1 be an edge. We show that P is weakly visible from g;. Itis

known that a simple polygon is weakly visible from an edge if and only if the
boundary of the polygon is weakly visible from that edge. Hence, we only have

to show that 6P is weakly visible from e;. Our proof is by co-linear. Suppose
ze dP is a point invisible from e;. Lemma 2 guarantees the existence of a vertex
Po€ P such that eje x(pg64) Y %1 (P8, ) Which contradicts our choice of g;. ¢

Using Theorem 1, we can easily design an O(n logn) algorithm for computing
X and X -1 as follows: Using a result of Chazelle and Guibas [CG85], we can
preprocess P in O(n logn) to obtain a data structure that computes o(pj,e)) in

O(logn) time. The indices of the edges of x(pje;j), for i= 1, 2, ...,n, define a
connected interval between 1 and n, where the endpoints of the interval are



computable from o(p;, 6j) and p; in O(1) time. Hence, X can be computed in

O(n logn) time by simply finding the union of all such intervals. Similarly, for X -1.
And thus the set of visibility edges can be determined in O(n logn). In the next
section, we present a more complicated O(n) algorithm for computing the weakly
visible edge.

Ill Solving the Problem for Edge-Visible Polygons

In this section we show how to computs, in linear time, all visibility edges of a
polygon P provided that at least one such edge is known. The discussion restricts

itself to computing X since X -’ can be determined similarly. For ease of
notation we assume edge @7 to be the edge from which P is weakly visible. Let
us first restrict ourselves to the case where both vertices of edge e are convex;
we refer to such polygons as edge-visible polygons with convex base e7. Later
we show how to overcome this restriction.

To compute X, we linearly scan 6P, processing the pairs (p; ,6j ) in order of
increasing i and update X whenever necessary. In the following, all traversals
of 6P are assumed to be counterclockwise, unless otherwise specified. We call a
pair (pj . e;) non-trivial if o(p;,e;) # pj.1, otherwise (p;j,e;) is trivial. Clearly,
whether a pair is trivial can be checked in constant time. During the algorithm, we
move a segment zyz2 around P with 27 = pj.1 and z2 = o(pj1,8j-1 ) or a point
co-linear with ej.y (to be specified later), where (pj.7 , €j.7) is the last non-trivial
pair processed by the algorithm. At any time during the execution of the
algorithm, we maintain that all proper edges of A(z7,z5) are currently in X.
Initially, we set zy =py, 22 =p2 and X =@. In general, let (pj,e;) be the next
(unprocessed) pair considered by the algorithm. If either (pj,ej) is trivial, or o (p;
,6j) lies in A(zy,z2 ), we simply advance to the next pair. Note that, in this case,
all proper edges of x(pj.ej) must be already in the current X. Otherwise, z1 and

z2 are advanced on P and we update X to include all proper edges
encountered on the scan from the current position of z to its new position. Our
algorithm is described below in pseudo-code.

Algorithm A: Compute X for edge-visible polygons with convex base

input: A simple polygon P known to be weakly visible from the convex base e1
output: All visibility edges of P

Initialization
Z1=pP1,; 22 =p2,;



General Step

fori:=2tondo

If (both endpoints of e; are on the closed left half-plane defined by z7 and z5)
or (half-ray(p;, e;) intersects the segment(zy ,z2 ) at a point other than p;)

then
scan the boundary of P starting at zo until a point z on the half-ray(p; ,6;)
(but not on g;) is encountered;

place all those proper edges of A (pj,1,z)into X that have been scanned:
21 =Ppj;, 22 =2

Lemma 3: Let P be an edge-visible polygon with convex base e1.Then
(1) o(pj ,ej )equals the first point co-linear with ejin a counterclockwise
traversal of 6P starting at p; .
(2) o(pj ,ej -")equals the first point co-linear with ejin a clockwise traversal
of 6P starting at p; .

Proof (1) Suppose that o(pj,e;) is not the first point co-linear with ej in a

counterclockwise traversal of P starting at pj. Then the open path A(p;, o(pj ej))
intersects the ray from p; in the direction of ¢; at least twice, thereby creating a

region of points which are invisible from e1.
(2) follows analogously. ¢

Time Complexity of Algorithm-A

Each execution of the general step considers a previously unprocessed pair
(pi.€j) and may also advance zy and z2 on §P. There are only n pairs (pj,ej).

The weak-visibility of P from edge e guarantees that e is not in x(pj.ej), for

/=1,2,...,n, which means that zy and z2 go around 6P at most once. Hence
Algorithm-A runs in linear time.

Correctness of Algorithm-A

Let p; be the first non-trivial vertex examined by Algorithm-A. By Lemma 3,
the scan-step starts at zo (initially equal to p2), and advances counter- clockwise

along the boundary of P so as to find correctly o (pj.e;). All proper edges
encountered during that scan are placed correctly onto X (Lemma 1). z7 are zo

are assigned to pj, o (pj,e;), respectively. Thereby P is partitioned into two
edge-visible polygons Pz =(z7,pj+1 ,...,z2) and closure(P -P3) each having a
convex base (the convex base of polygon P, is z1z2 ).Consider now a non-trivial

vertex pj in Pz. Since P is weakly visible from e1, for such a vertex Pj; a(pj,ej)



]

lies either in Pz or on the chain A (z2, p1). To ensure linearity of the algorithm
repeated boundary scans must be avoided to distinguish between these cases.
The algorithm performs an O(1) test checking whether the ray(pj,j ) intersects zy
z2. lf the test is false then clearly o(pj.e)) is inside Py. If o(pj,ej) is on the chain A
(z2 ,p1) then the subsequent scan o/ the boundary starting at zo correctly

identifies o(pj .8j),i.8.z = a(pj,6j) (by Lemma 3). Otherwise, o(pj.e)) is inside Pz
and all edges of x(pj.ej) are already in X . Algorithm-A, however, continues to
scan the boundary of P starting at z5 until z (pj6j) (0 (pjej)) is encountered.

Since zp is initially to the right of the ray(pje;) all proper edges encountered
during this scan are on the right half-plane o ej and thus cannot see pj. By

Lemma 2, there exist a vertex p, such that these edges are in X(Pa,» €¢ ) Which
guarantees the correctness of this step. See Figure 3 for an illustration. In
general, the segment zy z2 may create more than one pocket of P, but since the
analysis is similar to the case discussed here it is omitted.

Figure 3: Algorithm-A advances from z5 to z # o(pe.6)-

Theorem 2: Let P be a simple edge-visible polygon with a convex base. Then

its set of visibility edges can be determined in time, linear in the number of
vertices of P.

Proof The visibility edges of P are the edges of E-(X wX -1). By the above,
Algorithm-A correctly determines X, in linear time: X -1 can be computed in a
similar way. The set operations can be performed in linear time. ¢



Next, we show that Algorithm-A can be modified to report all weak visibility
edges for polygons P that are weakly visible from a known edge, say e, whose
(one or both) endpoints may be reflex vertices. Without loss of generality, assume
both endpoints of ey to be reflex. We can partition P into three edge-visible

polygons Py, P1, P2 each of which having a convex base. The main part is then
to discuss the interaction of vertices from one polygon and their invisible edges in
another polygon. For this, let gg = o (p2, es1) and q, = (p1, e4), where gs is
on eg and g rison e, Let Py ,P1,and Po be defined as follows:

Po =(P1.p2, Qr Prs1.---Ps s ),
P1 (p1 nQS lps+1 ,---;pn )s and
P2 = (p2 WP3--Pr ,Qr).

Clearly Py and P» are star-shaped from py and po, respectively. Note that

hereby a weakly edge visible polygon P is partitioned into (at most) three edge-
visible sub-polygons, Pg,P1, and P2 each of which having a convex base.

Proposition 1: All proper edges of Py, P2 arein X u X -1.
Proof The proper edges of Py, i.e. all those edges of P» which have none of its

endpoints in Py, arein y(py.,e1). The proper edges of P, i.e. all those edges of

P1 which have none of its endpoints in P, , arein y1(p2,e11). Thus the result
follows.

Proposition 2: For all p; located on proper edges of Py, o (pj,6j)isin P71 and
for pn, o(pp.6p)isin Py.

Proof P1 is star-shaped from py thus py lies on the left half-plane defined by (p;,
o(pj..ej)), for each vertex pj, i=s+1,...,n. ¢

By Proposition 1, we can restrict ourselves to examining those vertices of Py
and P2 for which o(pj,e;) is in Po . By Proposition 2, this implies that only one of
the vertices of Py, i.e. the vertex ppin P71 needs to be examined to compute X

for Py . Analogously for the computation of X-1 for vertices in P2. Both
computations can be done in linear time; it remains to compute:

(@) X, X-1for Pg,
(b) X for all vertices pj in P2 with respectto Pou Po, and
(c) X -1 for all vertices p; in Py with respectto P71 U Py .



Po is an edge-visible polygon with a convex base thus, by Theorem 2, X and X1

can be computed in linear time (case(a)). The analysis for cases (b) and (c) is
quite similar to that of Algorithm-A; it is thus omitted here.

Theorem 3: Let P be an n-vertex polygon weakly visible from some known
edge. Then all visibility edges of P can be computed in O(n) time.

Proof We note that an analogue to Lemma 3 holds for arbitrary edge-visible
polygons, i.e. for all pj in Py, o (pj,ej) equals the first point co-linear with gj in
a counterclockwise traversal of &P starting from p;. The remainder then follows
from Propositions 1 and 2, and the above discussion. ¢

IV Computing all visibility edges for an arbitrary simple polygon

To solve the general case of computing all edges from which an arbitrary
simple polygon is weakly visible, we partition P into several regions, each of
which is weakly visible from some edge. Let x =p, be a vertex of P and V(x) the

visibility polygon from x with respect to P, constructed in linear time using e.g.
[Le83]. Let (r1,..rpil1,...,ls) be the windows of V(x), where
(a) For i=1,...,p, rj= ajbjsuch that ajlies in the relative interior of the
segment(x,b;) and cuts off a right pocket, A; = (a;,...,bj) , whose edges lie to
the right of the ray(x,b;) originating at x through b;. For j=1,...,s, I ¢jdjsuch
that ¢jlies in the relative interior of the segment(x,dj) and cuts off a left pocket,
L (dj,...,c]) , Whose edges lie to the left of the ray(x,dj).
(b) ky<kzimplies that /7 precedes Ixo (respectively, I'k1 precedes rio) in the
counterclockwise traversal of V(x).

A counterclockwise traversal of V(x) may encounter the windows in order as:

(0) r1,....1p.11,....ls (O-switch case)

(1) rf,...,rp-1,]1,rp,’2,13,...,’s (1'SWitCh Case)
The 1-switch case is easier, since, to see both pockets Rp and Ly, an edge must
extend from the left half-plane defined by segment(x,dy) to the right half-plane

defined by segment(x,bp). Additionally, it has to see A(cy,ap) and the edges
containing x. Thus at most three edges are candidates: the edges containing x
and the edge containing ¢y and ap (if any). In linear time, using the algorithm by
Avis and Toussaint, P can be tested for weak visibility from each of these three
edges. If the left- and right-window arrangement alternates more than once the
algorithm may terminate returning that P is not weakly edge-visible. The edges
incident to x are candidates for visibility edges only if at least one of L or R is

empty, i.e. left edge at x is a candidate only if L is empty and right edge is a
candidate only if R is empty.

‘We restrict ourselves for the remainder of this paper to the more interesting 0-
switch case. We partition Pinto three polygons Pint = (x,bp,...,d1), L = (d4,...,X),



and R= (x,...,bp). See Figure 4. (Strictly speaking, both L and R are themselves
composed of two polygons since the boundaries touch at ¢4 and ap, respectively.
For ease of notation this is ignored here.)

bp
L) \\"
N

2
A
NN

Figure 4: A polygon P and its partitioning into the three polygons P, L, R.

Lemma 4: Let e (v ) denote the edge(s) containing the point (vertex) v. Let ek be
a visibility edge of P with at most one endpoint in Pjn;. Then exe Q={e(c1), e(d1),
o(x), e(ap), e(bp)).
Proof To weak@ see both sub-polygons (d7,...,c1) and (cy,...,x) of polygon L, an
edge ek must lie (at least partially) in the closed right half-plane defined by the
ray(x,dy). Thus among all edges with at least one endpoint in L only edges

{e(c1), e(d1), e(x)} are candidates. Analogously for the edges e(ap), e(bp) ¢

Lemma 5: The polygons Pint, L, R (defined above) form a partition of P. Ifekis a
visibility edge of P with both endpoints in Pjnt, then Pjpt, L, B are weakly visible
from edges e(x), xdy, and xbp, respectively.

Proof Omitted.

To compute the set of visibility edges, W(P) = X u X1, for P, we use Lemma
4 and 5, as follows:

Step (1) Choose a vertex x of P and compute V(x)
Step (2) IfV(x) = Pthen W(P) can be computed in linear time by Theorem 3



Step (3) Otherwise, compute the set Q. For each edge ee Q test whether Pis
weakly visible from e using the linear-time algorithm of Avis and
Toussaint.

Step (4) Let e Q be any edge from which P is weakly visible (as obtained
from (3)). Using Theorem 3, in linear time, W(P) can be computed and
the algorithm terminates.

Otherwise, no edge in Q is a visibility edge for P. Then W(P) consists of only
those edges (if any) whose both endpoints are in Pjyt (cf Lemma 4) and the

necessary condition for weak visibility of P, as obtained from Lemma 5 needs be
tested.

Step (5) Test in linear-time, whether L and R are weakly visible from the
segments xdy, and xbp, respectively. If one of the tests should fail the

algorithm terminates and reports that Pis not weakly visible.

Step (6) Otherwise, compute the set of visibility edges W(L U Pipt) and W(R U

Pint) for polygons L U Pint and R U Pipt, respectively. Any edge in both
weak-visibility sets is then reported to be in W(P).

As will be shown in the remainder of this section also the final step (6) can be
performed in linear time. Since the computations of W(L U Pjnt) and W(R UPint)

are symmetric, we discuss w.l.0.g. the problem of determining W(L U Pjnt).
W(Pint) can be determined in linear time (Lemma 5 and Theorem 3). If W(Pint) is
empty the algorithm may terminate reporting that P is not weakly visible.
Otherwise, consider polygon LUPjnt. The setW(L UP;nt) consists of all those

edges in W(Pint) which are notin y(pk, ex) v x1(pk, ex) for any vertices pg in
L. This is to be computed next.

Let pk be a non-trivial vertex in L. Since Pjnt as well as L are weakly visible

from the segment(x,dy) we can apply Lemma 3 with respect to polygon Pint v L.
We get:

(a) if o(pk.eK)e Pint then o(pk,e) is the first point co-linear with e on a
clockwise traversal of Pint U L starting at px (or, if wanted starting at dy).
(b) it o(pk.ex)e L then o(pk,e) is the first point co-linear with ex on a
counter-clockwise traversal of Pjpt U L starting at p.

() if o(pk.ek')e Pint then o(pk,ek) is the first point co-linear with e on a
clockwise traversal of Pjpt U L starting at py.

(d) it o(pk.ex")e L then o(pk,ex) is the first point co-linear with ek on a
clockwise traversal of Pyt U L starting at pg.

Thus for the computation of U x-1(px , e 1) for all vertices pkin L (cases (c), (d)),
the same analysis as of Algorithm-A holds (running Algorithm-A clockwise), i.e. if



z = 6(pk.ek ) then the edges reported invisible are correct, otherwise, the false

edges reported to be in x(pk.ek), indeed are invisible from another vertex pj
(Lemma 3).

The more complicated case of computing L x(px.ex), for all vertices pgin L, is
discussed now. The difficulty arises from the fact that to find o(pk.ek) the

orientation of the traversal depends on whether o(py,ek) is in L or not. Testing
these for each vertex px may require quadratic time. We can apply Algorithm-A

moving counterclockwise around the boundary of Pjnt UL starting at dq, with
zy=d4 and zo=x, provided we take an additional step described next.

If point z in Algorithm-A equals o(pk,e) for all vertices pk in L then the result
will be correct. Otherwise, the segment zyz5is intersected by §P and our
algorithm may fail to report some edges that are actually invisible from Pk Let XA
(X L) denote the set of edges of Pint reported by our algorithm as invisible
(actually invisible) from the vertices pgin L. It is easily seen that XLoX A. Using
Lemma 2, we can prove that all but at most two edges of X L- XA belong to

X(Pint) WX -1(Pint). Moreover, the missing edges can be found in linear time (e.g.
by an additional clockwise scan of the candidate edges of Pjht). We use the

algorithm of Avis and Toussaint [AT81] from each of these (at most) two edges to
see whether P is weakly visible from them. Thus we get:

Theorem 4: Given a simple polygon on n vertices, all the edges, possibly none,
from which P is weakly visible can be found in optimal O(n) time and space.
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