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Abstract

A new class of so-called pseudo-star-shaped polygons is introduced. A polygon is
pseudo-star-shaped if there exists a point from which the whole interior of the polygon
can be seen, provided it is possible to see through single edges. We show that the
class of pseudo-star-shaped polygons unifies and generalizes the well-known classes
of convex, monotone and pseudo-star-shaped polygons. We give algorithms for testing
whether a polygon is pseudo-star-shaped from a given point in linear time, and for
constructing all regions from which the polygon is pseudo-star-shaped in quadratic
time. We show the latter algorithm to be worst-case optimal. Also, we give efficient
algorithms solving standard geometrical problems such as point-location and
triangulation for pseudo-star-shaped polygons.



1 Introduction

For the task of spying on an apartment whose floor-plan is given as a simple
polygon P, we are equiped with an infra-red camera and a microphone. The
equipment is strong enough to receive signals which have penetrated through at most
one wall. The task is to find a possible location for the equipment such that we can
pick-up signals originating anywhere inside the apartment. If such a location exists
then P is called pseudo-star-shaped * (from this location) and the set of all such
locations is referred to as the pseudo-kernel for P.

Two geometrical problems naturally arise and their solutions will be discussed in
Section 3:
(1) Given a specific location u, is P pseudo-star-shaped from u?
(2) Construct the pseudo-kernel for P, i.e. find all loci (regions) from which P is
pseudo-star-shaped.

While the first problem can easily be solved in linear time, the second problem is
harder. It requires quadratic time, in the number of vertices of P, in the worst case, as
will be shown in Section 2. Thus our quadratic-time solution to this problem, as
presented in Section 3, is worst-case optimal.

While any convex, star-shaped, or monotone polygon can be shown to be
pseudo-star-shaped, there are pseudo-star-shaped polygons which do not fall into
any of these classes. Through the notion of pseudo-kernel the common polygon
classes of convex, monotone and star-shaped polygons can be characterized (see
Section 2). A unifiying and generalizing view of the three notions of convexity,
star-shapedness and monotonicity is thus provided.

In the literature, many efficient algorithms solving geometrical problems for the
common polygons classes are known, e.g.

(a) triangulation and point location (computational geometry),

(b) hidden-line elimination (computer graphics), and

(c) motion planning (robotics).
As examplified in Section 4 on problem-set (a), efficient algorithms designed originally
for the common polygon classes, can often be easily adapted to work for the more
general class of pseudo-star-shaped polygons.

* Keil (1985) considers a very special class of pseudo-star-shaped polygons arising from the problem of
decomposing simple polygons into the minimum number of star-shaped components.



2 Pseudo-star-shaped polygons and their relationship to common
polygon classes

In this section, we introduce some notation and then establish the relationship
between the class of pseudo-star-shaped polygons and the standard classes of
convex, star-shaped and monotone polygons.

2.1 Definitions

It is assumed that all polygons P are specified by a list of their vertices
(Pg»-+-:Pp-1) given in counter clockwise order around the boundary of P. This induces

an orientation on the edges, ej=pj.1p;, of P such that the interior of P lies always to the
left of e;. Futhermore, we assume that P is simple, i.e. non-self intersecting, and given

in standard form (Preparata and Shamos 1985). Operations on indices are taken
modulo n, such that e.g. py=py. Two points u,v are mutuallyvisible if the open

line-segment joining them does not (properly) intersect the boundary of the polygon.
We allow points, u, to be located at infinity, in which case a unique direction is
associated with u and the line-segment (half-line) connecting u to any point v in P is
parallel to that direction.

We can now give a formal definition of pseudo-star-shapedness: A polygon P is
pseudo-star-shaped if there exists a point u such that for each point v in P the open
line-segment (half-line) connecting u to v properly intersects the boundary of P at most
once.

A polygon is star-shaped if there exists a point in P which can see each point in P. The
set of all such points is called the kernel of P. A polygon is convex if for i=0,...,n-1 the
interior angle pj_1,pj.pj, 1 at vertex p; is less than 1800.

A polygonal chain CU' of P is the list of its vertices (p;,..., pj), for i=j we define G;; to be
(PisPj4+1:----Pj-1.Pj).- A polygonal chain Cij is monotone with respect to a line d if the
perpendicular projections of the vertices py, k=i,...,j, on d are in the same order as the
vertices on Cij (here we assume that overlapping projections obey the polygonal

order). A polygonal chain is completely visible from a point u if each point on the
chain is visible from u.

Let H[u,x] denote the directed straight-line originating at u and passing through point x
(where u may possibly be located at infinity). If u is on the plane then H[u,x] is a
half-line. A vertex p; of P is called a (generalized) support vertex of P with respect to u

if no point in P except boundary points are located on H[u,p;]. This definition of support

vertex is more general than that given in (Preparata and Shamos 1985), since the
point u is not restricted to be exterior to the convex hull of P.



2.2 Characterizations of pseudo-star-shaped polygons

In the following lemma we give alternate characterizations of pseudo-star
-shapedness which contribute to a further understanding of the structure of this
polygon class and will be of importance in the subsequent sections.

Lemma 2.1 Let P=(pg,....pp-1) be a simple polygon and u be a point located either
on the plane, or at infinity. Then the following conditions are equivalent:
(1) P is pseudo-star-shaped from u.
(2) There exists an index-pair (i,j) such that
both polygons P,-j = (Dj ye-es P u) and Pj,- = (pj ,---» Pj » U) @re star-shaped from
u, if u is on the plane, and
both chains C,-j = (Pj yeees pj) and Cj,- = (pj ,---» Pj ) @re monotone with respect to

the line perpendicular to the direction of u, if u is at infinity.

(3 The boundary of P can be partitioned into two chains C;j and Cj-

such that Cj.,- is completely visible from u, even in the presence
of C,-j, and C,-j is completely visible from u in the absence of
G
Proof "(1) => (2)" If u is inside P then any open line-segment connecting u to any point
v inside P intersects the boundary of P an even number of times. Since P is
pseudo-star-shaped from u, the number of intersections is always zero. Hence, P is a
star-shaped polygon, in that case, and the second condition trivially follows. In case
that the points u,v and some vertex p; of P are co-linear, we count the number of

intersections in the standard manner, see e.g. (Preparata and Shamos 1985). If u is
outside P, or located on the boundary of P, then the support vertices Pi» Pj foru and P

partition the boundary into the two chains C;; and C;;. Since u sees both p; and of
ij ji i j

without properly crossing the boundary of P, it completely sees each of the two chains
if we remove the other. Otherwise, an open segment (half-ray) connecting u with some
point on one of the two chains would cross the chain twice. We conclude that the
polygons Pij = (pi,...,pj,u) and Pji = (pj-,...,pi,u) are star-shaped from u, if u is on the
plane and otherwise, the chains Cij= Cji are monotone to the direction perpendicular to
u.

"(2) => (3)" The two lines H[u,pj] and Hlu,p;] partition the plane into two (three) infinite

regions. From the Jordan Curve Theorem (discussed e.g. in Preparata and Shamos
1985), it follows that since both Pij and Pji are star-shaped from u ( or Cij and Cji are

monotone to the line perpendicular to u, if u is at infinity), neither of the two chains C]J-
and Cji can be located in two different regions.
(a) The chains Cij and Cji are in different regions.

In this case, u is inside P and clearly the visibility of one chain is unchanged by the
presence of the other.

(b) Both chains are in the same region.
In this case, since both ij and Pji do not intersect properly, one polygonal chain, say

Cij= will be completely in front of the other, i.e. any straight-line originating at u and



intersecting the chain cji at a point v has an intersection point on Cij which is closer to

u than v. Thus, in this case, Cij is completely visible from u even in the presence of the
other chain.

"(3) => (1)" It is sufficient to observe that any straight-line starting at u can intersect
each of the chains at most once.
g.e.d.

Let P, Cjj, Cjj and u satisfy the third condition of Lemma 2.1. Then, the vertices pj and
pj are called the chain-defining vertices for point u.

Lemma 2.2 Let P be a pseudo-star-shaped polygon from a point u and Pir Pj be the

two chain-defining vertices for u then the vertices of each chain Cjj and Cjj are sorted
by polar angle with u as origin if u is on the plane, or sorted along the line
perpendicular to the direction associated with u, if u is at infinity.

Proof Follows from Lemma 2.1 (2). q.e.d.

Lemma 2.3 For any point u outside a polygon P, every pair of chain-defining vertices
for u is a pair of support vertices with respect to u.

Proof Assume that p; is a chain-defining vertex but is not a support vertex for P. Then
H[u, pj] intersects at least one of the chains at a point different from p;- Such a chain
cannot be completely visible from u which violates Lemma 2.1 (3). g.ed.
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Fig. 1. A polygon pseudo-star-shaped from a point u.



2.3 The characterization of convex and star-shaped polygons through pseudo-star-
shapedness

Whereas the kernel of a star-shaped, n-vertex polygon is a bounded, convex
polygon with O(n) vertices located inside P (see e.g. Lee and Preparata 1985), the
pseudo-kernel of a pseudo-star-shaped polygon may be unbounded disconnected,
possﬂaly partially inside and partially outside P, and having Q(n ) vertices, as will be
shown in Section 3.

It is, however, possible to relate star-shapedness to pseudo-star-shapedness by
examining the portion of the pseudo-kernel located inside P called the inner
pseudo-kernel of P. The remaining portions of the pseudo-kernel are referred to as the
outer pseudo-kernel. The following characterization of star-shapedness through
pseudo-star-shapedness becomes now quite clear:

Theorem 2.4 For any polygon P, kernel(P) = inner pseudo-kernel(P) holds.

Proof For any u in kernel(P) the second condition of Lemma 2.1 is satisfied by taking
e.g. i=j=1. Conversely, if u is in inner pseudo-kernel(P) then there are two indices i,
such that the polygons Pij = (pi,...,pj, u) and P = (p], ,Pj,u) are star-shaped from u,
again by Lemma 2.1 (2). Now, it is sufficient to observe that the two polygons form a
partition of P since u is inside P. Therefore P is also star-shaped from u. q.e.d.

Corollary 2.5 A polygon is star-shaped iff its inner pseudo-kernel is non-empty.

We will now establish the relationship between convexity and pseudo-star
-shapedness.

Theorem 2.6 A polygon P is pseudo-star-shaped from all points (the entire plane
including all points at infinity) if and only if P is convex.

Proof "<=" Since the kernel of a convex polygon P is equal to P (Preparata and
Shamos 1985), all points in P are in the inner pseudo-kernel (by Theorem 2.4). Given
a point u outside P, the support vertices, say p;, Pjs for P with respect to u, divide the

boundary of P into two chains Cij Gjj satisfying the third condition of Lemma 2.1. Thus

P is pseudo-star-shaped from all points.
>" If P had a concave vertex p;, then any straight-line properly intersecting the two

edges of P incident to p; would cross the boundary of P at least four times. We obtain a

contradiction since P could not be pseudo-star-shaped from any point on that line
outside P. g.e.d.

2.4 The characterization of polygon monotonicity through pseudo-star-shapedness
In this section, we define polygon monotonicity and then relate it to

pseudo-star-shapedness.
A polygon is monotone with respect to a line d if there exists a pair of vertices p;, P;

such the resulting chains Cjj and Cjj are each monotone with respect to d.
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A polygon P is monotone if there exists a line d with respect to which P is monotone.

To see the relation between pseudo-star-shapedness and monotonicity, we examine
the unbounded regions of the pseudo-kernels. An unbounded region of the
pseudo-kernel may

(@) contain all points at infinity and all points of the plane,

(b)  contain some points at infinity and some on the plane, or

(c) contain some points at infinity, but no point on the plane.

In case (a), using the Theorem 2.6, P is convex and is therefore monotone with respect
to all directions. An example for (c) is given in Figure 2. In case (b), each unbounded
region of the pseudo-kernel may be described by some polygonal chain and two
half-lines say e and ep,. Lines perpendicular to these half-lines define directions of

monotonicity.Thus, unbounded kernel-loci define directions of monotonicity (Figure 3
gives an example). This situation is further examined in Theorem 2.7.

Theorem 2.7 A polygon P is pseudo-star-shaped from u at infinity iff P is monotone
with respect to the line perpendicular to the direction associated with u.

Proof Follows immediately from Lemma 2.1. g.e.d.

Preparata and Supowit (1981) observed that an n-vertex polygon may be monotone to
as many as Q(n) disjoint direction-regions and thus there may exist at least Q(n)
unbounded disjoint outer pseudo-kernels (see also Fig. 8).
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Fig. 2. A pseudo-star-shaped polygon P whose (unbounded) pseudo-kernel contains
only two points, located at + and - infinity on the y-axis.



uter Pseudo-Kernel for P /

Fig. 3. A pseudo-star-shaped polygon with one of its two unbounded outer
pseudo-kernels.

2.5 Summary of polygon-class relationships

By introducing the notion of pseudo-kernel of a polygon, convex, star-shaped and
monotone polygons become just special instances of pseudo-star-shaped polygons.
We can imagine the point u from which a pseudo-star-shaped polygon is
pseudo-star-shaped to travel from u inside P (in the case of convex or of star-shaped
polygons) through the portion of the plane exterior to P to reach infinity (in case of
monotone polygons). Notice, here, that this constitutes a continuous transition between
the perspective visibility (point u on the plane) and parallel visibility (point u at infinity)
(for a discussion of these models see e.g. Newman and Sproull 1978). The known
relationships among the four polygon classes are summarized below. The reader is
referred to (Toussaint 1985) for a discussion of a hierarchy of additional polygon
classes.

Any pseudo-star-shaped polygon that is neither monotone, nor convex, nor
star-shaped is called truely pseudo-star-shaped. The following theorem describes the
truely pseudo-star-shaped polygons.

Theorem 2.8 A polygon is truely pseudo-star-shaped iff
(1) its inner pseudo-kernel is empty and
(2) its outer pseudo-kernel is composed of only non-empty bounded polygonal
regions.

Proof Follows from Theorems 4.5-4.7. g.e.d.
In the construction of the pseudo-kernel as discussed in the next section,

the truely pseudo-star-shaped polygons represent the hardest problem
instances.
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Fig. 4. Relationships between polygon classes: convex, star-shaped, monotone and
pseudo-star-shaped.

Polygon Class Pseudo-Kernel

convex entire plane including infinity
star-shaped non-empty inner pseudo-kernel
monotone unbounded outer pseudo-kernel
pseudo-star-shaped non-empty pseudo-kernel

Fig. 5. Characterization of polygon-classes via pseudo-kernels.

10



3 Solutions to the spy problems

Of the two spy-problems discussed in Section 1, we first solve the problem of
determining whether a given location is satisfactory to perform our spying task, i.e.
whether P is pseudo-star-shaped from that location. Then we construct all possible
locations for the equipment, i.e. we construct the pseudo-kernel for P. A desirable
location for placing the equipment can subsequently be chosen from these possible
locations subject to other, possibly non-geometrical constraints.

3.1 Testing for pseudo-star-shapedness from a given point

As we have seen earlier, testing a polygon P for pseudo-star-shapedness from a
given point u in the interior of P is equivalent to testing P for star-shapedness from this
point. We could do this by constructing the kernel of P using the linear-time algorithm of
Lee and Preparata (1979), and subsequently testing u for inclusion in the kernel.
Alternately, without explicitly constructing the kernel, we can test whether all vertices of
P are angularly sorted around u, i.e. whether their polar angles are sorted, where the
polar angles are taken with u as origin.

When u is outside P we need to test at most two chain pairs for being angularly sorted
around u. To find such a pair (if any), we construct a pair of support vertices for u (see
Lemma 2.3). We distinguish between u outside the convex hull CH(P) and u in
CH(P)\P (where "\" denotes the set difference); the latter case is more interesting.
Notice that for a point u outside CH(P) a support vertex pair will always exist, whereas
this is not necessarily true for points inside CH(P)\P. The following describes how to
determine if a support vertex pair for a point u exists and how it can be found.

Lemma 3.1 Given a point u outside P then the existence and location of a support
vertex pair can be determined in linear time.

Proof If u is outside CH(P) then support vertices can be found in linear time (Preparata
and Shamos 1985). Otherwise, we compute the region of P that is visible from u. This
is obtained, in linear time, from the solution to the hidden-line elimination problem for
polygon P with view-point u (see e.g. Lee 1983; Dean and Sack 1985). If the solution
is a (closed) polygon no support vertex can exist. Otherwise, the solution is a polygonal
chain, Cij: whose endpoints, p; and pj are the support vertices of P for u. g.e.d.

It support vertices for points u outside CH(P) need be found repeatedly then, as shown
e.g. in (Preparata and Shamos 1985), this can be done in O(log n) time per query,
where n is the number of vertices of P. Using a technique developed Sack and
Toussaint (1985) this bound can also be achieved in case the point u is inside
CH(P)\P.

Theorem 3.2 A polygon can be tested for pseudo-star-shapedness from a given
point in linear time.

Proof By Lemma 2.3 it is sufficient to find support vertices for u and subsequently test
whether these are chain defining. Support vertices P;» pj can be found in linear time by

11



using Lemma 3.1. To verify whether the support vertices are chain-defining it suffices
to test whether the vertices on each of the two chains are sorted either angularly
around the point or along a straight-line perpendicular to the direction of the point .
Also this test can be performed in linear-time. q.e.d.

3.2 Constructing pseudo-kernels

In this section, we shall address the problem of constructing the pseudo-kernel of
a simple polygon. By Theorem 2.2, the inner pseudo-kernel of a simple polygon P is
equal to the kernel of P. Since the latter can be constructed by the algorithm of Lee
and Preparata (1979) in linear time, the most difficult part of the construction of the
pseudo-kernel of polygon is the construction of its outer part. It requires, in the worst
case, quadratic time.

We approach the problem of constructing the pseudo-kernel of a simple polygon
P=(Pg, P 4,---» Pp.1) by considering for each pair (i, j ), where 0 <i,j <n-1 and i#], the
locus PK(i,j) of all points in the outer pseudo-kernel of P such that p; and p;are the
support vertices for u, and u can completely see the chains Cij and Cji: the former even

in the presence of the latter. Thus, for any 0<i<n-1, PK(i,i) is the inner pseudo-kernel of

P. Clearly, the pseudo-kernel of P is the union of all loci PK(i,j), where 0 <i,j <n-1 and i
j, ori=0 and j=0.

Denote by e; the edge of P directed from p,; .4, t0 P, (in this section, modulo
operations on indices are taken only when specified). Next, let LP(ej) and RP(ej),
respectively, denote the left and the right half-plane induced by e The following

lemma yields an obvious way of constructing the sets PK(i,j): it will also be used for
establishing the lower bound on the number of disjoint PK(i,j)'s as derived in Theorem
3.4

Lemma 3.3 Given a polygon P=( p,, Pys--sPp.1)s for 0 <i,j <n-1 and i# j, or i=0 and j=0,
the set PK{(i,j) is the common intersection of LP(B ot o i £P 18 it n),...,LP(ej i)
with RP(ej” — FZP(ej+2 s e P (G,

Proof Lee and Preparata (1979) proved that the kernel of P is the intersection of
LP(e4), LP(e, T N (- T LP(e,). Hence, by Theorem 2.4, we conclude that the thesis

holds for i=0 and j=0, when PK(0,0) is the inner pseudo-kernel of P.

Suppose that (0,0)(i,j). By the definition of PK(i,j), any point u in PK(i,j) can completely
see Gj; in the presence of Cij-

Assume that there is an edge e, of Cji such that u lies in LP(e,). Then, any straight-line
segment (or half-line, if u is at infinity) connecting u with the inside of e, intersects the

interior of P. Since u is outside P, we obtain a contradiction to the definition of PK(i,j).
We infer that u lies in the common intersection of RP(€},1 mod n)» RP (€}, mod n)s---RP().

Assume in turn that there is an edge e, of Cij such that u lies in RP(e,). Then, any
straight-line originating at u and intersecting e, has to intersect the boundary of P again

12



after passing through e,. We obtain a contradiction to the visibility assumptions in both
cases, when the next intersection point is on Cijs oron Cji’ respectively.
Conversely, suppose that u lies in the common intersection of LP(e,,{ roq 1) LP(e,,,

modn)s+++sLP (&) mod o) With RP(e; 4 104 ), RP(&),2 mod n)»---RP(€). Assume that there is a

point g on an edge of Cji that cannot see u. Then, the segment (or half-line) [u,q]
passes through some point p of the boundary of P different from q such that p can see
u. We may assume without loss of generality that the open segment (or half-line) (p,u)
does not intersect any edge of P. Let e, be an edge of P on which p lies. It follows that u
is in RP(e,) and hence the edge e, is on Cji . Consequently, the open segment (p,q)
has to intersect at least one edge e on Cjj such that u is in LP(e,). We obtain a

contradiction.
The proof that u can see Gj; in the absence of Cijj is analogous. g.e.d.

Suppose that the intersection of the half-planes from Lemma 3.3 can be found in linear
time. Let r be the number of convex (from inside) vertices of P. Then, by separately
constructing each of the regions PK(i,j) where p, and p; are different convex vertices of
P, or i=0 and j=0, we could construct the pseudo-kernel of P in time O(nr2). Before

improving on this upper bound we will derive a lower bound on the number of disjoint
components of the outer pseudo kernel.

Theorem 3.4 For all n>3, there is a polygon with n vertices whose outer pseudo
kernel consists of .Q(n2 ) pairwise disjoint components.

Proof Consider a semi-circular polygon P=(p,,...,p,.1) With base PoPn-1 (see Figure
6). Draw all lines co-linear with edges of P. These lines intersect in Q(ng) points
partitioning the outside of P into (-)(nz) quadrilaterals and ®(n) triangles. It is easy to
see that each of the quadrilaterals is a region PK(i,j) for P, where i<j-1.

Now consider a second polygon P'= (PosP'1:P1:P'2,P2,..., P'n-1,Pn-1), Where for
k=1,...,n-1, p'y is the point on the perpendicular bisector of the edge Pk-1Pk in the

distance ¢ from the edge py.1pk inside P (see Figure 7). It is clear that any point u
outside P that completely sees the edges py_1p'k, and p'kpk has to be outside the two

thin cones induced by the above edges (see Figure 7). By choosing & small enough,
we can ensure that for each of the discussed quadrilaterals PK(i,j) there is a non-empty
part PK'(i,j) of PK(i,j) outside all the 2n-2 forbidden cones. An example of such a
polygon P' and its pseudo-kernel is given in Figure 8. Using Lemma 3.3, we can
conclude that any point u in PK'(i,j), i<j-1, is in the pseudo-kernel of P' since u is in
PK(i,j) and is not in the forbidden cones.

On the other hand, no point ouside P on any of the lines co-linear with the edges of P
can be in the outer pseudo-kernel of P'. Suppose otherwise, and let u be a point on
the line L co-linear with the edge PiPj+1 of P. Turn L slightly around u such that it

intersects the edges incident to Pj and Pj+1- L, in the new position, intersects the

boundary of P' in at least four points and therefore P cannot be pseudo-star-shaped
from u by Lemma 2.1 (3). g.e.d.
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Fig. 8. A pseudo-star-shaped polygon with 9(n2) loci in the outer pseudo-kernel.

By Theorem 3.4 any algorithm for constructing the pseudo-kernel of P which constructs

all the non-empty regions PK(i,j) takes Q(n?) time, in the worst case. We shall show
how to construct all loci PK(i,j) and the outer and inner pseudo-kernels of P in time
O(nr). The solution we shall outline, reduces the original problem for P to r

subproblems of the following form:

Given a convex vertex p, of P, construct PK(k,j) for all convex vertices v, of P,
where j k.

To obtain the O(nr)-time solution, we need to solve the subproblem in linear time. We

may assume without loss of generality that k=0.
For j=1,...,n, let OK(j) denote the common intersection of LP(e,), LP(e,)....,.LP(e

and for j=0,1,...,n-1, let IK(j) denote the common intersection of RP(e

j mod n)'

i1 ), RP(e

j+2 mod

a)s--,RP(€). Note that OK(n) is the kernel of P. In a natural way, we can extend the

above definition assuming that OK(0) and IK(n) stand for the plane. Then, it holds:

N OK(jp,
) N IK(j+1),

i) for j=0,..,n-1, OK(j+1) is a convex subset of LP(e
i) forj=1.2,...,n-1, IK(j) is a convex subset of FiP(ej
i) forj=1,2,..,n, OK(j) N IK(j) = PK(0,j mod n).

j+1)
+1 mod n

The first two properties follow directly from the above definitions, the third one follows
from Lemma 3.3.
Actually, the linear-time algorithm of Lee and Preparata (1979) for finding the kernel of
a polygon applied to P explicitely constructs the sequence OK(1), OK(2),...,0K(n). The
region OK(j+1) is constructed on the basis of OK(j) by finding a polygonal chain of the
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form w'wg ;.. ww' or w"w...w, W', where w' is a point on the straight-line co-linear with
e; and w" is either another point on the line or represents the empty symbol. The chain

is cut off from OK(j) along the straight-line (see pp. 417,418 in Lee and Preparata
1979). Since OK(j) is convex, the cut-off polygonal region is also convex. We can
interpret the cut-off region as the set difference, od(j), between OK(j) and OK(j+1)
extended by the whole segment of the cutting line within OK(j), for j=1,..,n-1. In a
natural way, we can extend the above definitions assuming that od(n) is the inner
pseudo-kernel of P, i.e. it equals OK(n). For j=0,1,...,n-1, the boundary of od(j) is
formed by the mentioned chain plus the segment (w',w") in case od(j) is bounded, or a
half-line co-linear with ej and starting from the end of the chain marked with w"

otherwise. Since the algorithm of Lee and Preparata (1979) constructs the chain by
scanning all its vertices and finds the closing segment or the half-line and its end, we
can trivially modify their algorithm to produce the regions od(j), j=0,1,...,n, keeping its
linear time performance. Thus, by (i), the definition of the regions od(j) and the above
argumentation, we obtain the following properties of the sets od(0), od(1), od(2),...,
od(n):

a) od(j) is a convex subset of RP((:'eJ-i_1 modnl

b) the total number of vertices of od(0), od(1), 0d(2),..., od(n) is O(n),

c) all the polygonal regions od(0), od(1), od(2),..., od(n) can be constructed in
linear time.

Similarly, for j=0,...,n-1, let us define id(j+1) as the set difference between ID(j) and
ID(j+1) extended by the cutting segment or half-line. Using the symmetry between the
definition of OK(j) , od(j) and that of ID(j), id(j), we can easily adjust our modification of
the algorithm of Lee and Preparata (1979) to construct the sequences IK(n-1 Jass s JK(1)
and id(n), id(n-1),...,id(1), in linear time. The adjustment consists in respectively
exchanging the adjectives "left" and "right" in the body of the algorithm. In
consequence, we obtain the following, symmetric list of properties of the polygonal
regions id(1),...,id(n):

d) id(j) is a convex subset of LP(ej+1 e

e) the total number of vertices of id(1),...,id(n) is O(n),
f) all the polygonal regions id(1),...,id(n) can be constructed in linear time.

In the context of the properties (iii), (b) and (e), the following lemma explains the
usefulness of the polygonal regions od(j) and id(j) for finding outer pseudo-kernels of
P.

Lemma 3.5 For j=1,...,n-1, it holds OK{j) N IK(j) = od(j) r id()).
Proof By the definition of od(j), we have OK(j) N IK(j) = (OK(j+1) U od(j)) N IK(j). Since
OK(j+1) is a subset of LP(e;,4) by (i), and IK(j) is a subset of RP(e;,4) by (i), we

conclude that OK(j) N IK(j) = od(j) n IK(j). By the definition of id(j), the latter equality is

equivalent to OK(j) N IK(j) = od(j) n (IK(j-1) wid(j) ). Since od(j) is a subset of OK(j)
and OK(j) is a subset of LP(ej) by (i), the region od(j) is a subset of LP(ej). On the other

hand, IK(j-1) is a subset of RP(ej) by (ii). Hence, we conclude that od(j)  IK(j) = od(j)
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M id(j) and using the above equation OK(j) N IK(j) = od(j)  IK(j) the result follows.
g.e.d.

By (iii) and Lemma 3.5, given the sequences 0d(0), od(1),..., od(n-1) and id(1),...,
id(n-1), to solve the subproblem for the vertex p, it is sufficient to find the intersections

od(j) nid(j) forj=1,...,n-1. Thus, the entire algorithm for constructing the pseudo-kernel
of a simple polygon can be outlined as follows:

Algorithm 3.1 Constructing the loci PK({i,j) for a simple polygon
input. a simple polygon Q=(wg, W 4,...,W,_4)
output. all non-empty loci PK(i,j) for Q

for each convex vertex w, of Q do
begin
rename the vertices of Q such that (w,, W, - e Wicint mod nd={ Pgs P qseeer Prisy)s
find the sequences od(0), od(1),..., od(n) and id(1),...,id(n);
for j=1,...,n-1 do
I Wi,i mod n IS CONvex then
begin
PK(k,k+j mod n) := od(j) nid(j);
return PK(k,k+j mod n)
end
end
PK(0,0) := od(n);
return PK(0,0);
andi#j.

Theorem 3.6 Algorithm 3.1 constructs all non-empty loci PK(i,j) for a simple polygon
with r convex vertices and n-r concave vertices in time O(nr).

Proof The correctness of the algorithm follows from the correctness of the reduction to
the r subproblems and then from (i) and Lemma 3.1. By (c), (f), the convex polygonal
regions od(1),..., od(n) and id(1),...,id(n-1) for a given vertex w, of Q can be constructed
in time O(n). Since the intersection of two convex polygons can be found in time linear
in the total number of their vertices (Preparata and Shamos 1985), the intersections
od(j) nid(j) , j=1,...,n-1, for a given vertex w, of Q, can be constructed in time O(n) by
(b) and (e). Thus, the whole algorithm can be implemented in time O(nr). g.e.d.

To construct the outer pseudo-kernel of Q it is sufficient to find the union of the regions
PK(i,j) where p; and pj are convex vertices of Q. By Theorem 3.6, the above regions

are of total size O(nr) and therefore we could find their union in time O(nr logn) by
applying a standard sweep-line technique. We can even do it in time O(nr) by
observing the following consequences of Lemma 3.3:

The regions PK(i,j) are convex, pairwise disjoint and their boundaries lie on the n lines
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co-linear with the edges of Q. Moreover, if li-i'I>1 or lj-'I>1 then, since no two
consecutive edges of Q are co-linear, the regions PK(i,j) and PK(i',j') cannot share a
non-degenerate boundary segment.

Thus, each of the regions PK(i,j) may share a boundary segment only with a constant
number of other regions PK(i',j') along a constant number of lines co-linear with the
edges of Q. By scanning the boundary of each region PK(i,j), we form a constant size
list of edges that lie on the above lines. We assign to each edge on such a list, the
indices ', | of the potentially adjacent regions PK(i','). Using the constant size lists with
the additional information, we detect all pairs of adjacent regions PK(i,j), PK(",j') and
link them appropriately. The last stage consists in scanning and reporting the
boundaries of the linked regions. Whenever a link from PK(i,j) to PK(i'j) is
encountered, we pass along the link to the boundary of PK(i',j') continuing the edge
scanning and reporting. If the corresponding link from PK(i',j") to PK(i,j) has not yet
been scanned we push it on a special stack. It will be popped from the stack if we
encounter it during the continued scan. Otherwise, the boundary piece of PK(i,j)
following the corresponding link lies on another boundary of the union and we shall
use the link to initialize its scan later. We skip here lengthy details of the union
procedure as not relevant to the topic of the paper. The whole procedure clearly can be
implemented in time proportional to the number of scanned edges of non-empty
regions PK(i,j), i.e. O(nr) by Theorem 3.6.

Proposition 3.7 Given a simple polygon with r convex vertices and n-r concave
vertices, we can construct its outer pseudo-kernel in time O(nr).

4 Geometrical algorithms for pseudo-star-shaped polygons

We have seen how convexity, star-shapedness and monotonicity are related to
pseudo-star-shapedness; monotonicity implies a linear ordering of the vertices on the
two chains along a straight-line (which we refer to as sorted around u at infinity), while
convexity and star-shapedness imply an angular ordering around point u on the plane.
Pseudo-star-shapedness encompasses both these orderings. In making use of this
more general ordering relation, several other problems studied in computational
geometry, like point location, triangulation, union and intersection problems, can be
solved efficiently. We will sketch how two of the existing geometrical algorithms can be
generalized to work on pseudo-star-shaped polygons and refer the reader to (Dean
1985) for further details.

4.1 Point location

Shamos and Preparata (1985) describe a method for solving the point location
problem for monotone polygons, i.e. the problem of determining whether a given
query point q is inside or outside a polygon P. For convex or star-shaped polygons a
"wedge"-method (see e.g. Preparata and Shamos 1985) has been designed for the
same problem. The methods are easily generalized to produce a solution to the point
location problem for a given n-vertex polygon pseudo-star-shaped from some point u.
We describe the case when u is outside P and is not at infinity. We draw half-lines
connecting u and every vertex p; of P. Thereby, a partition of P into O(n) regions
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angularly sorted around u is created. The region of the plane enclosed by two adjacent
such half-lines is called a wedge. One of these wedges is empty (two, in case of u at
infinity). While all other wedges intersect two edges of P, one on the chain Cij the other

on the chain Cjis for the chain-defining vertices p; and Pj; The intersection of such a

wedge with P is a convex quadrilateral. Now a query point q is inside P iff q is inside
one of the quadrilaterals (possibly degenerated to a triangle). Using binary search on
the polar angles defined by the rays followed by a point location test in the so
determined quadrilateral the point location query can be answered in O(log n) time.

Fig. 9. A pseudo-star-shaped polygon preprocessed for efficient point location tests.

4.2 A simple triangulation algorithm for pseudo-star-shaped polygons

Toussaint (1983) describes a simple, linear-time algorithm to triangulate a
monotone polygon. A given monotone polygon is first decomposed into weakly
edge-visible polygons and subsequently these are triangulated using a method
(Toussaint and Avis 1982) derived from Sklansky's convex hull algorithm. We show
that this idea can be generalized to obtain an efficient triangulation algorithm for
pseudo-star-shaped polygons. We will give an algorithm for partitioning a
pseudo-star-shaped polygon into weakly edge-visible polygons, i.e. polygons in which
each point can be seen from some point of a fixed edge. The remaining part of the
triangulation algorithm is then analogous to that of Toussaint's.

Algorithm 4.1 Partitioning a Pseudo-Star-Shaped Polygon into Weakly Edge-Visible
Polygons

input. A pseudo-star-shaped polygon P and a point w from which P is

pseudo-star-shaped.
output. A partition of P into weakly edge-visible polygons.
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begin
1. Determine support vertices p; and Pj with respect to w;
Store the resulting chains as lists Cjj and Gj;, sorted angularly with respect to
w; call the vertices of Cijj, p-vertices and those of Ciji, g-vertices;

2. Merge the two sorted lists to obtain a new sorted list;

3. Scan the new list and whenever a p (or q) vertex follows a q (or p) vertex add a
diagonal between them.
end.

Figure 10 illustrates the partitioning of a pseudo star-shaped polygon into weakly
edge-visible polygons as produced by the algorithm.

Lemma 4.1 Algorithm 4.1 correctly partitions a pseudo-star-shaped polygon into
weakly edge-visible polygons. The running-time of the algorithm is linear in the
number of vertices of P.

Proof By the fact that each diagonal is defined by a g-vertex and a p-vertex adjacent in
the sorted list, it is clear that no two diagonals intersect and furthermore that each
diagonal is inside P.The proof that each piece is weakly edge-visible as well as the
complexity analysis follow directly from (Toussaint 1983) and (Toussaint and Avis
1982). It is thus omitted here. g.e.d.

Theorem 4.2 Any polygon P pseudo-star-shaped from a given point u can be
triangulated in linear time.

Proof The theorem follows from Lemma 4.1 and the fact that a weakly edge-visible
polygon can be triangulated in linear time (Toussaint and Avis 1982). q.e.d.

\

Fig. 10. A pseudo-star-shaped polygon partitioned into weakly edge-visible polygons.
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5 Conclusions and open problems

A new class of polygons has been presented which unifies and generalizes
three traditional computational geometry polygon classes (convex, star-shaped and
monotone). Two worst-case optimal algorithms for testing a given polygon for
pseudo-star-shapedness from a point and for constructing its pseudo-kernel have
been presented. The optimality of the latter has been based on the quadratic lower
bound on the number of disjoint polygonal components of the pseudo-kernel.
However, this lower bound argument cannot be used for the following important open
problems arising from this work:

(1) Determine whether a given polygon is pseudo-star-shaped (yes/no answer).
(2) Find a point (if any) from which a given polygon is pseudo-star-shaped.

The applications presented in Section 4 require knowledge of at least one point from
which the input polygon is pseudo-star-shaped. Therefore it would be desirable to
solve the above problems in linear time. To possibly achieve this goal, one might have
to discover, additional properties of the new polygon class.

The concept of polygon pseudo-star-shapenedess can be generalized in several
ways.

(1) By allowing visibility through at most k edges a proper hierachy of polygon classes
P(0), P(1), P(2),... could be defined. For a non-negative integer k, P(k) is the class of
polygons each of which can be seen from a single point by looking through at most k
edges.

(2) By allowing more than one observation point, questions similar to those arizing in
the study of guard problems (O'Rourke 1987) could be posed. In this case, the
polygons are not necessarily simple and may contain polygonal holes.

Acknowledgement The authors are greatly indebted to Mark Keil for suggesting the
n-vertex polygon leading to the lower bound established in Section 4.
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