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ABSTRACT

In this paper we study parallel algorithms for the Mesh-of-Processors architecture to

solve visibility as well as related separability problems for sets of simple polygons in

the plane; in particular, we solve the following problems:

(1) compute for a point p inside a N-vertex simple polygon with holes the visibility
polygon containing all points visible from p

(2) for the parallel visibility model (visibility from a point with infinite distance)
compute the portion of a N-vertex simple polygon visible in a given direction d and
the visibility hull with respect to direction d

(3) determine whether two N-vertex simple polygons are separable (without
collision) by a single translation in a given direction d

(4) determine for a set of M N-vertex simple polygons whether they are sequentially
separable in a given direction d, i.e. whether there exists a sequence of translations
in direction d, one for each polygon, which allows to separate them without
collisions between polygons.

The parallel algorithms presented in this paper have an asymptotically optimal time

complexity of O(Vﬁ) for problems 1-3 and O(\/M_N) for problem 4, respectively, and

require a linear number of processing elements.

Keywords: Computational Geometry, Mesh-of-Processors, Parallel Algorithms,
Separability, Visibility



1. INTRODUCTION

The notion of visibility in geometric objects is important for a large number of
geometric applicaiions; e.g. the hidden line problem in graphics ([FL67]), the shortest
path problem in a plane with polygonal obstructions ([AAG8S5]), and the separability
problem for planar polygonal objects ([T85], [ST85], [DS87], [COSWS83)).

The visibility problem for planar simple polygons has been studied for several models
of visibility: e.g. visibility from a point ([A85], [GA81], (L83], [LP79]), visibility
from an edge ([AT81]), and parallel visibility, i.e. visibility from a point with infinite
distance ([T85], [GA81], [L83]).

In this paper we study parallel algorithms for solving visibility as well as related
separability problems involving sets of simple polygons in the plane; the considered
parallel model of computation is the Mesh-of-Processors (see e.g. [MS84]). ‘

The motivation for studying parallel algorithms on the mesh which solve geometric
problems is that (1) in the recent past an increasing number of parallel machines of
this type has become available and (2) geometric applications are major candidates for
parallel implementations since they often require huge amounts of data to be handled on-
line (e.g. for CAD workstations).

In the following section 2 we will briefly describe the Mesh-of-Processors model and
state a well known lower bound argument for the running time of parallel algorithms
executed on a mesh.

In section 3 we will introduce an asymptotically optimal O(m) time parallel
algorithm to compute for a point p inside a N-vertex simple polygon with holes the
visibility polygon containing all points visible from p.

In section 4 we will consider parallel visibility and describe an asymptotically
optimal O(W) time parallel algorithm to determine the portion of a N-vertex simple

polygon visible in a given direction d as well as the visibility hull ([T85]) with respect
to direction d.

The above parallel solutions for visibility problems imply new asymptotically optimal
mesh algorithms to (1) detect for a given direction d whether two simple polygons are
separable (without collision) by a single translation (to infinity) in direction d and (2)



detect for a set of polygons whether they are sequentially separable, i.e. whether there
exists a sequence of translations, one for each polygon, which allows to separate them
while avoiding collisions between polygons. These algorithms will be presented in
section 5.

2. MODEL OF COMPUTATION

The model of computation considered in this paper is the Mesh-of-Processors of size
N, i.e. a set of N synchronized processing elements (PEs) arranged on a YN x VN grid
where each PE is connect to its direct neighbors by bidirectional communication links
(see Figure 1).

Each processor has a constant number of registers and within one time unit it can
simultaneously send an output to and receive an input from each of its communication
links.

Figure 1: A Mesh-of-Processors

The Mesh-of-Processors is a very realistic model of computation; a steadily
increasing number of parallel machines which have an array architecture or can be set
up as an array are available; e.g. the Programmable Systolic Chip ([S82]), the
Connection Machine (Thinking Machines Inc., [Hi85]), and the Hypercube (Intel).

Note, that on a Mesh-of-Processors a worst-case time complexity of O(\fﬁ) is optimal
for any nontrivial problem, since for comparing the contents of two PEs it is necessary
to route the data through the mesh which may take O(VN) steps (see e.g. [MS84]).



Several standard techniques (which will be used frequently in the remaining of this
paper) have been developed for designing algorithms on a Mesh-of-Processors; e.g.
broadcasting information from one PE to all other PEs, rotating data within rows or
columns of PEs, sorting, and recursion. Note, that all these operations can be performed
in time O(\/ﬁ); see e.g. [TK77], [MS84], [UL84], [D86a].

3. VISIBILITY FROM A POINT

Consider a N-vertex simple polygon P with holes which contains a point p in its
interior (a polygon P is simple, if no two of its edges intersect).

A point q is called visible from p if the straight line segment from p to q does not
intersect any edge of P.

The visibility polygon from a point p (with respect to a polygon P) is the polygon
containing all those points visible from p (see Figure 2).

simple polygon visibility polygon holes

Figure 2: Visibility Polygon from a Point

The problem of computing the visibility polygon from a point has been studied
extensively under the standard sequential model of computation. [GA81] and [L83]
introduced linear time sequential algorithms for computing the visibility polygon from a
point inside a simple polygon without holes. For the general case [A85] described an O(N

log h) time sequential algorithm for computing the visibility polygon from a point
within a polygon with h holes.



Recently [AU87] presented an O(N) time parallel algorithm for solving the visibility
problem for simple polygons with holes on a linear array of N processors, i.e. a linear
arrangement of N PEs where each PE is connected to its both neighbors (if exist).
Similar to the Mesh-of-Processors model! it is easy to observe that their solution is
asymptotically optimal for linear processor arrays. Unfortunately, their solution is
based on an exhaustive search strategy which apparently can not be generalized to yield
an O(\!ﬁ) time solution on a Mesh-of-Processors ([U87]). However, from a VLSI point
of view, the hardware complexity (area) of a linear array and a mesh differ only in a
constant factor. Hence, finding an optimal O(Vﬁ) time solution for a Mesh-of-
Processors yields a significant increase in efficiency.

In the following we will present an optimal O(Jﬁ) time solution for computing the
visibility polygon from a point in the interior of a N-vertex simple polygon with holes
on a Mesh-of-Processors of size N.

The algorithm assumes the following initial configuration:

- All edges of the polygon P are directed such that the interior of the polygon
(exterior of the holes) is to the left of each edge (see Figure 3). For an edge
e=(x,y), directed from x to y, we will refer to vertex x as its start vertex and
vertex y as its end vertex.

- Each PE of the Mesh-of-Processors stores the coordinates of the vertices of an
(arbitrary) edge of polygon P. (A sorted sequence of the edges of the exterior
boundary of polygon and its holes, respectively, is not necessary.)

- Each PE of the Mesh-of-Processors stores the coordinates of the point p.

The result, i.e. the visibility polygon from p, is reported as follows:

- A list of all visible intervals of the polygon P is reported, where a visible interval
is defined as a maximal interval of an edge of P that is entirely visible from the
point p.

- Each of these visible intervals is stored in one (arbitrary) PE. Note, that the
number of visible intervals is at most O(N).

From this information, a list of the vertices of the visibility polygon in sorted order
can be easily obtained in time O(\fl\_l) by sorting the vertices of the visible intervals by
the angle of their polar coordinates with respect to center p (which will be referred to
as polar p-coordinates).
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Figure 3: A Polygon with Directed Edges; Basic Divide-and-Conquer Mechanism

Consider the two horizontal rays Fll and R, emanating from p to the left and right,

respectively (see Figure 3). In the following we will show how to compute the visible
intervals below these rays. The visible intervals above the rays RI and R, can be

computed in a second analogous step.

Before we proceed to describing the algorithm we need some basic definitions and
observations.

Consider an edge e of the polygon P. If the point p is on the left side of e, then e is called

a luff edge, otherwise it is called a lee edge (see Figure 4a and 4b). Obviously, a lee edge
can not contain a visible interval.
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Figure 4: Luff and Lee Edges

Consider the edges intersected by a ray R emanating from p (e.g. the ray shown in
Figure 3). It is easy to observe that these edges always form an alternating sequence of
luff and lee edges (beginning and ending with a luff edge); see Figure 4c.

During the execution of the algorithm, edges which are still under consideration for
containing a visible interval will be referred to as active edges.

From those edges which are not under consideration as active edges any more, some
(which are lee edges) will be stored as passive edges. Although they can not contain a
visible interval, they may cause other edges to be invisible from p and, hence, be
necessary in subsequent stages of the algorithm. (Passive edges will depicted as shaded
edges in the subsequent figures.) Vertices of active and passive edges will be referred to
as active and passive vertices, respectively; for the remaining, the joint vertex of two
adjacent edges will be considered as two vertices, one for each edge.

To compute all visible intervals below Rl and Rr all edges below these rays which do
not intersect FlI or F{r are initially marked as active edges; from those edges e
intersecting RI or Rr the part of e below the rays is stored as an active edge if e is a luff

edge and as a passive edge if e is a lee edge, respectively.
Let n < 2N be the total number of active vertices stored in the mesh.



The algorithm described below is recursive and will further subdivide the sector
between Fll and R, by rays emanating downwards from p (e.g. the ray R shown in figure
3); the edges of the polygon P will then be stored as follows:

A submesh of the Mesh-of-Processors is assigned to each subsector. For active edges e,
the portion of e in each subsector intersected by the edge will be explicitly stored in the
respective submesh. Passive edges, however, will only be stored in the submeshes of the
(at most) two sectors which contain at least one of their vertices. A passive edge e will
be called entering passive edge in a sector S if S contains the end vertex of e and leaving
passive edge in sector S if S contains the start vertex of e.

The algorithm recursively computes all visible intervals in the sector below R, and
R, as follows: '

1a) Aray R emanating downwards from p is selected such that the set of all vertices of
the polygon P below R, and R_ is split into two subsets of equal size. (This can be

implemented by sorting all vertices by the angle of their polar p-coordinates)

1b) Let Sectl and Sect, be the left and right subsector created by R, respectively (see

Figure 3).
The Mesh-of-Processors is split into two submeshes M, and M_ of equal size.

(Either a horizontal or vertical split line is selected to minimize the diameter of
the submeshes.) All active edges entirely contained in Sect, or Sec:,tr are stored in
M| or M, respectively.

1c¢) Consider the sequence of all active edges intersecting R. The number k of all active
luff edges intersecting R which are not followed by a subsequent active lee edge (
which intersects R) is computed. (Initially, k =1)

1d) Each active luff edge intersecting R is split into two active luff edges, one for each
subsector; each of them is stored in the respective submesh.

1e) Each active lee edge intersecting R is deleted as an active edge and inserted as a
passive edge.



1f)

19)

All entering and leaving passive edges with respect to the sector between Hl and Rr
which intersect R (not those computed in step 1e) are updated:

For Sect, [Sectl] all entering passive edges e which intersect R (see Figure 5a)
are considered; each e is stored as an entering [leaving] passive edge of, Sectf
[Sect,] and the edge e [ei] with its intersection point with R closest to p is
computed; all active edges in Sectr [Sect] on the left side of e, [e|] are deleted; see
figure 5b.

All entering and leaving passive edges with respect to the sector between RI and Ftr
which do pot intersect R are stored as entering and leaving passive edges of Sectr
and Sectl, respectively.

IF k>1 THEN-
(i) Unnecessary edges are removed

(i) n=k>§n THEN

The mesh is "rebalanced" and the split phase restarted at step 1b
(The details of step 1g will be given below).

2) Recur

For each submesh (in parallel):
Recursively, all visible intervals in the respective subsector are computed.

3) Merge: (The visible intervals in Sectl @) Sectr are computed)

3a) All pairs of visible intervals in Sect) and Sect,, respectively, that are part of the

same edge of the polygon P and have a common point q are appended to form one
interval, each;
For each such pair of intervals, q is the common point of each of these intervals
with the ray R. Hence, all intervals that have a common point with R are sorted
by the distance of that common point from p; visible intervals that have to be
appended are subsequent in this ordering.
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3b) All other visible intervals determined in Sectl and Sectr are also visible intervals
in Sectl uSectr.

delete all active
edges in here

v v

R R R R
(a) (b)
Figure 5: Update of Entering Passive Edges

When the problem is split by a ray R emanating from p into two subproblems of equal
size, it is easy to see that both subproblems can be solved independently in parallel since
the edges in one subsector have no impact on the computation of the visible intervals in
the other subsector. However, before finally reporting the visible intervals, those pairs
of intervals computed with respect to a subsector, each, that are part of the same edge of
P and have a common point q have to be appended to form one interval (step 3a).

The major problem in such a recursive solution arises from the fact that all active

edges intersecting R must be split into two edges, on for each sector. The number of
n
2
edges. If each edge intersects R, then the number of edges in Sect; and Sect_may again be

active vertices in the sector between H] and Rr is n, i.e. the sector contains active

%, each; i.e. the total number of active vertices and edges doubles. If this happens

repeatedly then the recursion never terminates since the problem size does not decrease;
even if it decreases, then the total number of edges to be stored in the mesh may grow
exponentially with respect to the number of recursions.

11



The split phase of the algorithm described above is mostly concerned with solving this
problem. In particular, the algorithm has the following property (*):

Let n and n, be the number of all active vertices stored in MI and Mr after the

problem has been split into two subproblems, then

(i) n+n.<n+C , C constant

ii n<on, n<on , o<1
| r

Property (*) ensures that the total number of active vertices increases by at most a
constant in each stage of the recursive algorithm and that the sizes of the subproblems
(with respect to the number of active vertices) are decreasing.

The same property is obvious for the passive vertices since passive edges are not
duplicated (except for the initialization).

In the following, we will specify step 1g of the algorithm and show that, indeed,
property (*) holds.

Consider the set of all edges intersection R in the split phase of the algorithm. As we

have already observed, these edges form an alternating sequence of luff and lee edges (see
figure 6).

Case 1:

Assume that all these edges are active (i.e. k=1 in step 1c); then, for each (except the
last) active luff edge which is duplicated in step 1d (adding one active vertex to Sect, and
Sect,, each) there exist a subsequent active lee edge which is deleted in step le
(subtracting one active vertex from SectI and Sectr, each); hence, the total number of
active vertices is increased by two and ni=n,, thus property (*) holds.

12
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Figure 6: Alternéting Active Luff and Lee Edges

Assdme that there are k>1 active Juff edges that do not have a subsequent active lee
edge; these edges yvilll be referred to a single edges. Consider the single-edge e whose
int.ers.:e‘ction with R, is plosgét to p (see Figure 7).

The subsequent lee edge intersecting R is a passive edge e' which has been deleted as an
active edge in a previous step. It is easy to observe, that e’ must be a passive entering or

leaving edge stored in this sector since at least one of its vertices must be located
between . Rjand Ry; otherwnse, all edges below e', in*particularall k-1"single edges

below e, would have been deleted in a previous step (see step 1f). -
Hence, e' can be determined by a broadcast to all passive edges in the submesh.

Assume that ' is a pass:ve Ieavmg edge as depicted in. Fugure 7;ife' is a passive
entermg edge, exchange "left" -and rlght for. the following Al it 2 noani pusing

13
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Figure 7: k>1 Active Luff Edges Without a Subsequent Active Lee Edge

Sect
r

For all single edges, except e, it is obvious that after they have been duplicated in step
1d, all those edges to the left of R below e' can be deleted since they are not visible from
p. This specifies part (i) of step 1g in the algorithm.

Therefor, the total number of vertices increases by two; thus, part (i) of property
(*) holds. To ensure that part (ii) of property (*) holds, too, one has to consider two
more cases.

Case 2a: Assume thatksgn , then
9

10" and n]sln-&n +1sln (for n=3),

n<:n+ln-
r-2 2 5 2

5
hence, part (ii) of property (*) holds, too.

Case 2b: Assume thatk>-52-n .

The problem encountered in this case is that, although the total number of active
vertices increases by two, only, Sectr may contain n active vertices.

14



We will refer to all active luff edges created in step 1d which lie in Sect, as entering
active edges (in Sectr). Part (ii) of step 1g in the above algorithm is then specified as

follows (see Figure 8):
o) In Sect, the visibility problem is solved with respect to all entering active edges,

only, as follows :

- All entering active edges are sorted in clockwise order with respect to the
angle of the polar p-coordinates of their end points (polar ordering).

- All entering active edges are sorted in increasing order with respect to
the distance of their start points (all start points lie on R) from p
(R ordering).

- For each entering active edge e, from all those entering edges that have a
lower rank in R ordering, the edge e' with maximum rank in polar
ordering .is computed.

This can be implemented on a Mesh-of-Processors (for all entering
active edges in parallel) in time O(\G) by one global row and column
rotation; see [D86b] pp. 305-306 .

- Each entering active edge e is replaced by the portion of e which is not

obstructed by the respective e'.

B) For the resulting set of (active and passive) vertices and edges in the sector
between R, and R, the ray R' with median angle with respect to the polar p-

coordinates of the vertices is computed and the split phase restarted at step 1b with
the new ray R’ instead of R.

2
Note, that in the second pass of the split phase the case 2b, i.e. k > 5 N can not occur

again, since after the above processing R’ lies between R and R, and no more than one of

the entering active edges processed above can intersect R'; hence,

n 2 1 2
k52-5n=10n55n.

Summarizing, with the above specification of step 1g, property (*) holds in any case
after at most two executions of the split phase.

15



Sect|

Figure 8: Solving the Visibility Problem for All Entering Active Edges in Sectr

This yields the following

Theorem 1:

The visibility polygon from a point inside a simple N-vertex polygon with holes can
be computed on a Mesh-of-Processors of size N in time O(\fﬁ) which is
asymptotically optimal.

Proof:

It is easy to observe that the split and merge phase of the algorithm can be implemented
with a constant number of standard operations (sorting, broadcast, row and column
rotations); hence, the time complexity of the split and merge phase is O(\fﬁ).
Thus, it follows from part (ii) of property (*) that the algorithm has an optimal time
complexity T(N)=O(\/ﬁ) since the following recurrence relation holds:

T(2) o(1)

T(N) < T(a N) + O(WN), o < 1.
Furthermore, it follows from part (i) of property (*) that the total space requirement
is O(N); i.e. the total number of vertices grows by at most a constant factor. ¢

16



4. PARALLEL VISIBILITY, THE VISIBILITY HULL

In contrast to the notion of visibility from a point inside a polygon one can also
consider the problem of parallel visibility ([T85], [GA81], [L83], [AU87], [LP86]):

Given a simple polygon P and a direction d then a point q on the boundary of P is
visible in direction d if the ray r starting at q in direction -d does not intersect any edge
of P (where direction -d is exactly opposite to direction d); see Figure 9.

A visible interval is defined as a maximal interval of an edge of P that is entirely
visible in direction d. Obviously, all visible intervals form a monotone sequence with
respect to the direction d' perpendicular to d; the visibility chain of P with respect to
direction d is the polygonal chain defined by this sequence of all visible intervals.

The visibility hull of P with respect to direction d is the polygon defined by the two
visibility chains of P with respect to d and -d, respectively. (The visibility hull of P

can also be defined as the set obtained by taking the union of P with all line segments [a,
b] parallel to d where a and b are contained in P.)
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s s w e visible intervall
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Figure 9: Parallel Visibility, Visibility Hull
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Obviously, the parallel visibility problem can be seen as a special case of the
visibility problem from a point p located at infinity in direction -d.

In fact, the algorithm in section 3 for computing the visible intervals with respect to
visibility from a point p can be easily modified to compute the visible intervals with
respect to parallel visibility in direction d by (1) introducing perpendicular x- and y-
coordinate axes where the x-axis is parallel to d and all vertices of P have positiv x-
coordinate and (2) replacing for every vertex with coordinates (x,y), the angle in polar
p-coordinates and distance from p in the algorithm in section 3 by y and x, respectively.

Corollary 2:
The visible intervals, visibility chain, and visibility hull of a N-vertex simple
polygon P with respect to parallel visibility in a given direction d can can be

computed on a Mesh-of-Processors of size N in time O(\/ﬁ) which is asymptotically
optimal.

5. SEPARABILITY OF SIMPLE POLYGONS

A maijor field of application of visibility hulls is the problem of detecting separability
of polygons ([COSW83], [DS87], [ST85], [T85]).

Consider two N-vertex simple polygons P and Q. P is called separable from Q in a
given direction d if P can be translated an arbitrary distance in direction d without
colliding with Q; see Figure 10.

The following lemma shows that the algorithm for computing visibility hulls can be
utilized to detect whether P is separable from Q in a given direction d.

Lemma 3 [T85]:
P is separable from Q in a given direction d if and only if the visibility hulls of P
and Q with respect to direction d do not intersect.

Hence, the separability of two N-vertex polygons in a given direction can be detected
on a Mesh-of-Processors of size 2N (where each polygon is stored on one half of the
mesh) by computing for each polygon its visibility hull and, then, determining whether
both visibility hulls intersect. Since intersection of two N-vertex simple polygons can
be detected in time O(\fﬁ) as described in [MS87], we get the following corollary.

18



Corollary 4:
On a Mesh-of-Processors of size 2N it can be decided in asymptotically optimal time
O(\fﬁ) whether a N-vertex simple polygon is separable from another N-vertex
simple polygon in a given direction d.

Figure 10: Two Simple Polygons P and G Where P is Separable
From Q in Direction d1 But Not in Direction d2

The concept of separability can be further generalized to gets of simple polygons. A set
{P1,...,PM} of M N-vertex simple polygons is called sequentially separable in a given

direction d if there exists an ordering Pi1 - PiM

j-1

of these polygons such that every Pij

is separable (in direction d) from P;1,...,Pi , each; see figure 11 (cf. e.g. [T85],

[DS87]).

[T85] proved that a set of simple polygons is sequentially separable in a direction d if
and only if for each pair of polygons their visibility hulls with respect to direction d do
not intersect. Furthermore, [MS87] showed that for M N-vertex polygons it can be
decided on a Mesh-of-Processors of size M N in time O(\/W ) whether any of these
polygons intersect. This yields

19



Corollary 5:

On a Mesh-of-Processors of size M N it can be decided in asymptotically optimal time
O(\}M N ) whether M N-vertex simple polygons are sequentially separable in a given
direction d.

Figure 11 ([DS87]): P, is Separable from F’2 5 5 § PB , Each
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