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1. INTRODUCTION

In this paper, we consider distributed environments where the size of a message is fixed. That
is, a message is a packer which can contain at most ¢ bits of data, where c21 is a constant; therefore,
the communication of integer I will require the transmission of [log(l)/c] packets. The constant c,
called packet size, is generally dependent on the type of network but not necessarily on the application
(e.g., the problem values). This situation occurs in practice in packet-switching networks (e.g.,
ARPA) which are a natural application environment for distributed algorithms and are directly
modeled by point-to-point networks. Notice that the packet complexity includes both bit complexity
and (long or short) message complexity as special cases.

A general solution algorithm using packets is presented for the (well known) distributed
selection problem, and its packet complexity is analyzed. The proposed solution is obtained by
reducing the selection problem to an unbounded search problem. 1t is shown to require at most O(d

log fy MMog N/ cl) packets, where d is the number of processors, N is the size of the set among
which the selection takes place, and fx is the sought element; this represents a significant

improvement over the existing O(d? log(N/d) log fx / c1) bounds. For specific classes of network

topologies, bounds are obtained which either match the one of existing solutions or improve them for
a large range of values of the packet size c; it is interesting to note that this range includes the situation
where the packet size is dependent on the application size but not on the application values.

The actual bound on the packet complexity of the proposed selection algorithm is shown to
depend on the location of the node which coordinates (i.e., synchronizes) the algorithm. This leads to
the problem of determining, for a given network, a site (s-center) which minimizes the required

amount of communication activities. A solution to this problem is presented for acyclic networks.



2. MESSAGES, BITS AND PACKETS

With the increasing interest in the design and analysis of distributed algorithms, it has increased
also the difference in assumptions made by researchers when developing a solution or measuring its
communication complexity. Traditionally, the main complexity focus has been on the amount of
communication activities performed by an algorithm or required by a class of algorithms solving a
given problem, where a communication activity is defined as the transmission of a message.
Although the intuitive notion of message is well understood, the formal specification of what a
message is is not equally clear nor commonly agreed upon, as a quick glance through the many
papers dealing with distributed algorithms will immediately reveal. In fact, depending on the
situation, a message is allowed (or restricted) to contain anything from a constant number of bits to
an (encoding of) the entire network topology to an entire set of values (from an application-dependent
universe). It is thus not surprising that terms such as biz complexity, short message complexity, or
long message complexity need to be employed to distinguish the assumptions made. Amid these
conflicting views and considerations, there seems to be a general agreement that messages should not
be unbounded: this to avoid pathological cases (e.g., the encoding of an entire file in a single
message).

In this paper, we consider environments where the size of a message is fixed. That is, a
message 1S a packet which can contain at most ¢ bits of data, where c2>1 is a constant; therefore, the
communication of integer / will require the transmission of [log(Z)/cT packets. The constant ¢, called
packet size, is generally dependent on the type of network but not necessarily on the application (e.g.,
the problem values). This situation occurs in practice in packet-switching networks (e.g., ARPA)
which are a natural application environment for distributed algorithms and are directly modeled by
point-to-point networks. Notice that the packet complexity includes both bir complexity and (long or
short) message complexity as special cases.

In the following, we will consider the packet complexity of a well known problem, the
distributed selection problem, for which solutions based on messages have been proposed. The
seemingly innocuous shift in viewpoint (i.e., the use of packets instead of bits or messages) is
actually instrumental for the development of a new simple and efficient solution to the problem, as
well as for sheding some light on the impact of the constant ¢ on complexity.

3. THE DISTRIBUTED SELECTION PROBLEM

The classical problem of selecting the K-th smallest element of a set F drawn from a totally
ordered set has been extensively studied in serial and parallel environments. In a distributed context,
it has different formulations and complexity measures.

A communication network of size d is a set S={S,, ..., S4} of sires, where each site has a




local non-shared memory as well as processing and communication capabilities. Given a totally

ordered set F={f,,....f\}, a distribution of F on S is a d-tuple X=<Xj,...,X 4> where X,c Fis the

subset stored at site S, X, n X= @ forisj,and U, X;=F. Without loss of generality, let fi<f,

for 1<i<N. Order-statistics queries about F can be originated at any site and will activate a query
resolution process at that site. Since only a subset of F is available at each site, the resolution of a
query will in general require the cooperation of several (possibly all) sites according to some
predetermined algorithm. Since local processing time is usually negligible when compared with
transmission and queueing delays, the goal is to design resolution algorithms which minimize the
amount of communication activity rather than the amount of processing activity.

The distributed selection problem is the general problem of resolving a query for locating £,

the K-th smallest element of F. Any efficient solution to this problem can be employed as a building
block for a distributed sorting algorithm [10]. The complexity of this problem (i.e., the number of
communication activities required to resolve an order-statistics query) depends on many parameters,
including the number of sites d, the size |[F|=N of the set, the rank K of the element being sought, and
the topology and type of the network.

In point-to-point networks, associated with S is a set L ¢ SxS of direct communication lines
between sites; if (Si,Sj)e L, S; and Sj are said to be neighbours. Sites communicate by sending

messages; a message can only be sent to and received from a neighbour. The couple G=(S,L) can be
thought of as an undirected graph; hence, graph-theoretical notation can be employed in the design
and analysis of distributed algorithms in the point-to-point model.

Several solution algorithms for the distributed selection problem have been presented in the
literature, some tailored for specific network topologies (e.g., ring [3], complete binary tree [3], star
and complete graph [6, 9,12], mesh [3,7], torus [7]), others executable in any network (e.g.,
[13,15]). In all these solutions, it is assumed that one or more set elements can be transmitted within
one message, and the communication complexity of the proposed solutions reflect this assumption.

In the following, a general solution algorithm is presented for the distributed selection problem
using packets, and its packet complexity is analyzed.

4, A DISTRIBUTED SELECTION ALGORITHM
4.1 Selection as Unbounded Search

In the proposed solution stategy for the distributed selection problem, the K-th smallest element
is determined by guessing its value (following an approach developed in [5]). The query resolution

mechanism consists in making an initial guess, x,, and determining whether X, is greater than,



smaller than, or equal to f,.; depending on the outcome, either the algorithm terminates or another
guess x, is made and its relationship with f, is determined. In general, depending on the outcome of
gUESSES X,X,,...,X; & new guess x; , is made; this process is repeated until the value of the sought
element is unambigously established. The relationship between fx (which is unknown) and a guess X,
is easily established by determining the relationship between K and the rank of X, (i.e., the number of

elements smaller or equal to x;) in the set. Thus, the entire process consists of a sequence of two
simple steps: (1) make a guess, and (2) determine its rank.

It is not difficult to see that this stategy reduces the distributed selection problem to the well
known problem of searching in an unbounded table. The number of iterations as well as which value

will be chosen next depend on the searching strategy adopted. Using the known stategy and results
for the unbounded search problem [1], it follows:

Property 4.1  The proposed algorithm determines the K-th smallest element using at most
8(fx) iterations, where g(x)=log x+ loglog x+ logloglog X+ ....

4.2 Packet complexity

The proposed algorithm is a sequence of iterations; in each iteration a value is determined and
the relationship between its rank and K is determined. The number of iterations as well as which
value will be chosen in an iteration depend on the searching strategy adopted; once a strategy is
selected, to determine the packet complexity of the entire algorithm it suffices to establish the packet
complexity of each iteration. To this end and similarly to [13,15], we assume that a spanning-tree of
the graph is available; this tree will be used for all communications.

Each iteration will comprise of the originator node broadcasting a control message: "start” to
initiate the query resolution algorithm,"<" to indicate that the previous guess was too low, ">" to
indicate that the previous guess was too high, and "stop" to indicate that the previous guess was the
sought element. Upon reception of a control message other than "stop", a new value is chosen
according to the searching strategy and its rank is collected at the originator by an "echo" process
starting from the leaves.

Note that the purpose of this ranking process is to determine the relationship between K and the
rank r(x) of the guess x ; thus, if it is determined at a node (on the basis of the partial ranks received)
that r(x)>K, the ranking itself can stop and a "rank high" message can be sent instead. In other
words, during an iteration, every node sends in the direction of the originator either a counter (which

will never exceed the value K) or a control message ("rank high"). Combining the cost of this



operation with the cost for the broadcast started by the originator, we obtain the following:

Property 4.2 The K-th smallest element can be determined in a network G with d sites
using at most

(d-1) g(fg) (1+MlogK/c1)
packets.

Let us draw the reader's attention to some points of interest. First note that in the proposed
algorithm, set values are never transmitted. Secondly observe that the established bound applies to
any network, regardless of its topology. Finally, consider the effect of the "ceiling" operation: the
bound, as a function of c, decreases at the increasing of the packet size until ¢ = log K; from that
point on, the function becomes a constant. The value c=log K is of interest in itself since it expresses
a packet size which is dependent on the problem size but not on the problem values.

Let us now compare this bound with the existing results. In the literature, only two general
selection algorithms have been proposed [13,15], both focusing on the expected rather than worst
case complexity. The worst case complexity of the algorithm described in [15] is O(d N) messages,
each carrying a constant number of values, for a total of

W=0(dNTlogfg/c1) (1)
packets, while its expected case performance in terms of packets is
E=0(dlogNTlogfy/c1). (2)

Thus, the proposed algorithm represents an improvement on the worst case performance of this

solution for all packet sizes in the range 1 < ¢ <log fy; for even larger packet sizes, the proposed

solution is still more efficient provided that log fi < N. The improvement is particulary significant

for 1 < ¢ <log K. Moreover, for this range of the packet size (1<c<log K), the worst case complexit
of the proposed algorithm coincides with the expecred performance of [15]. The other general
algorithm, described in [13], has a worst case performance of

O(d? log(N/d)[ log fie /¢ 1) (3)
packets. Thus, also in this case, the proposed algorithm yields a significative improvement for all

packet sizes in the range 1 <c <log fy; for even larger packet sizes, the proposed solution is still

more efficient provided that log fy<d log (N/d).

5. SPECIAL CLASSES OF NETWORKS

For special classes of networks, algorithms have been presented which by exploiting
topological features of networks yield better bounds than in the general case. In the rest of this



section, the classes of networks studied in the literature are considered. The obtained results will be

contrasted with the existing bounds. As in [3], it will be assumed that the file is equi-distributed; that
is, N/d elements are stored at each site.

5.1 Networks of diameter 1
Consider the class of networks having a spanning-star subgraph (e.g., complete networks). In
these graphs, the best existing bound is [14]:

C<9.64 d log(K/d) [log fy /¢l + lLo.t.. 4)

The use of the proposed solution yields the following bound:

Property 5.1 Let G be a star graph. Then the K-th smallest element can be determined at the
center using at most

(d-1) log Min{K,N/d}) / c] gfg)+ d-1
packets.

Proof: From Property 4.2 and from the fact that each site is directly connected to the center. []

For small packet sizes (i.e., 1 <¢ < log(Min{K,N/d}) ), this represents an improvement in the
multiplicative constant of (4). Due to the different position of the “ceiling" operator in the two

bouhds, the complexity of the proposed algorithm stays unchanged to O(d g(fy) ) while the other
bound decreases as the packets became increasingly larger than log(Min{K,N/d}). This can be
reinterpreted as saying that, if the packet size is independent of the application values (i.e., the f/'s)

then the solution based on the guessing approach yields an improvement not only in the bir
complexity but also in the actual message complexity.

5.2 Ring Networks

The best available bound for selection in a ring network is [3]:
R <0(d (log d)* log(N/log d) [ log fy / c1) (5)
Using the proposed method, from Property 4.2 it follows

Property 5.2  Let G be a line graph, and let each site have N/d elements. Then the K-th
smallest element can be determined at one end node of the line using at most

O(d lNog K/ ¢l g(fy))
packets.



which improves the bound (5) for c<log K; for larger packet sizes, it still improves whenever (logd
log(N/log d) 2 log f.

5.3 Complete Binary Trees
The best available bound for selection in a complete binary tree is [3]:
B < O(dlog(N/d)llog fy /cl ) (6)

Using the method proposed here, the same number of messages (in order of magnitude) would be
exchanged for 1<c< log (N/d) as indicated by the following

Property 5.3 Let G be a complete binary tree, and let each site have N/d elements. Then the
K-th smallest element can be determined at the root node using at most
O(d Tlog Min{K,N/d})/ cl g(fy))
packets.

6. S-CENTERS OF A TREE

The method used for an arbitrary network is to apply the proposed technique on a
spanning-tree of the network, and having a node (the "root" of the tree) coordinating the algorithm
execution. This node could be the site where the query originated; it could however be a different site.
Once a root is given, there is a fixed cost associated with the algorithm, and the actual number of
packets sent in the worst case depends on the location of the root. This can bee seen by refining the
result of Property 4.2 as follows.

Given a tree T and a node Sj, let T[j] denote T when Sj is chosen as the root; and let T;[x] and |T;[x]]

denote the subtree of T[j] rooted at S, and the number of nodes in that subtree respectively.

Property 6.1 Given a tree T and a node SJ-, the K-th smallest element can be determined at
Sj using at most

g(f) (d-1) (1 + Zi#j [Mog (IT,GIIN/d) / c1)
packets.
Thus, it is whorthwhile to select as a root the site Sj which minimizes the sum ¥, " [og T[]/ ¢
or, equivalently, the product f()=II, > [T;[511-

Given a tree T, a node Sj is said to be a s-center of T if f(T,j)<f(T,i) for all S, in T. It is not

difficult to see that the s-centers do not coincide neither with the centers nor with the medians of a
tree (except in very special cases); they do however share with centers and medians similiar properties
as indicated by the following:



Property 6.2 In any tree T, either there is a unique s-center or there are two s-centers and
these s-centers are neighbours.

The proof follows from monotonicity of the cost function: the function decreases moving from a leaf
to an s-center where it is minimized; using this property, an s-center of a tree can be easily determined
using O(d [log d / c) packets with simple modifications to the distributed center-finding algorithm

[4]. Given a graph G, a site Sj in G is said to be a s-center of G if Sj is an s-center of a spanning tree

T) of G and, for all S, which are s-centers of a spanning tree T! of G, f (T,j)<f(Ti). For special

classes of graphs, an s-center is casily determined (e.g., graphs of diameter 1, meshes); however, to
determine the s-center of an arbitrary graph G is rather complex and no solution algorithm (distibuted
or serial) is known besides the brute force approach.
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