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We present efficient algorithms for several problems of movable separability in 3-dimensional
space. The first algorithm determines all directions in which a convex polyhedron can be
translated through a planar convex polygon. The algorithm runs in O(n) time. This is a
considerable improvement over the previous O(n?log n) time algorithm of [17]. The second
algorithm computes, in O(n) time, all directions in which a convex polyhedron can be translated
to infinity without collisions with a convex obstacle (n is the number of vertices of the polyhedra).
A generalization of the plane-sweep technique, called “sphere-sweep”, is given and provides an
efficient algorithm for the last problem which is: determine all directions in which a convex
polyhedron can be separated from a set of convex obstacles. Qur results are obtained by
avoiding the standard technique of motion planning problems, the O(n?) time computation of the
Minkowski differences of the polyhedra.

1. Introduction

Motion plannig problems arise in areas like computer-aided manufacturing, computer graphics, and
robotics (see the survey in [18]). One class of such problems are the “separability” problems (see,
e.g., [2,17]). Given a complex object consisting of several parts, one is asked to loosen one of them
by motions such as translations and/or rotations.

In this paper we consider separability problems in which the objects are convex polyhedra and
one of them must be moved by one translation motion arbitrarily far away. The object that must
be separated is not allowed to collide with other objects during the translation. Such problems are
often called collision avoiding problems.

The Minkowski difference of two sets, A and B, is A~ B = {a—bla € A,b ¢ B}. Lozano-
Perez and Wesley [6] introduced an algorithmic technique based on Minkowski differences of the
obstacles and the object to be moved. They called the space containing the differences “configuration
space”. Since then, the configuration space technique has become a standard tool for motion planning
algorithms (see, e.g., [4,16,18]). Given an object B and a set of obstacles Mg b= b o By Lozato-
Perez and Wesley first construct the “grown” obstacles A; — B. An object can be translated by
a vector without collisions if and only if the origin can be translated by the same vector without
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collisions occuring between it and the grown obstacles. The Minkowski dillerence of two simple
polygons as well as the difference of two polyhedra may have Q(n?) vertices, where n is the number
of vertices of the objects. An example of such polyhedra is given in Section 4.

In this paper we develop algorithms for 3-dimensional translation problems. We avoid the
construction of Minkowski differences in order to obtain more efficient solutions.

Given a convex polyhedron A and a planar polygon W, called the window, our first algorithm
computes all directions in which A can be translated through W. The problem was posed by
Toussaint [17] who gives an O(n?logn) time algorithm for it (n is the number of vertices of A and
W). Our algorithm, based on the merge-step of the well-known 3-dimensional convex hull algorithin
of Preparata and Ilong [11], improves the time bound to O(n) which is optimal. The algorithm is
presented in Section 3. Related problems for 2-dimensional space have been discussed by Maddila
and Yap for moving a chair through a door [19] and a polygon around the corner in a corridor [7].

QOur second algorithm, presented in Section 4, determines all directions of collision-free transla-
tions of a polyhedron in the presence of one convex polyhedral obstacle. The algorithm needs O(n)
time, where n is the total number of vertices of the object and the obstacle. It is based on a fast
construction of the extreme separating planes of the object and the obstacle. Davis [1] defines a
transformation of the convex hull of polyhedra which gives these planes. We show that the planes
can be obtained in O(n) time, without using a transformation ([1] does not contain a time analysis
of the transformation).

Given a convex polyhedron A and a set of convex polyhedral obstacles By, B, ..., By, our third
algorithm computes all directions of a translation that moves A arbitrarily far away such that no
collisions occur between A and the obstacles. The problem has been posed by H. Seeland, Daimler
Benz ([14]), in the following context. In the design of a car, the CAD-system should allow queries of
the form: Can a given faulty part be removed easily, i.e., by means of one single translation, or not.
If it is possible, direction queries posed by the designer should be answered fast while preprocessing
time may be longer (an overnight job).

The simple algorithim determines all directions in which A passes one obstacle. When this is
done for all obstacles, the results are combined by “sphere sweep”. The valid directions are obtained
in a form that enables them to be stored in a data structure for planar point location. The data
structure supports queries whether A can be separated into a given direction by means of one single
translation. The algorithm is presented in Section 5.

Finally, Section 6 contains conclusions and some further remarks.

2. Basic Terms

Throughout this paper, we assume that polyhedra are given by doubly-connected edge lists (see [12]).
Polygons are given by doubly-connected circular lists of their vertices. Each link of the list contains
an information on which side of the corresponding edge the interior of the polygon lies.

Our algorithms output sets of directions. Because we want to translate the objects to infinity, an
obvious way to represent a direction is to give a halfline whose endpoint is the origin. Such a halfline
intersects the unit sphere at one point, and, conversely, each point of the unit sphere corresponds
to one halfline. Thus, a set of directions can be represented as a collection of regions on the unit
sphere. In our case, the regions are spherical polygons. Their sides are parts of “great circles” of the
sphere. We represent such a polygon, analogously to a planar polygon, by a doubly-connected list
of its vertices.

The set of halflines that corresponds to a spherical polygon forms a half-open polyhedron. It
has only one vertex, the origin. We call such a polyhedron a (polygonal) cone. Our cones may be
non-convex. The intersection of a cone and the unit sphere may be larger than a semisphere. The

representation of a cone as a polygon on the unit sphere is readily constructed from its any other
reasonable representation.
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Fig. 1. (a) An extreme supporting plane of A and B. (b) An extreme separating plane of A and B.

Let A and B be disjoint polyhedra, and P a plane in 3-dimensional space. We say that P is
eztreme if it contains an edge of A (B) and a vertex of B (A4), and A and B are contained in one of
the closed halfspaces determined by P. (Note that, in contrast to [1], the faces of A and B need not
be extreme.) A plane P supports Aand Bif ANP # @, BNP # B, and A and B are contained in the
same closed halfspace determined by P. If P is, in addition, an extreme plane then it is an eztreme
supporting plane of A and B (see Fig. 1 (2)). A plane P separates A and B if they are contained in
the different closed halfspaces determined by P. It is an eztreme separaling plane of A and B if it
is, in addition, an extreme plane (see Fig. 1 (b)).

3. Passing a Polyhedron through a Convex Window

Given a convex polyhedron A and a planar convex polygon W (the window), such that ANW = §, we
want to compute all directions in which A can be translated through W. The set of such directions
may, of course, be empty.

Let us assume that A can be translated through W in directions dy, dy, . .., dr. We call them valid
directions. Because W is convex all directions that belong to the minimal convex cone containing
dy,dz,..., and dg, are valid directions. Qur problem is to compute the maximal such cone in the
sense that all directions inside the cone are valid but no direction outside the cone is valid. Following
the terminology of [2], we call such a cone, Cy(A), the movability cone of A with respect to W.

We propose the following algorithm for computing Cyy (A):

1. Compute the extreme supporting planes P; (i = 1,2,. ..,1) of A and B. Let H; denote the
halfspace which is determined by P; and which contains A and B.

2. Fori=1,2,...,[, translate P; to the origin; denote the corresponding translated halfspace HY,

I
3. Compute the intersection C(A, W) = ﬂ H?.

=1
The following lemma states the validity of the algorithm.
Lemma 1. C(A,W) = Cw(A).

Proof. First, let d € C(A, W) be a direction. We claim that d is a direction of a valid translation.
Let a € A be an arbitrary point. Translate C(4, W) in such a way that its apex is a. By the
construction, the faces of the translated cone intersect W. Since d belons to C(A,W) and W is
convex, d intersects ¥, too. But if a is translated in the direction of d then it encounters the
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F1G. 2. Proof of Lemma 1.

intersection point of d and W (see Fig. 2 (a)). Since a was chosen arbitrarily, we can conclude
that all points of A encounter a point of W when translated in the direction d. Thus, d is a valid
translation direction and d € Cw(A).

Conversely, let d € Cw(A) be a valid direction. We show that d € C(A,W). Assume the
countrary. Then there exists, for some 1 < i < I, a halfspace H? that does not contain d. Choose
a point a € AN H; and translate the halfline d in such a way that its endpoint is a. Now d is not
contained in H;. Since d € Cw(A), a will encounter a point w € W if it is translated in the direction
d (see Fig. 2 (b)).

But since d is not contained in H;, w cannot be contained in H;. This is a contradiction since
H; is a supporting plane. O

The merge step of the 3-dimensional convex hull algorithm of Preparata and Hong [11] computes
the “cylinder faces” of the convex hull of two convex polyhedra. The cylinder faces determine the
extreme supporting planes of the polyhedra. A precondition of the step is that the orthogonal
projections of the polyhedra on a plane are available, and that these projections do not intersect.

We can use the merge-step of the algorithm of [11] once its preconditions are fulfilled. To do this,
we first search for a plane S that separates A and W. It is found in O(n) time by solving a 3-variable
linear program with n constraints, where n is the number of vertices of A and W (see [9,12]). Then
we choose a projection plane P which is perpendicular to S. The orthogonal projections of A and
W on P are separated by the line P N S. The linked list representing the contour of A’s projection
is easy to construct in O(n) time. The pre-conditions of the merge-step of Preparata and Hong’s
algorithm are now fulfilled. The merge-step takes O(n) time. Thus the first step of our algorithin
also takes O(n) time. _

The second step of our algorithm is linear since we have O(n) planes to translate.

The computation of the intersection of n halfspaces takes, in general, Q(nlogn) time (see,
e.g., [12]). The bounding planes of our halfspaces have one common point, the origin, and the
first step of our algorithm renders them in a special “cylindrical” order. We shall show that the
intersection of our halfspaces can be computed in linear time.

Let a € AN Hy, and w € W N H;y be two points, and R a plane whose normal is w — a and
which contains w. The intersections H? N R, (¢ = 1,...,k), are halfplanes. The cone can now be
constructed by computing the common intersection of these halfplanes. The “cylindrical® order in
which the halfspaces are obtained yields the halfplanes in the order of the slopes of their bounding
lines, or, more specifically, in the order of the directions of their normal vectors that point outwards
from the interior of the halfspaces. The intersection is constructed by considering the hallplanes in
that order. This can easily be accomplished in O(n) time.

Since each step of the algorithm takes O(n) time the cone C(4, W) can be computed in O(n)



Fia. 3. The Minkowski difference of B and A has O(n?) vertices.

time. From this and Lemma 1 follows:

Theorem 1. All directions in which a convezx polyhedron can be translated in such a way that it
passes through a planar convez polygon can be computed in O(n) time, where n is the number of
vertices of the polyhedron and the polygon.

A (non-convex) polyhedron can be passed through a convex window by one translation if and only
if its convex hull can pass the window. The convex hull can be computed in O(nlogn) time by the
algorithm of Preparata and Hong [11]. Thus we have the corollary:

Corollary 1. All directions in which a (non-convezr) polyhedron can be passed through a planar
convez polygon can be computed in O(nlogn) time, where n is the number of vertices of the polyhedron
and the polygon.

As pointed out by Toussaint [17], it is sufficient that all vertices of the polyhedron go through the
window. This means that some of our supporting planes are superfluous. It is easy to modify the
algorithm in such a way that these planes are not computed. This does, however, not improve its
asymptotic time bound.

A related problem, discussed in [17], is to find the “smallest” window W on a plane H through
which a convex polyhedron P can be passed with a single translation, orthogonal to H, after pre-
positioning P with arbitrary translations and a rotation. The problem can be solved using the result
of McKenna and Seidel [8] who give an O(n?) algorithm for computing the minimum area shadow
of a convex polyhedron with n vertices.

4. Translations in the Presence of One Convex Obstacle

Given two convex polyhedra, an object A, and an obstacle B, AN B = , we want to translate A
arbitrarily far away without collisions occuring between A and B. We say that such a direction is a
valid direction of translating A. That is, a direction d is valid if and only if, for each vector v whose
direction is d, the intersection of B and A+ v ={a+v|a € A} is empty. An invalid direction is a
direction that is not valid.

Our problem is: compute all valid directions of translating A in the presence of B. We solve
the problem by computing first all invalid directions of translating A. As in Section 3, they form a
polygonal cone. The cone is denoted by Cg(A). By the definitions, a direction d is invalid if and
only if there exist points a € A and b € B such that the direction of the vector b — a is d. Thus a
direction d is invalid if and only if the Minkowski difference B — A = {b—a]be B,a€ A} contains
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a vector whose direction is d. A standard technique of motion planning problems constructs the
Minkowski difference of the obstacle and the object.

If A and B are convex polyhedra with in total n vertices then B — A may have Q(n?) vertices.
An example of such polyhedra can be described as follows. Let C be a disc in the (21, z2)-plane and
D a disc in the (z2, z3)-plane. Approximate the discs by planar regular n/2-gons B and A whose
vertices touch the bounding circles of the discs. It is easy to see that each vertex of B introduces
about n/4 vertices to B — A. Thus B — A has about n?/8 vertices (see Fig. 3). Thus, any algorithm
that computes the differences of 3-dimensional polyhedra needs Q(n?) time in the worst case. (In
2-dimensional space, the Minkowski difference of two convex polygons with in total n vertices can
be computed in O(n) time (see [3])).

The cone Cp(A) is the smallest one that contains the difference B — A. Notice that only a few
of (B — A)’s edges introduce a face to Cp(A). The edges form a polygonal line with O(n) corners.
We shall show that the following algorithm computes the cone in O(n) time.

1. Compute the extreme separaling planes P; (i = L2,...,0) of A and B. Let H; denote the
halfspace which is determined by P; and which contains B.

2. Fori=1,2,...,I translate P: to the origin; denote the corresponding translated halfspace HE

I
3. Compute the intersection C(A,B) = ﬂ H?.
i=1

Lemma 2. C(4,B) = Cp(A).

Proof. We first show that C(A,B) c CB(A). Since B — A is convex it suffices to show that a
direction d is contained in Cp(A) if it is contained in a face of C(A, B). Thus, let d be contained in
the face F' of C(A, B). For some i, 1 < i < I, the extreme separating plane P; is parallel with F. Let
us first assume that P; contains A's vertex a and B’s edge (b1,b2). Consider the halfline d’ which is
parallel with d and whose endpoint is a. Let ¥ be the intersection point of d’ and the line I which
contains (by,by) (see Fig. 4 (a)).

Since d is contained in the intersection of the separating halfspaces, b’ must lie in the interval
(b1, 52] of I. (Otherwise d was cut off from C(A, B) by one of the other (translated) separating planes
that contain b; or bz.) Thus a collides with & if it is translated in direction d’. Hence ¢ € Cp(A).
The case where P; contains B’s vertex and A’s edge is similar.

Conversely, let d € CB(A) be a direction. Then there exist points a € A and b € B such that
a collides with b when it is translated in the direction d. Translate C(A, B) in such a way that its
vertex is a. By the construction, B is now contained in the translated cone (see Fig. 4 (b)).

6



F1a. 5. The “separating tangent” of p(A) and p(B) has the minimal acute angle ¢; with I.

Thus b belongs to the translated cone and the direction d also belongs to it. Since the translation
does not rotate the cone the direction d € C(4, B). O

Davis [1] defines, without giving a time analysis, a transformation of two polyhedra in such
a way that their extreme separating planes are obtained from the extreme supporting planes of
the transformed polyhedra. We shall show how the extreme separating planes can be constructed
without a transformation and in O(n) time, where n is the number of the vertices of the polyhedra.

Our algorithm is very similar to the one for computing the extreme supporting planes. The only
difference is that the initial plane is chosen in a different way. The plane must be a separating plane
that contains a vertex from both polyhedra.

We assume that the polyhedra A and B are projected orthogonally onto a plane P, and that
their projections p(A) and p(B) are separated in P by a line I. These projections are computed as
explained in Section 3.

We now turn [ in such a way that it becomes a “separating tangent” of p(A) and p(B). Let S
denote all lines that contain a vertex of p(A) and a vertex of p(B). It is clear that the “tangents”
are contained in S. If a is a vertex of p(A) and b is a vertex of p(B) then by y;(a,b) we denote the
size of the acute angle of [ and the line containing a and b. Now the line which contains as of p(A)
and b; of p(B) such that ¢i(a;, b;) = min{ wi(a,b) | ais a vertex of P(A) and b is a vertex of r(B)}
is a “tangent” (see Fig. 5).

Thus, we must determine the line ¢ € S for which the acute angle is minimal. Let a be a
fixed vertex of p(A). If the vertices of p(B) are traversed circularly then the sequence of angles
{#i(a,b) [ bis a vertex of p(B)} has at most two local minima. Similarly, if a vertex of p(B) is fixed
and the vertices of p(A) are visited circularly then the corresponding sequence of angles is bimodal.
This observation yields the following algorithm for determining the “tangent”.

1. Choose a vertex ag of p(A) and a vertex by of p(B).
Set a «— ag and b + bg.

2. Starting at b, traverse the vertices b; of p(B) circularly in the direction of decreasing (a, b;)
until a local minimum is found. Let by, denote that node.

3. Starting at a, traverse the vertices a; of p(A) circularly in the direction of decreasing ¢;(a;, b
until a local minimum is found. Let ap;, denote that node.

min)

4. If a # ayin or b # bmin then set @ «— amiy b — by, and go to Step 2.

9. The “separating tangent” is the line which contains ay, and byyy,.



The algorithm halts at Step 5 when no new (local) minima were found. The verlices of p(A) are
scanned in only one direction. The vertices of p(B) may be scanned in two directions. T'he direction
can, however, change only after the first traversal. From the observation above, it follows that the
vertices of p(B) and p(A) are visited at most twice. Thus the algorithm takes O(n) time.

The initial plane is now the plane which contains the “tangent” and which is perpendicular to
P,

All extreme separating planes of A and B can be found by “wrapping” planes around the
polyhedra as in the merge-step of [11]. The “wrapping” begins from the initial plane which was
computed above and takes O(n) time. The planes are obtained in a “cylindrical” order (see Section 3).
As in Section 3, steps 2 and 3 of the algorithm for computing Cp(A) take O(n) time. Thus the cone
Cp(A) is computed in O(n) time.

In order to compute the valid directions of translating A, we traverse the edges of the spherical
polygon corresponding to Cp(A) and, during the traversal, we change at each edge the information
that tells us on which side of the edge the interior of the polygon lies. The traversal takes O(n) time.
The resulting cone contains all directions of valid translations. Thus we have:

Theorem 2. Given convez polyhedra A and B with in total n vertices, all directions in which A can
be translated without collisions occuring between A and B, can be computed in O(n) lime.

5. A Polyhedron amidst a Set of Obstacles -

Given a convex polyhedron A, the object, and a set of convex polyhedral obstacles B;, i =
L,2,...,m~—1, we determine all directions in which A can be translated to infinity without collisions
occuring between A and any of the obstacles. For simplicity, we assume that each of the m polyhedra
has p vertices.

A can be translated in a direction d if and only if d does not belong to any cone Cg;(A),
((=1,...,m—1) (see Section 4). We can thus compute all invalid directions by constructing the
cones Cp,(A) for each i = 1,...,m — 1, and subsequently computing their union U:’;’{I Cp;(A). The
desired valid directions are obtained, as in Section 4, by traversing the edges of the spherical polygon
that correspond to the union.

The union of a set of m planar p-gons is easy to compute by a plane-sweep algorithm in
O((mp + k) log(mp)) time where k is the intersection of the sides of the polygons (see [10]).

Our aim is to modify the plane-sweep algorithm [10] in such a way that it will compute the union
of a set of spherical polygons. We call this modified technique “sphere-sweep”.

The edges of the polygons are parts of great circles on the unit sphere. The intersection of two
edges can be computed in constant time. In constant time, one can also determine on which side of
a great circle a given point of the sphere lies.

Our “sweep line”, the sweep arc is a half circle whose endpoints are fixed in the “poles” of the
sphere, i.e., the intersection points of the z;-axis and the sphere. The sweep begins at the 0-meridian
and advances 360° around the sphere.

Initially, the O-meridian is tested for intersection with all edges of the polygons. The intersecting
edges are stored in a balanced search tree according to the latitude values of the intersection points.
The vertices of the polygons are sorted by their longitudes. They are stored in that order in a heap.
The heap is the initial list of the halting points of the sweep. It is later completed by inserting
intersection points of the edges of the polygons.

After these initializations, two data structures are used and the contour edges of the union are
output as in [10]. The z-structure of [10] corresponds to our “latitude structure”. The y-structure
of [10] corresponds to our “longitude structure”.

The angle between an edge and the sweep arc is, in general, not constant. But it does not have
considerable effect to our algorithm because only the order of the intersections of the edges and the



sweep arc is important. The order can change only at the intersections of the edges. Ilowever, we
need the following observation:

Lemma 3. The sweep arc encounters an edge always at one of ils endpoints.

Proof. The lemma follows from the fact that the sweep arc as well as the edges are parts of great
circles. O

The sweep takes O((mp + k) log(mp)) time where m is the number of the spherical p-gons and
k is the number of intersections of their edges.

The cones Cpg;(A),i=1,...,m — 1 and their corresponding polygons on the unit sphere can be
computed in O(mp) time (see Section 4). Their union can be computed in O((mp+ k) log(mp)) time
where k is the number of the intersections the edges of polygons. The last step, the traversal along
the contour of the union, takes O(mp + k) time. Thus we have:

Theorem 3. Given a polyhedron A and o set of polyhedral obstacles, all directions in which A can
be translated to infinily without collisions occuring between A and the obstacles, can be computed in
O((mp+ k) log(mp)) time (m is the number of given p-vertez polyhedra, and k is the number of lines
along which the faces of the translation cones of A with respect to the obstacles intersected).

The time bound of the algorithm cannot be improved by the method of [4] although the spherical
polygons can be considered as Minkowski differences of convex polygons. The result of [4] requires
that A is the same polygon in all differences B; — A. This does not hold in our case because the
intersections of A and its extreme planes depend on the obstacles.

The output of the algorithm can be stored in a data structure developed for point location in
a straight line planar subdivision (see, e.g., [11]). The “lines” of the subdivision are parts of great
circles. Thus, for a given direction d, we can answer efficiently queries whether A can be translated in
direction d without collisions occuring between it and the obstacles. The query time depends on the
chosen data structure. Without difficulty we can use, for example, the data structure of Kirkpatrick
(5] which is based on a triangulation technique. Then the query time is O(log(mp)). The structure
needs O(mp + k) space.

6. Conclusions

We have shown that several 3-dimensional motion planning problems can be solved more efficiently
if the standard technique of computing the “grown” obstacles, i.e., the Minkowski differences of the
obstacles and the object, is not used. Our results apply only to separation motions by means of
one translation. They can be considered as the first step in solving 3-dimensional problems in which
several translations or rotations are allowed. Some related results already exist, for example, for
the problem of computing shortest paths amidst polyhedral obstacles (see, e.g., [15]). There exist
efficient solutions to the planar variants of several such problems (see, e.g., [2,17,18]). Most of them
cannot be directly generalized to 3-dimensional space without an unacceptable loss of efliciency.

The representation of the output of the algorithms as polygonal regions on the unit sphere gave
us the possibility to apply conventional techiques of planar algorithms.

We have used several of the few algorithmic tools for 3-dimensional problems, including the convex
hull algorithm of [11] and the algorithm of [9] for 3-variable linear programming. An important and
difficult problem is to develop more such tools for 3-dimensional space.

Acknowledgments. Both authors have discussed the topics of the paper with Rolf Klein and the
second author with Emo Welzl. The authors are grateful for these discussions.
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