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Abstract

In several pattern-recognition applications, it is often neccesary to approximate prob-
ability distributions with well defined, parametrized density functions. For the case of
discrete-valued functions (and for the cases when the features are not necessarily normally
distributed), a method known as the dependence-tree exists. This method is based on
the metric known as the Expected Mutual Information Measure. This paper studies the
suitability of a chi-squared based metric for the same purpose. For a restricted class of
distributions, these two metrics are shown to be equivalent and stochastically optimal.

For the general cases, the latter metric is almost as efficient as the optimal one, but is

computationally far superior.
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1 Introduction

The design of pattern-recognition systems, communication systems and information-
retrieval systems involve pattern-recognition. That is, the objective is to classify a specific
sample (e.g. a hand-written character, a digital signal or a book in the library) into one
of a set of known categories. If we denote the measurement made on a sample by X and
the various classes by {w; | # = 1,...C}, the problem of pattern classification is indeed one
in which we attempt to find a class w; which maximizes the likelihood of generating the
sample X. The latter naturally leads us to the most common decision procedure, which
assigns the sample X to the class w; which maximizes the probability Pr(w; |X). Since the
probaility Pr(w; |X) is not readily computable, this quantity (or a quantity related to it,
is computed using the well acclaimed Bayes’ rule, which relates the a priori probabilities
to the a posteriori probabilities. It is worth observing that this term can be computed
only by having an accurate knowledge of the distributions Pr(X| w;), referred to as the
class-conditional distribution.

The measurements made on the sample X, is generally an n-dimensional vector
[z1,Z32,...,2zn]T. The components of the vector X, i.e. zj,%s,...,zy, are referred to
as the features. The information about the distribution of the features within a class, is
typically obtained by a process referred to as “training”. During this process, the infor-
mation system is presented with an array of sampleé and is simultaneously informed of the
class from which the samples originated from. Typically, if the pattern classifier is of the
parametric family of classifiers, it assumes the model for the distribution of features and
uses the samples to estimate the parameters that characterize the distribution.

Owing to the fact that the number of samples is small, and that real machines often
impose limitations on available storage, it is often necessary to restrict the amount of in-
formation that can be collected from the samples. The training process is simplified by
making various assumptions about the distribution Pr(X| w;). The simplest assumption
made about this distribution is that the features are statistically independent. Although

this assumption (i.e. that of feature independence) simplifies the mathematical formula-



tion, it does not necessarily model the real life situation adequately.

To accurately predict the joint distribution of the features, the intention of the system
designer is to capture as much of the information about the dependence of features as
possible. Thus, in order to account for the dependence between normally distributed
(continuous) random variables, it is easy to show that the covariance matrix is adequate;
the result being a consequence of the fact that a normal random vector is completely
defined by its mean and the covariance matrix. In the case when the features cannot
be assumed to normally distributed, or when the random variables are of the discrete
sort, a completely new method is required to capture the information about the stochastic
dependence of the features.

This paper deals with the problem of representing the information regarding the
stochastic dependence between the features. To render the nomenclature and the no-
tation simple, we shall use the vector X to represent the sample and the measurements
made on it. Furthermore in this paper we shall only consider the case when the feature
measurements are discrete-valued. Clearly, this constitutes a large number of cases in the
field of traditional pattern recognition, and indeed includes the entire field of problems
encountered in information-retrieval.

The central issue in tackling this problem is one of approximating the joint distribution
(or more exactly the joint density function) P(X), where X is the vector [y B s 5 BmlT s
Because of the largeness of the dimensionality of the vector X (i.e. because of the large
magnitude of N), it is both infeasible and impractical to store estimates of the joint density
function P(X) for all possible values of X. It is infeasible because, if each feature z; ecild
take one of a set of k distinct values, the number of estimates that would have to be
maintained is of the order of k. Obviously such a scheme would be impractical also. A
sccond alternative is one of approximating P(X) by a well defined and easily computable
density function P,(X).

When using an approximation density function P,(X), the question is now one of
measuring how well this function approximates the “real” density function P(X). In order

to quantify this “goodness” of approximation, we must define a distance measure, between



these two density functions. One such measure, which is an information theoretic measure,

has been known to serve this need. It is given below:-

P(X)
I(P,P,) =% P(X)Io

It is well known that I(P,P,) > 0 and I(P,P,) = 0 only if the approximation is
exact (i.e. P(X) = P,(X), for all X). Hence I(P, P,) is a measure of the closeness of the

approximation; the smaller this measure, the better the approximation. In other words,
the intent in finding the best approximation for a given density function P(X) is to find

a density function P,(X) from the set of available approximations such that I (P .F) is

minimized.
1.1 Approximation Techniques

We have pointed out earlier that it is impractical to gather the estimates for the joint
density function P(X), for all values of X. Such a task would involve maintaining estimates
of the highest order marginals, for these marginals will completely determine the lower-
order marginals. Thus from a feasible and practical point of view, we are restricted to
collecting information about the lower-order marginals (i.e. the joint density functions for
a subset of the N features).

The basic method adopted in all the approximation methods is as follows: If we have
all marginals of the &£** order available, the approximation P, (X) will be chosen so that
its marginals of order k£ (and less) agree with the estimates of the corresponding marginals
of the underlying density function P(X). Among all such functions which satisfy the
marginals constraint, the best approximation is the one that minimizes the closeness mea-
sure defined in (1). It is natural to expect that the approximation gets better with the
availability of the estimates of higher-order marginals.

The first solution to this problem of approximating discrete distributions was presented
by Chow et. al. in [2]|. In this method, the approximation uses only thé information gath-
ered about the first and second-order marginals. This constraint naturally leads to an ap-
proximation which is based on the Chain Rule, with the modification that the conditional

probabilities utilized in the approximation are of the type Pr(z; | z;). This can concep-



tually be viewed as a spanning tree of a complete graph consisting of N nodes. A node
z; is said to be the parent of z;, if the probability density function Pr(z; | 2;) # Pr{z;).
Approximations of this type will be called “tree-type approximations”.

This method due to Chow et. al. derives a relation between the measure of closeness

I(P, P,) defined in ( 1) and the measure of dependence between all the pairs of variables.

This measure is the well known Ezpected Mutual Information Measure(EMIM) which is

defined for all pairs of discrete-valued variables {z;,z;} as:

I'(zi,25) = ZZ;_ Pr(z;,z;) log P_ijt% ?

The reader will recognize that this definition for the measure of dependence between
variables is very similar to the closeness measure between two density functions (or dis-
tributions). In fact, P(z;,z;) can be viewed as the underlying distribution, and the “ap-
proximating” distribution is the one which assumes the features z;,z; are statistically
independent. The essential idea in [2] is then to compute EMIM for the (]:) pairs of
variables, and then select the most dominant dependencies. It is shown later that this ap-
proximation can be related a tree called the dependence tree. A recently published result
proves that the result of Chow et. al. yields an approximate dependence tree, which is
nearly optimal, even if the criterion is to minimize the probability of misclassification [7].
This method finds immense application in all problems that include pattern classification
as a sub-problem. In particular, the applications to the field of information retrieval can
be found in [6].

In the second type of approximations proposed by Ku et. al. in [4], the dependence
between the components of the feature vector are not restricted to a tree-type dependence
model. Once this constraint is relaxed, a very general method results and the paper 4]
describes an extremely interesting and fascinating iterative method to obtain the best
approximation possible, with the available information. Since this problem is not the
primary concern of our current study, the details of the iterative procedure are not included
here.

The structure of the report is as follows. Section 2 describes the method presented in [2].

The current study focusses on the use of an alternative new measure, I, used to quantify
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the dependence between variables; Section 3 defines the new metric I, and derives some
properties of this new metric. For a restricted class of probability distributions, the metrics
I, and I* are shown to equivalent (and thus optimal), as far as the problem of finding the
dependence tree is concerned. While it is known that the new metric I, is non-optimal
in the most-general case (i.e. for the case of arbitrary joint distributions), experimental
results clearly demonstrate its excellent accuracy. These results point out that in cases
when the underlying distribution is not based on a tree, the new metric generates a tree
that is only marginally non-optimal. In the case when the dependence between variables
is indeed of the tree type, the convergence to the “real” tree is observed in all experiments
conducted. Experimental studies have provided evidence that the computation of the best
tree based on the I, metric can be usually achieved in about 20-25% of the time required

to perform the same operation, using the I* metric. Section 4 presents the experimental

results.

2 Dependence Tree Approximation

To introduce the method due to Chow et. al. 2], we use the following well established rule,

the Chain Rule, which expresses the joint probability distribution in terms of conditional

probabilities:
P(X) = Pr(z,)Pr(z; | 21)Pr(zs | 21, 2,) o Pr(zy | zy...2z5_4) (3)

We notice that in this expression, each variable is conditioned on increasing number of
other variables. In this context, it is important to point out that estimating the k** term
of this equation (i.e. a conditional probability term, in which a variable is conditioned on
k — 1 other variables), requires maintaining the estimates of all the k* order marginals.
If we restrict ourselves to computing only the (first and) second-order marginals during
the “training” phase, we are assured that we can compute all the conditional probabilities
of the form Pr(z; | z;). Thus we explore the approximation that results if we ignore
the conditioning on multiple variables, implying that we shall attempt to retain only

dependencies on at most one variable. This leads use to the following approximation:
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il :jz

r(zi | zj5))  where  0<j(d) <. (4)

Notice that in this equation, each variable is dependent on exactly one variable that has
appeared earlier in the equation. To include the case when 7(¢) = 0, we use the convention

that zo is a dummy variable, which does not influence any other variable. With this

understanding, Pr(z; | zo) will be the same as Pr(z;).

In the above case, there is a “natural ordering” among the components {z; |
1,2,...,N} of the vector X, such that the variable z; was conditioned on z;(;), where
J(7) < 1. In the general case, the product approximation takes the form:

N
BiX) = E Priza; | xmi(‘.)) (5)
where, my,my,...,my is a permutation of the integers {1,2,...,N}.

The dependence assumed in the above equation can be given a graph theoretical inter-
pretation. Consider a graph G, with N nodes, labelled as {z1,23,...,zxn}. In this graph,
the edge (Zm;, Zm,, ), Tepresents the fact the variable Tm, is (statistically) dependent on
the variable Tmj- 1t is easy to see that G is indeed a tree, with the node z; as the root.
This tree is completely defined by the permutation (my,mg,...my) and the function (9.

It is well known that there are N(¥-2) spanning trees on a graph with N nodes. Also,
each tree is associated with a unique approximation of the form given in ( 5). The prob-
lem of finding the “dependence tree” is one of finding the tree, for which the associated

approximation is the best.

It is proved in [2] that the closeness measure, I(P,P,), computed for the product
approximation in ( 5) can be expressed as:-

I(P,P) = = 5 I (amy 2mye) + 3 Hiz) — H(P) ©

i=1 i=1
where,

H(z;) = — Z Pr(z;) log Pr(z;)

zy

H(P) =->_ P(X)logP(X)
X



and

* - Prlz:, =)
'.I (xnx;r) - thzj PT(.’I:;,:UJ) log PT(:E,‘)PT(JH)

The problem of finding the dependence tree, is one of finding the permutation
(m1,ma,...,my) and the function j(-) (or equivalently an array (jy, s, .. .Jn)) which will
minimize the right-hand side of (6). Clearly :_/¥; H(z;) and H(P) are independent of the
approximation since they only depend on the underlying distribution P(X). Therefore, in

order to minimize the RHS of (6), we must maximize ¥ | I*(zp,, z:mj(‘.)).

It can be seen that this is essentially the same as the operation of finding the maximum
spanning tree of the graph G, with N nodes, z,,z,,...,zy, where the edge between nodes
;, z; is assigned the weight I(z;, z;). In practice, the probabilities required for computing

the edge weights of the graph are not known a priori, they must be estimated from the

samples. The process of finding the best dependence-tree can be algorithmically described

as follows:
Algorithm Chow
Input: The set of s samples X!, X?,..., X°.

Output: The best dependence-tree 7 as per the EMIM metric.
Method:

1. Estimate the first and second-order marginals from the various samples.

2. Compute the edge weights I*(z;, z;) for all pairs of nodes, and create the graph G.
3. Compute the Maximum Spanning Tree of G and submit it as the desired tree 7*.
End Algorithm Chow

It is proved in [2] that Algorithm Chow, indeed finds the maximum likelihood esti-
mate of the dependence tree. The significance of this result is tremendous, and although
the result was proved in [2], we believe that the power of the result was not adequately
stressed. Notice that from the set of all spanning trees of the graph G (totally NV-2 of
them), the maximum likelihood estimate of the tree is the one which maximizes the likeli-

hood of generating the actual occurence of samples. Thus to obtain such an estimate, the



S Set of NN-Z
amples .

spanning trees
Estimate proba- Select, Maxi-
bilities and mum Likelihood
Compute I*(-,") Estimate
Compute MST 7*

Figure 1: Finding the maximum likelihood tree

brute force modus operandus would suggest that the likelihood function be evaluated for
every possible spanning tree, and then the tree which maximized this function would be
the reported solution. Considering the large number of spanning trees, this is computa-
tionally infeasible except for graphs with a small number of nodes. Algorithm Chow is
an elegant solution to this problem — it merely involves the straightforward computation
of the MST; this being a computation of complexity O(N?). This result, is stated formally
in Theorem 0 and is illustrated pictorially in Figure 1.
Theorem 0

The dependence-tree produced by Algorithm Chow is the maximum likelihood tree,
which can be obtained from the samples X!, X2,..., X°.
Proof:

A sketch of the proof of this result, was presented in [2]. A more detailed and complete

proof can be found in [5]. 0

In the light of the above result, it is clear that the metric defined in (2) is the best
possible metric for capturing dependence information between pairs of variables, if the
overall approximation is to be ideal in the sense of obtaining the minimum value of I (B

as defined in (1). The only drawback with the the I* measure is that it is computationally
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very expensive and time consuming (especially for large values of N), as it involves the
evaluation of O(N%k?) logarithms where, as before, k is the number of values which each
feature of the sample can take. We shall now present a new metric, called the I, metric,
which essentially captures the x?-statistic of the distributions and which can be used as a

measure of dependence between the variables.

3 The y? statistic

We define the metric I,(z;, z;) to quantify the degree of dependence between two discrete

(random) variables as follows:-

Lez) = 3 (P”(“’f’2(;;’;@_?(%-)) o

From the definition in (7), it is clear that I, has the following desirable characteristics

of a metric capturing dependency information:

1. L(zi,z;) >0
2. I (2, ;) =0 iff Pr(z, ;) = Pr(z;) Pr(z;).

Observe that the latter equation represents the case when the variables z;, z; are statisti-
cally independent.

At this juncture, it is worth recapitulating that Section 2 concluded with the very
important result due to Chow et. al. which is that the I* metric defined in (2) naturally
appears in the process of selecting the maximum likelihood estimate of the dependence tree.
This is true, since we are constrained by the laws of probabilities, to choose a product form
approximation for the joint distribution P(X), and the only metric which minimizes the
closeness measure defined in (1) is the EMIM given in (2).

In this light, it is clear that the metric defined in (7), cannot be related to the closeness
of approximation defined by (1). Furthermore, it does not seem to be possible to relate
this metric to an analogously defined closeness of approximation metric obtained if (7) was

generalized for the case of distributions, as shown below:-

1y = B0 ECO

10



Although I,(z;, z;) cannot be related to I(P, P,) defined in (1), it is not entirely futile
to pursue it. Observe that for the first part, it is far easier to compute it rather than to
compute I" because as pointed out earlier, the latter involves the evaluation of numerous
logarithms. Thus although we cannot prove the optimality of I, for all distributions, this

metric is not entirely void of an underlying theoretical framework. Indeed we can prove

the following properties of I,:

1. In the case when the features z;, z; are binary valued, the metric I (z, z;) defined

in (7), increases or decreases monotonically with I *(zs, ;).

2. For arestricted class of probability distributions, i.e. for a specific type of dependence
between the individual features, the quantities I(zi,z;) and I*(z;,z;) are shown to
be equivalent. Thus within this family, the I, metric indeed yields the Maximum
likelihood estimate of the underlying tree, even though the computation ié achieved

without computing the matrix I*(.,).

Although Property 1 has been proved for the case of binary-valued features, we believe that
the same result holds even if the restriction of having binary-valued features is relaxed.

We now prove the above results formally.

Theorem 1

If z;,z; are binary-valued distinct features, I, (z;, z;) increases(decreases) iff I*(z;,z;)

increases (decreases).

Proof:

We note that both I, and I* are functions of the four joint probabilities
Pr(zy = oa,z; = f), for o, = 0,1. For the sake of brevity, we denote
Pap = Pr(z; = a,z; = f). Since poo+po1+Pp1o+p1; = 1, all the four Dap’s cannot be inde-
pendently specified. Indeed, since any three of them automatically determine the fourth, in
the following derivations, we assume pog, po1, P10 to be the linearly independent parameters,
and that p;, is implicitly specified in terms of their values. We also note that the first order

marginals for z; and z; can be easily expressed in terms of these second-order marginals.
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To do this, we introduce the following notation: a, = Pr(z; = «) and b, = Pr(z; = ).
It is easy to see that:
g = Poo + Po1
ay = P+ P,
bo = poo + P10,
by = por+pu- (8)
Now, by the definition of I* in (2),
* _ Piy
I (I;,.’I:j) = Zp,'j 10g b
ij iy
= poo log poo — poo log asbo + po1 log po1 — por log agby
+P10log p1o — prolog azbo + pyy log p11 — pi1log agb;.
dag __ O8bg __ da; __ 8b; __ '
Observe that as a consequence of (8), Boe i g e and 305 = 3pe = —1. Thus, taking
partial derivatives with respect to pgo, we get,
L~ (log oo +1) — (log(aobe) + 22 (ao + o)) — 2 (b, — ag) — P12 (q; — by)
Opao aobo apby abo
p
—(log p11 +1) — (—log(a;b;) + "i(—ﬂ'l — by)).
3151
Simplifying the above equation,
or Poo/@obo | Pro+Pu | Poo+Pu1 Poo+Por  Poo+ Pro
= log + + B s
9Ppoo P11/ asby a by ag bo
Poo/aobo
log ————. 9
p11/aiby P

We now derive an analogous expression for the derivative for I,. Consider,

pij — ab;)?
L(zi,z;) = Z(J—“{)“

1,7 G,,'bj
)
= =2 25+ D aib;
7 @b i
%,
= Yy —L -1 (10)
i ﬂ.,’bJ‘
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Using the simplified form of I, in (10), and taking the partial derivative w.r.t. Doo, We

get,

ar 2
X 2300_0 - (&) (a0+bo)

apoo aobo aobo
po1 \? ( P10 )2
— — — | — —b
(aobl) (bl aO) albg (Gx 0)
P11 P11 \?
2G1b1 (albl) (=i

Grouping terms and performing some elementary algebraic simplifications, we obtain,
I 2 2
X _ 2(?00_?11)_(a1_b0){(po1) +(P1o)}
Opoo acbo  a1by apby aybo
2 2 2

P11 Poo Pn

2 (o)~ (G) + (35) |-
T (albl) (aD ¥ 0) { O‘.ng " G.]_bl

To simplify the above expression, we define r;; as:

—— Pij
t) — T 4 -
(I,'bj

Thus the above equation (for the derivative) can be conveniently rewritten as:

oI,

ap = 2("00 = "11) = (‘11 — bo) ("31 2 "fo) - (aO 3 bD)("go : 7'31) + 2’"%1- (11)
00

We shall now derive certain auxiliary equations, relating the {r;;}’s. Consider the

difference rog — r1;. Indeed, this has the value,

Poo  Pu _ Poogibi — puiaobo

WA = aobg a1b1 B a0a1b0b1
_ poo{p}; + (Por + P10)P11 + Parp1o} — P11{PZ + (Por + P10)Poo + Po1P1o}
apa1boby
- D
ME)_ where D = poop1; ~ Po1Pio- (12)
agalbobl

In a similar manner, we can obtain the following equations for rgq — ro; as:

Poo  Por _ Poob1 — poibo

roo T ror = agbo  achy  agboby
_ Poo (P11 + Po1) — Po1(P1o + Poo)
aoboby
= D/aobqbl

13



Using the symmetry of the situation, the rest of the auxiliary relations between {r;;}’s can

be written down as:

Too —Ti0 = D/(Goalbo)

rii—ro = D/(agaib;)

rii =70 = D/(a1body) (13)
We note that ao + bo = 1 — (a1 — bo), and hence we can rewrite the expression in (11) for

oI, /9pgo as:-

alI

= (roo —ru)(2 —roo — r11) + (a3 — bo) (rdy + v} — r2, — r%)
— —— 2 j— e g
(700 r11)( roo — 1) + (Pu Poa) {aobob1

D(p11 — poo)
aoalbobl

= (roo—r11) {2 —re0 — 11 + a (roo + ro1) + ao(riy + r10)}

(?’Qo + Tm_) +

(?'11 + r10) }

{ai(roo + ro1) + ao(ry + T10) }

ayboby

= (roo—r11)(2 —roo —ru1) +

= (roo—r1) {2+ ai(ror — r11) + ao(r10 — 700)} - (14)

Consider the second term of the RHS of (14). We can simplify this using the values of
{ri;} and the relation between the {r;;} (13) to yield:

a D agD
2 = - = 2 -
+ a1(ro1 — 711) + ao(r10 — ro0) agaiby  agaybo
D D
= 2—-—— = —
a0b1 albO
D B
- B B, B 15
( a0b1)+ alb[)) (15)

Also since,

aoby = (poo + po1)(po1 + P11)
= pél + (Poo + P11)Po1 + Poop11
it is clear that agby — D = p, + (Poo + P11)Po1 + Po1P10 = Por.

Hence, combining (11) and (15), we get:
oI,
Apoo




_ _ Po1 P10 }
(TOD rll) {aobl L albo

= (roo = 711)(ro1 + r10)- (16)

Comparing equations (9) and (16), we see that for all distinct random variables, z;, z;,
0L,/ Opgo follows 8I* /Opyy in sign everywhere and the theorem is proved with regard to
the variation of the quantities w.r.t. pg. Similar expressions can be derived for the partial

derivatives of I, and I*, w.r.t. the variables py; and P1o. In the interest of brevity, these

are not derived here, but the results are stated below:-

aL
ap; = (ror—r1)(ri0 + Too)
ol
Bpfg = (rio—ru1)(ror + Too)
BI* ]_ To1
sy oF —
dpor . ™
8[* T10
= log —. 17
dp10 8 711 ( )

These expressions can be derived, by following the above derivation almost syn-
chronously. An inspection of the equations in (17) reveals that the partial derivatives
of I and I'* w.r.t. po; and pyo have the same sign. Hence the Theorem. O
Remark:

A comparison of equations (9) and (16), indicates the equality of sign, only if 7o, and
10 are both non-zero. It is interesting to note the implication of this condition. Observe
that if ro; and 7y are both zero, the definition of ri; implies that py; = pjp = 0, 'and that
the values of r;,z; are closely related (indeed, they are never different). In this case the
condition ro; = r10 = 0, is equivalent to the condition that z; is identically equal to z; and
thus z; and z; are non-distinct.

Furthermore, an observation of (17) indicates that the derivatives of I, and I* w.r.t.
Po1 agree in sign everywhere, except when rjg = rop = 0. This condition implies that
P10 = poo = 0, or that by = 0. The condition by = 0 implies that the feature z; is always 1,
and hence is not informative. Such features can therefore be assumed to be absent. Similar
arguments can be made with regard to the partial derivative w.r.t. p;o. In summary, except

in trivial cases, the partial derivates of I, and I* agree in sign.
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The result established in Theorem 1 implies that if, as a result of slightly perturbing
the second-order marginals of the variables z; and z;, the measure I* (zi, z;) increases or
decreases, a similar effect will be observed in the measure I,(z;,z;). Though the result
is all-encompassing and powerful, it is unfortunately quite a local result. Thus, although
the theorem guarantees how the weight assigned to an edge will vary depending on the
metric used, it does not guarantee how the weight of the MST will vary as a function of
the metric used. In other words, this property does not ensure that these two metrics are
equivalent when it concerns computing the MST. In order to guarantee that both measures
of dependencies find the same dependency tree, the relative ordering of the weights for all
the edges meeting at a particular node must be preserved, irrespective of the metric used
(i.e. I, or I*).

Although I and I, only locally follow one another for all distributions, there is a subset
of distributions for which there is a global relationship between the two. For the first
part note the I* itself yields the optimal tree only if we restrict ourselves to second-order
marginals. If additionally we constrain ourselves to distributions in which the second-order
marginals satisfy certain elementary constraints, we can show that I* and I « globally follow
each other. Thus working with a restricted set of distributions, it becomes evident that
the MST chosen using the I, metric is exactly the Maximum Likelihood estimate for the

underlying tree. The following sequence of Lemmas prove the result.

Lemma 1

Consider the pair of variables z;,z; and the joint probabilities defined as follows:

Pog = a— A
por = b+ A
Pro = c+A
pu = d—2A (18)

where a,b, ¢, d and X satisfy:
at+b+e+d = 1

16



ad = be

0 < A < min(a,d) (19)

Then dI*/dX follows dI, /d) in sign.

Proof:
We note that from (10):
P2
Llzsya;) = Z ;’;; - 1.
.2
Now, the total derivative of I, can be written as:

al, _ 2poo(—1) +2P01 +2P10 2p11(—1)
dA agbo agbl G.lbo alb]_
A—a)b b+ A b -
_ S (A—a)bt (b4 )bo+2(c+A) 1+ (A= d)b, 0)
aobobl a'lbObI

The numerator of the first term of the RHS of (20) is:

(A=a)by+ (b+ Ny = A(bo +b1) — a(b+d) + b(c + a)
= A—(ad—be) = A,

the last equality being a consequence of (19).

Similarly, the numerator of the second term of the RHS of (20) is:
(A—d)bo+(c+A)by = A—d(c+a)+ec(b+d) =2

Thus,

df: % 2\ 2X(ao+ay)

dA N aobobl * albobl - aoalbobl
2\

agaiboby ’

where again the last equality follows since ag + a; = 1.
We now proceed to evaluate the derivative of I* w.r.t. \. Since,

I*(ﬂ?n xj) = ZP:‘;‘ log

1,7

= 2_pijlogpi; — 3 pislog Kij, where Kij = a;b;,

DPij
G.,'b'

7
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we have

dI*
e = (1 + log poo) (—1) + (1 + log po1) + (1 +logpio) + (1 + log p11)(—1)
+ log Koo + log K13 — log Ko — log Ky
Po1P10 Koo Kyy
= log —/——— 4 log ———,
& PooP11 & Ko1Ky

Now it is easy to verify that KooK11/Ko1 Ko = 1. Hence the second term of the
equation for dI*/d\ vanishes. Thus,

dar = log Po1Pi1o
dA PooP11
b+ A)(e+ )
= 1
Cla—N(d—A)

A2+ (b+ )X + be

Al —(a+d)A +ad

M4 (l—a)A+8
A —al+f

Comparing (21) and (22), we see that both dI,/dA and dI*/d) are positive, negative

= log

log

where a=a+d, andf =ad (22)

or zero, according as A is positive, negative, or zero respectively. Hence we have proved

Lemma 1. O

Lemma 2

Let z; be any feature. Then for all 5 # 4, let the joint distribution of the pair of features
z;, z;j satisfy the conditions (18) and (19) of Lemma 1 with the additional constraint that
all distributions are based on common values of the parameters a,b, ¢, d but differ only in
the value of the parameter A. Then the index k which maximizes I*(z;, z;) also maximizes
L (zi ;).
Proof:

Since all the edges have common values of the parameters a, b, ¢, d, but differ only in
the value of A, the edge weights (under I* and I, metrics) are functions of the same single
parameter A. The stated result simply follows from Lemma 1 as per the observation that

both I* and I, are both increasing functions of A in the interval that ) is constrained

to belong to. This implies that the index of the edge with maximum weight remains

unchanged under both metrics. =]
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Theorem 2

If the joint distributions for every pair of variables z;, ; have the same parametric form
defined by (18) and (19) with identical values of a,b,c,d, but the distributions differ only
in the parameter A, then the MST chosen by I, will be exactly identical to that chosen

by I* or is just as good an approximation as the latter.

Proof;

Lemma 2 has established the result that of the edges meeting at a particular node,
the index of edge with maximum weight is invariant under both the metrics I* and ) .
Given the additional information that all edges are specified using the same parametric
constants (i.e. a,b,c,d), a straightforward extension of Lemma 1 yields the result that the
relative ordering among the (";’ ) I*(-,-) weights and I(-,+) weights are identical.

Several algorithms to solve the MST problem are known. We shall show the equivalence
of the trees produced by I* and I, metrics, by simulating Kruskal’s algorithm [1]. This
algorithm essentially sorts the edges in the descending order of weights and selects the
(N-1) edges that do not form cycles. It is apparent that since the relative ordering of the
edge weights under the two metrics are identical, the MST computed will be identical.

It must be noted however that the MST is unique only if all the edge weights are
distinct. If two edges have identical weights under I* metric, they can be easily shown to
have identical weights under the I, metric. Thus in these cases, the MST’s produced by
the two metrics can only differ in the selection of an edge from the set of edges with equal
weight. The sum of the weights of the edges included in the MST will indeed be identical
and hence both the MSTs will be equally good approximations (see (6)). O

It is interesting to note that the decision to specify all the ({j ) distributions identically,

has other implications. These conditions are indicated below:

Lemma 3

If all the ({j) pairs of variables in the graph G use the same parameters a, b, ¢, d, then

b= ¢ and the values of a,d are given by:  {(1 —2b) £ /1 — 4b}/2.
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Proof:

Let us consider a node ¢ and its neighbour j. Then Pr(z;) = 0 and Pr(z;) = 0 are
given by a+b and a+c¢ respectively. Because of the symmetry, we must have a+b = a+c,
and hence b = ¢. Given the additional conditions a + b+ ¢+ d = 1 and ad = be, we can
solve for the two unknowns (i.e. @ and d) from these two equations. The above equation

indicates that b < 0.25. When b = 0.25, all the constants a,b, ¢, d are equal (to 0.25). O

4 Experimental Results

In order to test the validity of the theoretical results presented in this paper, numerous
simulations were carried out. The experiments conducted were of two categories. In the
first set of experiments the intention was primarily to test the accuracy of the new metric
I,. That is, the aim was to determine the number of times the MST 7, (obtained by
using I, ) is identical to the corresponding tree 7* (derived by I*). In the second set of
experiments, the aim was to observe how quickly the 7, and 7* converged to the “real”
underlying tree.

As a consequence of Theorems 1 and 2, it is easy to see that whenever the conditions
of (18) and (19) are satisfied and the feature distributions have identical parameters, both
the I, and the I* metric will be equally accurate. Of course this has been experimentally
verified and in every single case, when the conditions were satisfied, 7y and 7% were either
identical or equally efficient w.r.t. the EMIM metric I* where by “equally efficient” we
mean that the sum of the I* weights for all the edges in 7, and r* are identical. Thus any
further simulations done for this scenario can only further justify the assertion.

The quality of the estimate 7, can be evaluated for the case when the conditions of
Theorem 2 are not satisfied. Let us suppose that some (or all) pairs of features z;, z; has
a second-order marginal distribution Pr(z;,z;), which does not satisfy these conditions.
Then the estimate 7, need not be identical to (or equally efficient as ) 7*. However we
observe that for a good proportion of time, 7, is identical to 7* and in the cases when

they are not identical, the relative difference between the weights of r, and 7* (i.e. sum

of the weights of all the edges) as per the EMIM metric I* is extremely small — being of
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the order of 0.5 %.

These experiments were conducted for various dimensions of the feature vector, as fol-

lows. First the number of features was selected and each second-order marginal distribution
was randomly generated using the procedure explained below.

The procedure is easy to follow, if we consider the following sub-problem. Let us limit
ourselves to dealing with two events 4 and B, which occur with probabilities Pr(A) and

Pr(B) respectively. The problem which we wish to address is one of randomly assigning

a probability to the joint event 4 N B.

In order to assign probabilities to the event AN B, we have to first establish some

bounds for this quantity. Clearly 0 < Pr(An B) < min(Pr(A), Pr(B)). Furthermore,

Pr(AUB) = Pr(A) + Pr(B) — Pr(An B)

and Pr(AU B) <1,

we easily get the following inequalities:

Pr(AnB) = Pr(4)+ Pr(B) — Pr(AuU B)
> Pr(A)+ Pr(B) —1.

Combining the above results, we arrive at the following relation:
max(0, Pr(A) + Pr(B) —1) < Pr(An B) < min(Pr(4), Pr(B)). (23)

Given the lower and upper bounds established by this equation, it is easy to randomly
assign a value to Pr(An B).

We now illustrate the use of the above result, in assigning the second-order marginal
distributions for the pair of features z; and z;. For simplicity, we assume that these features
are binary valued. The first step in this process is to assign the first-order marginals to
the features z; and z;. In other words we first randomly assign values to Pr(z; = 0) and
Pr(z; = 0), and thus implicitly assign values to Pr(z; = 1) and Pr(z; = 1). Using the

bounds specified by (23), we can now randomly assign a value to the Jjoint probability
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Pr(z; = 0,z; = 0). Once this choice has been made, the remaining second-order marginals

can be easily written down as follows:

Pr(z; =0,2; =1) = Pr(z;=0)— Priw; = Oy = 0),
Pr(z; =1,2; =0) = Pr(z; =0)— Pr(z; = 0,z; = 0),

PT(.’B{ == l,zr,j = 1) = Pr(zi = ]_) — Pr(:c‘. =0,z = ]_)_

To get the joint distribution for all the features, the above procedure was repeated for
all pairwise combinations of features.

We are now ready to present the results obtained for the above mentioned case. The
results represent the ensemble average, computed over 5000 random distributions, for each
value of the dimension D of the feature vector. In the following discussion EMIM(r) stands
for ¢, I*(e). The two parameters we report are (i) the the number of times 7* and Ty are
different, and (ii) the Relative Error between EMIM(r*) and EMIM(r,). This quantity is
computed as the percentage average of (EMIM (r*) — EMIM(r,))/EMIM(r*). Table 1
presents our results. The results are significant. For example, when D the number of
dimensions is 6, the percentage error between the EMIM values of 7* and Ty is as low as
0.277%. This value increases to 0.49 %, when the dimension D increases to 12.

Similar experiments were conducted in the case when the features were not binary
valued, but were ternary valued (3-valued). Table 2 presents the results for this case.
Notice that although the number of mismatches is relatively large, the percentage error

between the weights of two trees 7* and 7, is small.

In the second set of experiments, instead of generating the probability distributions
directly, we used an underlying tree to generate the samples. Given the dependence tree,
the program must generate the various features of the vector in such a way that the
“parent” feature is assigned a value before the “child” (or dependent) feature. It is easy
to see that this condition is satisfied if the features are assigned values in the order that

a breadth-first traversal of the dependence tree would visit them. The estimates of the
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" s . E_‘____——
Dimension of Proportion of Average Relative

Feature Vector (D) | Mismatches (in %) Error (in %)
—————— 7/ | Vismatches (in %) |

6 22,12 0.2771
&l

8 39.02 0.3799
0¥ ]

10 52.28 0.4470
—_—

12 62.58 0.4912
[ s L I S

Table 1: This table summarizes the results of comparing the trees produced by the I, and
I" metrics, when random distributions were used. The reported results are the number

of mismatches and the accuracy of the tree weights. In each case
valued.

Dimension of Proportion of Average Relative
Feature Vector (D) | Mismatches (in %) Error (in %)
6 46.34 1.2941
8 65.62 1.6487
10 79.54 1.8448
—_— 1 1904 ___L S, .. .
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second-order (and the first-order) marginals were updated with every sample. Subject to an
initial training phase, the trees 7, and 7* were computed as the samples arrived. As before,
we maintain the number of times the trees 7* and 7, were different. Since the dependence
in this case comes from an unknown underlying tree 7,, it is useful to compare the
convergence of 7* and 7, to this tree 7,. One measure of the closeness of these trees is
the closeness of the distributions generated by them and this is precisely what we chose to
monitor. If P,, P* and P, are the distributions derived from the “real” underlying tree 7,, 7*
and 7, respectively, the quantities which we measured are the closeness measures I(P,, Py)
and I(P,, P*). Note that these quantities can be easily computed from the definition given
in (1).

We now present the results for the case when D, the number of dimensions, is 6. The
underlying dependence tree used is shown in Figure 2a. In our experiments, the agreement
between 7* and 7, was so close that the plots of I(P,, Py) and I(P,, P*) vs. n, the number of
samples, can hardly be differentiated visually. For this reason, in Figure 2b we have shown
I(P,, P,) as a function of n. The closeness of approximation in Figure 2b, was obtained
as the ensemble average over 50 experiments, each consisting of 5000 samples. Besides
the fact that I(P,, P,) and I(P,, P*) are extremely close, two other observations are also
worth mentioning. When the underlying dependence is one of tree-type dependence, the
agreement between 7* and 7, is indeed very close. This is evidenced by a very small number
of mismatches, when compared to the case of random distributions. The other observation
is that in terms of the speed of convergence, both metrics seem to be comparable. For the
case illustrated, the number of samples required to reduce the ”initial distance” between
the real tree and the estimate to 10% of its value, is 1000. It must however be kept in mind
that even though the “real dependency” tree may have been found earlier, the closeness
measure between these distributions is not exactly zero, due to inaccurate estimates

of the conditional probabilities. Figure 3 reports similar results for the case when the

dimensionality of the feature vector, D, is 10.

In order to quantify the ease of computing 7, over that of 7%, we have performed some

measurements on the execution times. The experiment consisted of generating a random
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(a) Underlying dependence used for generating the samples to measure the rate of conver-

gence of 7,.. In this case, D, the dlmensiona,lity of the feature vector is 6, which is equal to
the number of nodes in this tree.

0.05

0.04 ~

0.03 1

0.02 1

0.01 1

Closeness of Approximation

0.00

Number of
Samples

(b) Variation of the ensemble average of the closeness of approximation I(P, P,) between
the actual distribution P and the estimated distribution P, derived from the estimated
dependence tree. The metric used to derive this tree is the I, metric. The underlying
dependence tree describing P is given in Figure 2a.

Figure 2: Rate of Convergence (D=6)
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(a) Underlying dependence used for generating the samples to measure the rate of conver-
gence of 7,. In this case, D, the dimensionality of the feature vector is 10, which is equal
to the number of nodes in this tree.

0.02

0.01 4

Closeness of Approximation

0.00

0 1000 2000 3000 4000 5000

Number of Samples

(b) Variation of the ensemble average of the closeness of approximation I(P, P,) between
the actual distribution P and the estimated distribution P, derived from the estimated
dependence tree. The metric used to derive this tree is the I metric. The underlying
dependence tree describing P is given in Figure 3a.

Figure 3: Rate of Convergence (D=10)
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probability distribution for the case of binary valued features and then computing each of
7" and 7, 5000 times each. The figures on CPU time usage suggest that the computation

of 7,, takes approximately 22% of the time required to compute 7*. This is by no means a

small reduction in the demand for CPU time.

5 Conclusion

In this paper, we have considered the problem of approximating an unknown underlying
discrete probability distribution, by one derived from a dependence tree, The best depen-
dence tree 7* is known to be the MST of a complete graph, with I*(1,7) as the edge weight

between the pair of nodes ¢ and j. This paper proposes a chi-squared based metric, I,

The quantities 7* and I are shown to follow one another locally, i.e. they increase

results holds in general, but have not obtained proofs for this conjecture. By suitably re-
stricting the domain from which the joint probabilities can be assigned to pairs of features,
we have shown both these metrics to be equivalent (and hence optimal) in this restricted
world.

Experimental results clearly demonstrate that when the underlying unknown distri-
bution is derived from a dependence tree, both metrics I* and L, succeed in finding it.

When the undelying dependence is not actually based on a tree both 7* and Ty are esti-

The main advantage with our metric 7, is that it is computationally far superior to
the metric I*; this is a direct consequence of not requiring the evaluation of numerous
logarithms. The experimental results suggest that 7, can be computed in a small fraction
of the time required to compute 7*. The savings in terms of CPU time, will be even more

significant, if the number of values that each feature can assume, increases.

27



References

[1]

2]

3]

AV. Aho, J.E. Hopcroft, J.D. Ullman, The Design and Analysis of Algorithms,
Addison-Wesley, 1974.

C.K. Chow and C.L. Liu, “Approximating Discrete Probabililty Distributions Using

Dependence Trees”, IEEE Trans. on Information Theory, Vol. IT-14, 1968, pp. 462-
467.

R.O. Duda and P.E. Hart, Pattern Classification and Scene Analysis, Wiley Inter-
science, 1973.

H. Ku and S. Kullback, “Approximating Discrete Probability Distributions”, IEEE
Trans. on Information Theory, Vol. IT-14, 1968, pp. 462-467.

R.S. Valiveti, Ph.D. thesis, Carleton University, in preparation.
C.J. Van Rijsbergen, ” A Theoretical Basis For the Use of Co-occurrence Data in

Information Retrieval”, Journal Of Documentation, Vol. 33, No. 2, June 1977, pp.
106-119.

S.K.M. Wong, and F.C.S. Poon, ”Comments on approximating Discrete Probability

Distribution with Dependence Trees”, IEEE Trans. on Pattern Analysis and Machine
Intelligence, Vol. 11, No. 3, March 1989, pp. 333-335.

28



at first sight. This part of the paper is an attempt to expand op the (outline of} the proof
that appeared ip [2]. To simplify the details we will be proving Theorem 0, only for the

case of binary valyed features, but the generalization wil] become obvious, once the reader

follows this proof.
Proof Of Theorem 0

Let X', x2 | s X* be the s independent observations (given the underlying dependence
tree t). The likelihood function is then:

Lt(Xl,Xz,...,Xs) =11 P,(X*)
k=1
Where P,(X*) is the joint probability that the vector X* is derived from the particular tree

t. If we use the product rule for the distribution generated by this tree (5), we get the

following equation for the Likelihood function:

Lt(Xl,Xz,...,X") == f_[ HPr(a:fm faf )

5 ()
k=1¢=1
Instead of maximizing Lt(Xl,Xz,...,X"), we attempt to maximize its logarithm, and

denote it by WX, X2, .. » X*). Therefore,

L(XL X, X0 = log Z,(X%, X2,..., x)
s N
= ZZIOE{PT(&%; | )

k=1i=1

= L2 log{Pr(zk, | o)) (24)

The maximum likelihood tree is the value ¢t = 7, for which the above Sum is maximized.

Now consider the two features T, and Tmj.+ From the definition of the dependence tree,



Pr(zm, = bl | Tmy, = b2) for bl € Domain(z,,;) and b2 € Domain(Zm,,). If all the
features of interest are binary valued, b1,b2 € {0, 1}. In this case, essentially, we have two
independent parameters, these being Pr(zm; =0 | Tm;y = 0) and Pr(zm, =0 | T = 1)
Conceptually, these paramters can be thought as being associated with a branch of the
dependence tree. For the (N-1) branches of the tree, we have 2(N — 1) parameters all of
which can be independently chosen.

The reader will now realize that in essence, we are faced with two decisions. The first
one involves selecting the best values for the above mentioned parameters — two for each
edge of the tree. The second problem concerns choosing the best estimate 7 from the set
of all spanning trees. To obtain the Maximum likelihood estimate, we should study the
problem of maximizing the sum in (24), for a particular tree. That is, given a particular
tree, we are trying to find the best estimates for the conditional probabilities such that
the sum is maximized. Note that in (24), the term 3, log{Pr(zk, | =k, )} corresponds
to adding the logarithms of the parameters associated with the branch (Tm,, Zm) OVer
all the samples. Since the parameters for the individual branches are independent, we
can maximize the terms corresponding to each branch and then add the corresponding

maximums that have been obtained. That is, for a given tree £

N s
max l,(X*, X%,...,X") = max{ZElog{Pr(zﬁ“Imfnj(‘,})}}

i=1k=1

= 3 {mz log{Pr(z%,, | m>}}

i=1 k=1
For simplicity, let & = m; and § = m;(;)- The above sum is composed of terms of the

form Pr(z, = bl | zg = b2), where 01,02 € {0,1}. Therefore,

> log{Pr(zh, | 7my)}

k=1

A
g =

I

]
Z log P'r(xz I .’l:f.;)
k=1

= Z nij log Pr(ze =1t |z5= 7)

i,5=0,1
where, n;; is the number of samples in which z, =1 and 7 = 7. Also note that Y- ny; is

equal to s, the total number of samples.

Now, if we introduce the notation that, §; = Pr(ze =1 | zg = 7), we get,
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g = Moo Iog 600 -+ o1 log 501 - Nig Iog (510 + ni1 log 511 (25)

Our aim is to maximize o under the constraints 600 + 619 = 1 and &, + 6, 1 = 1; the latter

conditions being a consequence of the conditiona] distributions. Simplifying (25), subject

= 10g [{855"(1 — )} gaon (o _ )
\-————\,________/"————\,_____‘,

using the methods of elementary calculus, We can easily establish that {658°(1 - boo)"™0}

and {67 (1 - %01)"} attain their maximum values whep

Moo
b0 =
Moo + 1y
Moy
by = — 0
o1 + nyy

estimates. Now, from (24) we have,

N g
lt(XI,XZ,...,X”) = ZZlog{Pr(zﬁwlx’“.‘))}

My
i=1k=1
N s Pr(zy,zk ) i
= log{ i sl 11 }+ log(Pr(a*:;l,))
mzlfz Pr(a:j‘n;)Pr(zﬁwm) ;g
N
= g Zf(xm', :L'mJ( )) + K
=1

LXL,Xx2 .. X?), over all possible trees, we only need to compute the MST of the graph
with f(x,-,:r:,-) as edge weights. Hence the result, ]
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