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Abstract

This paper presents a generalized exponential formula for Forward and Dif-
ferential Kinematics of open-chain multi-body systems with multi-degree-of-
freedom, holonomic and nonholonomic joints. The notion of lower kinematic
pair is revisited, and it is shown that the relative configuration manifolds
of such joints are indeed Lie groups. Displacement subgroups, which cor-
respond to different types of joints, are categorized accordingly, and it is
proven that except for one class of displacement subgroups the exponential
map is surjective. Screw joint parameters are defined to parameterize the
relative configuration manifolds of displacement subgroups using the expo-
nential map of Lie groups. For nonholonomic constraints the admissible screw
joint speeds are introduced, and the Jacobian of the open-chain multi-body
system is modified accordingly. Computational aspects of the developed for-
mulation for Forward and Differential Kinematics of open-chain multi-body
systems are explored by assigning coordinate frames to the initial config-
uration of the multi-body system, employing the matrix representation of
SE(3) and choosing a basis for se(3). Finally, an example of a mobile ma-
nipulator mounted on a spacecraft, i.e., a six-degree-of-freedom moving base,
elaborates the computational aspects.
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Operators.

L, Left composition/translation by r

R, Right composition/translation by r

K, Conjugation by r

Ad, Adjoint operator corresponding to r

adg adjoint operator corresponding to &

€,7] Lie bracket or matrix commutator

d.f Differential of the map f at the point r

.M Tangent space of the manifold M at the point r
TM Tangent bundle of the manifold M

exp(&) Group/matrix exponential of &

Lie(G) Lie algebra of the Lie group G

diag(Ay, ..., A,)  Block diagonal matrix of the entries

X Semi-direct product of groups

l|lv]] Euclidean norm of the vector v

v Skew-symmetric matrix corresponding to the vector v
R(0) 2 x 2 rotation matrix for the angle

R(0,v) 3 x 3 rotation matrix of a rotation for the angle 6,

about the vector v

1. Introduction

The product of exponentials formula for Forward Kinematics of serial-
link multi-body systems with revolute and/or prismatic joints was first in-
troduced by Brockett in 1984 [1]. This formulation was further developed
and its roots in Lie group and screw theory were illustrated by Murray et al.
in 1994 [2]. One of the most important contributions of this method of multi-
body system modeling is the elimination of intermediate coordinate frames
in the kinematic analysis of serial-link manipulators. Since then, a number
of researchers have investigated the computational efficiency of this formula-
tion [3], and have applied it to different robotic problems [4, 5, 6, 7, 8]. In
1995, Park et al. used this formulation to reformulate the dynamical equa-
tions of serial-link multi-body systems [9], and later in 2003 Miiller et al.
attempted to unify the kinematics and dynamics of open-chain multi-body
systems with one degree-of-freedom (d.o.f.) joints [10].



The exponential map used in the product of exponentials formula is in-
deed the exponential map of Lie groups, which maps an element of corre-
sponding Lie algebra to an element of the Lie group [11]. For a rigid body,
this Lie group is SFE(3), which is called the configuration manifold, and the
elements of its Lie algebra se(3) are the screws associated with the possible
motions of a rigid body in 3-dimensional space [2]. In [12] a family of ap-
proximation formulas is presented that allow reconstructing large rigid body
motions from a given velocity field, up to a desired order. Screw theory,
which was first introduced by Ball in 1900 [13] and also appeared in the
work of Clifford [14, 15], has been extensively investigated as a powerful
means for the kinematic modeling of mechanisms [16, 17, 18, 19, 20, 21] and
robotic systems [5, 22, 23, 24|, by defining the notion of screw systems [25].
Moreover, the relationship between screw theory, Lie groups and projective
geometry in the study of rigid body motion was elaborated in a paper by
Stramigioli in 2002 [26]. He subsequently defined the notions of relative con-
figuration manifold and relative screw to study multi-body systems [27]. In
1999 Mladenova also applied Lie group theory to the modeling and control
of multi-body systems [28]. As opposed to the geometric nature of most of
the above-mentioned works, her approach was mainly algebraic.

Based on a well-known theorem in the theory of Lie groups, any element of
a connected Lie group can be written as product of exponentials of some ele-
ments of its Lie algebra. Accordingly, Wei and Norman introduced a product
of exponentials representation for the elements of a connected Lie group [29],
which was adopted by Liu [30] and Leonard et al. [31] to reformulate Kane’s
equations for multi-body systems and solve nonholonomic control problems
on Lie groups, respectively. However, this is not computationally the most
efficient way of parameterizing Lie groups, since this parameterization does
not use the minimum number of exponentials of the Lie algebra elements
(in the product of exponentials). Therefore, in terms of computational effi-
ciency, investigating the surjectivity of the exponential map for Lie groups
is valuable. For SE(3), surjectivity of the exponential map is a direct con-
sequence of Chasles” Theorem [2], which implies that any element of SF(3)
can be written as the exponential of at least one element of se(3). However,
not much work has been done on the exponential parameterization of the
Lie subgroups of SE(3). Ounly for the one-parameter subgroups of SE(3),
which correspond to one-d.o.f. joints, the exponential map has been used to
parameterize the relative configuration manifold that leads to the standard
product of exponentials formula. In fact, it is going to be shown that the



Lie subgroups of SFE(3) correspond to the relative configuration manifolds
of displacement subgroups [20, 32]. These joints are generally multi-d.o.f.
holonomic joints. For generic multi-d.o.f. joints, Stramigioli in [27] briefly
mentions that at each point the exponential map can be used as a local
diffeomorphism between the relative configuration manifold and its tangent
space. He later used this local diffeomorphism to introduce singularity-free
dynamic equations of a generic open-chain multi-body system with holo-
nomic and nonholonomic joints [33]. In the following sections, the necessary
and sufficient conditions for surjectivity of the exponential map of the rela-
tive configuration manifolds of displacement subgroups are given, and under
those conditions the corresponding manifolds are parameterized using the
elements of their Lie algebras.

In this paper, as a natural extension of the product of exponentials for-
mula, a generalized formulation for Forward and Differential Kinematics of
open-chain multi-body systems with multi-d.o.f., holonomic and nonholo-
nomic joints is formalized. Lie group theory and differential geometry are
used in Section 2 to classify the multi-d.o.f. joints, and introduce screw
joint parameters. In Section 3, exponential map of Lie groups is utilized
for parameterization of the relative configuration manifolds of displacement
subgroups, and the generalized exponential formula for Forward Kinematics
of multi-body systems with displacement subgroups is formally derived. Us-
ing the differential of the Forward Kinematics map and an annihilator of the
nonholonomic constraints matrix, a coordinate-independent formulation for
the Differential Kinematics of an open-chain multi-body system with non-
holonomic constraints is derived in Section 4. This formulation is indeed
independent of the choice of coordinate chart and a basis for the Lie alge-
bras. Section 5 introduces the computational tools for the utilization of the
developed formulation in numerical modeling, and the paper is finalized by
a case study in Section 6.

2. Holonomic and Nonholonomic Joints

A physical 3-dimensional (3D) space can be mathematically modeled as a
3D affine space, denoted by A, which is equipped with a vector space V', and
a rigid body B is the closure of a bounded open subset of A. Considering
a multi-body system MS(N) = {(A4;, B;)|B; C Ai,i = 0,...,N} and two of
its bodies, namely B; and Bj, the space of all relative poses (position and
orientation) of B; with respect to B; forms a smooth manifold P/. When i =
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J this manifold, which is the space of all possible coordinate transformations
of A;, inherits Lie group structure isomorphic to SE(3) with the identity
element e; and the Lie algebra denoted by Lie(P}). In the case of i = j, to
simplify the notation only the lower index is used, e. g P, := P!. A relative
motion of B; with respect to B; is a smooth curve 77 : [0,1] — P, and the

relative velocity at time ¢ is the vector v/ (t) = (drf/dt)( t) €T R , where

T, (t)Pl-j is the tangent space of P/ at the element 7(¢). At each instant ¢,
one can show that this vector induces a vector field X; on A; corresponding

to the relative motion of B; with respect to B; such that Va € A;,

X,(a) = lim ex (9 (dﬂ'(t)Rr;i(t;) W) (a) - (a)

; (1)

where RT;; @ Pij — P denotes the right composition map by r;(t) For a
relative motion, if this vector field is independent of time, the relative motion
is called relative screw motion. In other words, a relative screw motion is the
curve on P/ corresponding to the flow of a left-invariant vector field on P;.
An interpretation of the Chasles’ Theorem indicates that from any initial
relative pose, a deliberate relative pose of B; with respect to B; can be
reached by a relative screw motion. Therefore, Pij can be parameterized
using the exponential map of Lie groups [2].

Given two rigid bodies of a multi-body system, B; and Bj;, a joint is
a mechanism that restricts the relative motion of B; with respect to Bj,
and specifies a subset Dg of TPZ-j . A joint may be time dependant, called
rheonomic joint, or time independent, which is called scleronomic joint. A
special type of scleronomic joints, which is mostly considered in the literature,
is when we have DJ C TP] being a distribution on P] that corresponds to
admissible directions of the relative velocity of B; with respect to B;. We
only consider this category of joints in this paper. We also assume that the
distribution DJ is non-singular in this paper. If Dj is involutive, i.e. closed
under the Lie bracket of vector fields, the joint is called holonomic, otherwise,
it is a nonholonomic joint. For any non-involutive distribution D] let DJ be
the involutive closure of DI. The involutive closure of a dlstrlbutlon D! is the
smallest vector sub-bundle of TP/ containing D! that is closed under the Lie
bracket of vector fields. Based on the global Frobenius Theorem [34], either
D! or D! (for a holonomic or nonholonomic joint) identifies a foliation of
submanifolds of P/. The leaf @ C P’ that contains the initial relative pose
of B; with respect to B, rf (0), is called the relative configuration manifold.
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The manifold Qf is the space of all admissible relative poses considering the
joint constraints. The dimension of this manifold, k, is called the number of
d.o.f. of a joint, which is greater than or equal to the dimension of the joint
distribution for a nonholonomic or holonomic joint, respectively.

One can define the submanifold ); C P; as the left composition of Qz by
4(0), ie., Q; = LT;;(O)(Qg), where 7(0) o 74(0) = ¢; and 75(0) o r1(0) = e;.
This submanifold consists of the identity element of P; that corresponds to
the 77(0) € Q. A local coordinate chart for a neighbourhood W C @; of e; is
a diffeomorphism ¢ : U C R¥ — W such that ¢([0, ..., 0]") = ¢;. Therefore,
any element Tf € LTJ_-(O)(W) C Qf can be parameterized by a g € U, which is
called the classic jo%nt parameter, through the diffeomorphism LT{ ) © ¥- A
velocity vector v/ € T, i Q! can also be identified by a k-dimensional vector
¢ € T,U =2 RF by the linear isomorphism (dy(q) Ly (o)) (dgp). Note that the
coordinate chart ¢ induces a basis {(%)\q\b =1,...,k} for T, )W, where g,
is the b element of ¢, and in this basis d, is the identity matrix, idy.

2.1. displacement subgroups

In this subsection, displacement subgroups are defined as a class of holo-
nomic joints, and it is shown that their relative configuration manifolds are
indeed connected Lie groups. In Proposition 2.2, the necessary and sufficient
conditions for the surjectivity of the exponential map of these relative con-
figuration manifolds are given. Based on this identification of displacement
subgroups, a set of new joint parameters, called screw joint parameters, is in-
troduced that can be physically interpreted as the initial classic joint speeds
for a screw motion on the corresponding relative configuration manifold. Fi-
nally, the relationship between the screw joint parameters and the classic
joint parameters is formalized in Theorem 2.3.

For a holonomic joint, define the distribution D; := T ; RT;;(O)(Df ) CTP;.
Based on the definition of a holonomic joint, D; is invohitive, i.e., its space
of sections is closed under the Lie bracket of vector fields on P;. This bracket
coincides with the definition of the Lie bracket [35] on Lie(P;) if D; is left-
invariant, i.e., D;(r;) = T,,L,,(D;(e;)),Vr; € P;. We denote the integral
manifold of D; containing e; by ¢); C P;. Particularly, D;(e;), which is a
linear subspace of Lie(P;), is closed under the Lie bracket of Lie(P;); hence
T,,Q; = Dj(e;) is a Lie sub-algebra of Lie(F;).



Proposition 2.1. For a holonomic joint, if D; (defined above) is left-invariant,
its integral manifold containing e;, i.e., Q; C P;, is a unique k-dimensional
connected Lie subgroup of P; with the Lie algebra Lie(Q;) = D;(e;).

Note that, conversely, for any Lie subgroup @ C P;, there exists a unique
involutive distribution corresponding to a holonomic joint, by left translating
Lie(Q};) over P; and right composing it with r](0).

Definition 1. A holonomic joint is called displacement subgroup if the cor-
responding distribution D; (defined above) on P; is left-invariant.

Therefore, based on Proposition 2.1 and since P; = SE(3), different types
of displacement subgroups are identified by the connected Lie subgroups of
SE(3), up to conjugation, which are tabulated in Table 1 [20, 25]. From
this table, one can observe that the displacement subgroups consist of the
six lower kinematic pairs, i.e., revolute, prismatic, helical, cylindrical, planar
and spherical joints, and combinations of them. Therefore, in this joint cat-
egorization, the relative configuration manifolds of lower kinematic pairs are
indeed subgroups of SFE(3). There also exist other types of holonomic joints,
e.g., universal joint and higher kinematic pairs, which are not included in
the category of displacement subgroups. However, the relative configuration
manifolds of these joints are not subgroups of SE(3). To parameterize the
relative configuration manifolds of these joints one needs a product of ex-
ponentials of some elements of a basis for the tangent space of the relative
configuration manifold at the identity element.

Proposition 2.2. The group exponential map exp : Lie(Q;) — Q; is sur-
jective for all categories of displacement subgroups, except for a three-d.o.f.
joint where a helical joint is combined with a two-d.o.f. prismatic joint such
that the helical joint axis is perpendicular to the plane of the prismatic joint.
This case is considered as two separate joints in the paper.

Since this proposition is proved by coordinate chart assignment, its proof is
presented in Section 5.

Definition 2. Let ¢ be a coordinate chart for a neighbourhood of e;, by
Proposition 2.2 any relative configuration manifold @7 of a displacement sub-
group can be parameterized by vectors s € R¥, called screw joint parameters,

such that every r/ € @} C P/ can be expressed as

r] = exp(r)s) 0 1](0) i= exp ((Adyy o)) (de0) (dop)s ) 071 (0),  (2)
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Table 1: Categories of displacement subgroups

Dim. Subgroups of SE(3)/displacement subgroups
6 SE(3)=S0(3)xR?
free®
4 SE(2) xR
planar+prismatic®
3 SE(2)=S0(2)xR? S0(3) R3 H, x R?
planar ball (spherical) 3-d.o.f. prismatic  2-d.o.f. prismatic
+ helical®
2 SO(2) xR R?
cylindrical® 2-d.o.f. prismatic
1 S0(2) R H,
revolute prismatic helical
0 {e}
fixed®

@ These two subgroups are the trivial subgroups of SFE(3).

b The axis of the prismatic joint is always perpendicular to the plane of the planar joint.
¢ The axis of the helical joint is always perpendicular to the plane of the 2-d.o.f. prismatic
joint.

4 The axis of the revolute and prismatic joints are always aligned.

where ¢ : Q; — P; is the inclusion map.

Therefore, for a relative motion rf :10,1] — Qg the relationship between (s, $)
and (g, ¢), the classic joint parameters and their speed, can be summarized
in the following theorem.

Theorem 2.3. For a displacement subgroup, consider a coordinate chart for
Qi, ¢ : U C RF = W such that ¢([0,...,0]") = ¢;, and a relative motion
r; 2 [0,1] = Q7 in the neighbourhood W' := L, (W) € @ of 1} (0). Then,
r1(t) = exp(7/s(t)) o 7(0) such that s(0) =0, and

()

q(s) = ¢ "oexp(doyp s), (3a)
q(s,8) = Z(s)3

1
= (dq(s)go)_ldejl/exp(dgaps) </0 exp(—x addos@s) de’) dOSO 57 (3b>

where Vi € Lie(Q;) ad, : Lie(Q);) — Lie(Q;) is an endomorphism of Lie(Q);)
such that V¢ € Lie(Q;) ad,(&) = [n,&] [35]. The linear map Z(s) is an

isomorphism between ToRF and T,R* if and only if adgy,s has no eigenvalue

in {2miZli = /—1}.



PrOOF. For the relative motion rg Cc W, let r; = Lr;l(o) o rg C W be the
corresponding curve on ;. This curve on P; is t o p(q) = LT;-_ (0) © Rrg' ) ©
exp(7)s) = K,i() © exp(7/s). Based on (2) and the fact that exponential
map is compatible with the Lie group homomorphisms [35], in this case
conjugation and inclusion map, ¢ o p(q) = Kr;l(o) o Kr{(O) oroexp(dops) =to
exp(dops). Therefore, (3a) is true since the inclusion map ¢ is an embedding,
and ¢ is a diffeomorphism.
Differentiating (3a) with respect to the curve parameter results in

G = (dexp(dops)? ") (ddgps €xP) dows = (dgp) ™" (dagys €xp) dops.

For a Lie group G, it can be shown that the differential of the exponential
map at £ € Lie(G) is [36]

1
de exp = de Lexp(e) / exp(—z adg)dz. (4)
0

Hence, substituting (4) and (3a) in the above equation completes the proof
for (3b).

In (3b), Z(s) is defined as the composition of several linear operators, and
it is invertible if and only if all of the linear operators are invertible. Since left
translation is a global diffeomorphism and ¢ is a coordinate chart, it suffices
to check the conditions under which © := fol exp(—x adgyps) do is invertible.

For z € C, consider the solution of fol exp(—z z) dx that is equal to the

entire holomorphic function f(z) = 1—%;)(—@ such that f(0) = 1. Thus, the
eigenvalues of © are equal to 1_%_(_’\"), where \;’s are the eigenvalues of
adgy,s. The Lie algebra endomorphism © is invertible if and only if it has no

eigenvalues equal to zero, i.e., \; # 2miZ where i = v/ —1. ([l

Last part of Theorem 2.3 also gives a condition for the size of the image of
the coordinate chart associated with the screw joint parameterization. On
P; = SE(3) this condition dictates that the coordinate chart cannot include
elements of P; corresponding to 27 radian rotation about an axis in A;. Also,
note that the integral term in (4) is equal to the identity map for abelian
Lie groups, and in general this term corresponds to the non-commutativity
of £,€ € Lie(Q;) with respect to the Lie bracket.



2.2. Nonholonomic displacement subgroups

A nonholonomic displacement subgroup is a displacement subgroup to-
gether with k linearly independent constraints in the space of the speeds of
the classic joint parameters that are not integrable, i.e., C(¢)¢ = 0, where
C(q) € R*™* and C(q) is assumed to be a differentiable linear operator on
;. In other words, for the neighbourhood W of the initial relative pose
7(0), Vg € U C R* ¢ € T,R* should lie in the ker(C(q)) = R** that can be
considered as the range of another linear operator C(q), i.e., C(¢)C(q) = 0.
The C(q) € R***=k) is a differentiable linear operator on @; of constant rank
k — k. This linear operator identifies a smooth non-involutive distribution on
Q{ corresponding to the space of all admissible instantaneous relative veloci-
ties of the joint. Therefore, an admissible joint speed has the form ¢ = C(q)q
Vg € R¥*. Note that the representation of C(g) in the local coordinates
is not unique, and it could be chosen such that the admissible classic joint
speeds are collocated with the joint control forces and torque to simplify the
dynamic analysis. Based on (3b) in Theorem 2.3 and considering the screw
joint parameters, the space of all admissible screw joint speeds at s can be
identified by )

§=%(s)5:= Z'(s)C(q(s))5. V5 € RFF (5)

3. Forward Kinematics

Definition 3. An open-chain multi-body system is a multi-body system M S(N)
together with NV —1 joints between the bodies, such that there exists a unique
path between any two bodies of the multi-body system. In an open-chain
multi-body system, bodies with only one neighbouring body are called ex-
trematies.

In robotics, the relative pose and velocity of the extremities with respect to
a base body, labeled as By in M S(N), is usually of interest. The base body
is possibly an inertial observer.

Definition 4. A branch of an open-chain multi-body system is a chain of
m + 1 < N bodies together with m joints that connects By to an extremity.

In this paper, an open-chain multi-body system is assumed to have n
branches with both holonomic and nonholonomic multi-d.o.f. joints. In the
branch i, joint j connects body Bj_; to Bj. The branch configuration r
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is defined as the collection of the relative poses of rigid bodies, i.e., r; :=
(rf, .o ) € Q) x .o x Qit,

Index the j* body of the branch i by ji. Let k; be the number of
d.o.f. of the joint j in the i branch, for an initial branch configuration,
the set of all screw joint parameters of the branch is denoted by G; :=

s= [T, ST } l's; € RMij =1,. . Forward Kinematics of the it
branch of an open-chain multi-body system is a smooth map F'K; from the
set of screw joint parameters of the branch to PO for an initial branch con-

figuration that indicates the relative pose of the body B,,, with respect to
By, ie., FK;: Gy — P) such that FKi('s) ;=)o ..orpi

Theorem 3.1. For an open-chain multi-body system MS(N) along with N
holonomic and nonholonomic displacement subgroups, the generalized expo-
nential formula for the Forward Kinematics map corresponding to the ith
branch can be formulated as

FKi('s) = exp (°1)'s1) o ...oexp ("7 s, ) o), (6)

m1

where 07'Jj 1= (Ad, o( o) (de,t5)(dowy), ¢+ Q5 — B is the inclusion map, and ¢;

1S a coordinate chart for a neighbourhood of ¢; € P, Vj = 1,.

PRrROOF. Using the screw joint parameters and the definition of the Forward
Kinematics map,

FEi('s) = (exp(r{ 's1) 0 1{(0)) o ... o (exp(ri ™" sm,) 0 777 (0)) -

Due to the fact that rjj_l(()) =1 1(0)07rf(0), associativity of the composition
operator, and compatibility of the exponential map with the conjugation
map,

FEKi('s) = exp(ry's1) o (r](0) o eXp(Tz1 's2) 019(0)) o
o (11 (0) exp(ryi ™ sy ) 0 g H(0)) o 1, (0)
= exp(77 's1) © exp(Ad,o () (7, 82)) oexp(Ado o) (T sm)) 07 (0).

Substituting the definition of 7'jj_1, Vi = 1,...,my, from (2) completes the
proof. O

Note that since Forward Kinematics is only a function of the relative poses,
nonholonomic constraints do not appear in (6). Forward Kinematics of an
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open chain multi-body system, F'K, is defined as the collection of the relative
poses of the extremities with respect to the base body By, i.e., FK : G7 X
.. X Gy — P) x..x P} such that

FK;('s)
FK(s):= :
FK,("s)
where s = ['s?, ..., "sT]T.

For a serial-link multi-body system MS(N) with one-d.o.f. revolute
and/or prismatic joints, s(¢) Vj = 1,...,N is a real number function, in-
stead of a vector function. Based on the interpretation of the screw joint
parameters given in the beginning of Subsection 2.1, s;(¢) is the constant
speed of a classic joint parameter during a screw motion from 0 to ¢ (), in
the interval of [0,1]. Therefore, its number is equal to the corresponding clas-
sic joint parameter. Moreover, since the joint has only one d.o.f., the linear
operator 07'jj_1 reduces to the joint screw at the initial configuration, which
corresponds to the axis of rotation for a revolute joint or the direction of
translation for a prismatic joint [2, 25]. Consequently, it can be shown that
in this special case the formulation for Forward Kinematics of an open-chain
multi-body system is equivalent to the product of exponentials formula sug-
gested by Brockett [1]. This relationship is further illustrated in the case
study in Section 6.

4. Differential Kinematics

For the i*" branch of an open-chain multi-body system, Differential Kine-
matics is a linear map that relates the speed of the screw joint parameters
of the branch to the instantaneous relative twist of B,, with respect to
By and observed in Ay, i.e., expressed in the vector space associated with
Ay, Vo. The corresponding linear operator °Jp (‘s), called the Jacobian,
for an initial branch configuration is °.J), (‘s) : T:,G; — Lie(F,) such that
OJSM (iS) = (dFKi(is)R(FKi(is))*l) diSFKi.

Theorem 4.1. For an open-chain multi-body system MS(N) along with N
holonomic displacement subgroups, the generalized exponential formula for
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the Jacobian of the branch i can be formulated as
000 ('s) = [(Al o) (exp (ad070'51> Ay 0721>
(exp <ad07{)a51> ... €XD (adOT:nniifismil) A 077’:‘1—1)] , (7)

where A : fo exp(x adoT, 1 )d:p is an endomorphism of Lie(Fy).

PrOOF. Consider a curve 's : [0,1] — G, such that t ' s(t), in the set
of screw joint parameters of the branch i. Let (t) := eXp(OTj’_1 tsi(t) V) =
1,...,m;. Using (6) and the product rule for Lie groups,

d i i: :
EFKl( S(t)) = dis(t)FKi S(t) = (dle«/Qo...oymior%i(O)> a!
<d720...o'ymior,9ni(0)[/ryl) <d72Rfy3o...o'ymior9ni (0)) ’72 + ...

(d’YmiOT’Qni(O)L’no...o'ymi_l) (d R O ) "ym‘

By the definition of the Differential Kinematics map and rearranging the
differential of the right and left composition maps,

+

+

Ojgli (is) 5= (d71 R'Yfl) nt (d’YlO’YzR(%OW)‘l) (d'yzL'yl) Y2 + -

+ <d’710--~07mi R('Ylo O'Y'm ) (d L“{lomo"/mifl) fymx <8>

Now, use (4) for the exponential map exp : Lie(Py) — Py, and the equality
of operators [35]

Adexpe) = explade), V& € Lie(F) 9)

to calculate () = (de,L,) (fol Adexp(_xoT_jflis)d(L‘> 77114(¢). Substitute
4; and use the identity Ad, :=d,R,-1d.,L, Vr € P in (8) to achieve

OJ0 (s)'s = Ad, (/ Adesp(—z0701s)) d:x) 0Dt + ..

1
+ Adyo o ( / Ady oy, da:) Opmti L (10)
0 1
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Define Aj Vj =1,...,m; as
1 1
A] = Ad% </ AdeXP(IOTﬁliS')dI) = / Adexp((lf:z:) OT_jfl is,)dl’
0 j ) 0 j )

1
fnd / eXp (I’ ad07171i3_> dl‘,
0 b

where the first equality holds since [z °7)~''s;.0 77! i5;] = 0, and the second
equality is the consequence of a change of variable and using (9). Finally, by
substituting 4A; in (10) and employing the equality of operators in (9) one

can show the desired expression for the Jacobian in (7) . O

0

For a serial-link multi-body system with one-d.o.f. revolute and/or pris-
matic joints, since sj(t) is a real number function, 07—jj_1$j (t) € Lie(P) and
077715(t) € Lie(Py) commute, ie., [°7)7's,°7714] = 0, and hence A; be-
comes the identity map. In this case, the developed formulation simplifies
to the existing product of exponentials formula for Differential Kinemat-
ics [2, 25].

Based on the definition of the Differential Kinematics map, °.J), ('s)'s is
the twist of B,,, with respect to By and expressed in Ay. This twist can be
viewed in the affine space attached to the body j of the branch i, A;, using

the Adjoint operator, i.e.,
W (') = Adyy o O T (), (11)

where according to (6) r0('s) = exp (°7)'s1) o ... 0 exp (07')"'_1 's;) or(0). In
addition, following the same calculations performed in the proof of Theorem
4.1, the Jacobian for the instantaneous relative twist of the body B; with
respect to By in the i" branch of MS(N) and observed in Ay, ie., °J/('s)

j > [> 0, can be determined to be the truncated version of the Jacobian in

(7):
OJj[(is) = [exp (adoT?esl) ...eXp (adoT[H is[> A 11y
exp (adOTfisl> ... €Xp <ador?jfisj,l> A, 0731—1} . (12)

In order to include the nonholonomic constraints in the Jacobian of the it"
branch of MS(N), one can define admissible screw joint speeds according
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to (5). Therefore, the Jacobian in (7) can be modified to introduce the
modified Jacobian for the i branch of a multi-body system consisting of
both holonomic and nonholonomic joints.

OJQM ('s) :== OJ& (‘s)diag (El(isl), RN Y (ismi)) : (13)
where diag (1('s1), -+, S, (*sm,)) is the block diagonal matrix of its en-
tries, and ¥; = @'dkji for a holonomic joint. The modified Jacobian is a

linear operator from the space of all admissible screw joint speeds, i.e

G = {i§— [‘SIT,...,‘ST} I's; € Rkii_'}ii,j = 1,...,mi}, to Lie(Fy). For an
open-chain multi-body system M S(N), the modified Jacobian is defined as
the collection of the modified Jacobians of the extremities with respect to the
base body and observed in Ay, i.e., J(s)§ := diag (°J%, (*s),....° J%, ("s)) s,

where § = ['§7, ... 57]".

5. Coordinate Assignment

At the computational level, consider a base point O; for the affine space
A; in a multi-body system M S(N). Every point in this affine space can now
be realized by a vector in V; = R® through the action of (V;,+) on A; [37].
Therefore, any relative pose 7“ € Pf can be represented by an orlentatlon
preserving isometry, H} : V; — Vj such that H/ := op 01l o(0p,)~" € SE(3),
where 0p, : V| = A4 for [ =1,7 is the map 1nduced by the vector space action
of V; on A;. A matrix representation of SE(3) is the group of orientation

preserving linear isometries of R? that preserve the plane x4, =1 [37], i.e.,

o i _ [ BL Dl R J RS

SEB)={H/ =|." "'||Rl €SO@3),p eR;,
01x3 1

where R/ is the rotation matrix whose columns are the elements of a basis

for V; expressed in terms of a basis for V; and p] is the position of the point
1(0;) from O; and expressed in V;. In this representation, the Lie algebra

r
of SE(3) is denoted by

()

~J J ) .
se(3) = {Tf = [W’ u[))z] ! € so(3),w] € R3},

01x3

where w is the relative velocity of the point r5(0;) with respect to O; and

expressed in Vj. The element &/ € s0(3) can be identified by the column
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matrix wf that is the relative angular velocity vector of B; with respect to
B; and expressed in Vj.
By choosing a basis for se(3) as

0001 0000 0000
. ._|00o00 o001 0000
710 0 0 0’7 0000’ |oo0oo0 1|’

0000 0000 0000
00 0 0 0 010 0 -1 00

o |00 1o _J0 000 |1 0 00

1o 1 o o] -1 00 0" 0 0 0 0f(’
00 0 0 0 00 0 0 0 00

and using the propositions presented in the sequel, one can perform the
computations for Forward and Differential Kinematics in the matrix repre-
sentation of SE(3).

Proposition 5.1. For any element ¢ = [w?,w?]T € se(3), where w,w €

R3 w #£ 0, expressed in the basis {ey, ..., es},

(e) = [ezf@ -]

wherel| - || is the Euclidean norm of R® and exp(®) is evaluated using the
Rodrigues’ formula for the exponential of skew-symmetric matrices,

~ ~2

. . w . w
exp(w) = ids + m sin(||wl|) + W<1 — cos(||wl|))- (15)
’idg w
When w =0, exp(§) = )
O1x3 1
PROOF. See Appendix A in [2]. O

Now, using the matrix representation of SF(3) and the above proposition,
the proof for Proposition 2.2 is presented.

PROOF. (Proposition 2.2)  In the matrix representation, the exponential
map for a connected Lie subgroup of SFE(3) coincides with the restriction of
the matrix exponential to the Lie sub-algebra corresponding to the subgroup.
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Up to conjugation, all of the connected Lie subgroups of SE(3) are listed in
Table 1. Hence, to prove this proposition, it suffices to check the surjectivity
of the exponential map for the matrix representation of each connected Lie
subgroup, individually. Consider the following two lemmas.

Lemma 5.2. The exponential map of a compact, connected Lie group is sur-
jective [36].

Lemma 5.3. For a vector space V, Lie(V) =V with zero Lie bracket, and
the exponential map is the identity map, i.e., exp(v) = v, Yv € V.

Based on these lemmas and Chasles’ Theorem [2], immediately the expo-
nential maps corresponding to the subgroups SO(2), SO(3), R, R? R? and
SE(3) are surjective. In addition, since SO(2) x R is the direct product of
two subgroups with surjective exponential maps, its own exponential map is
also surjective. The subgroup H, with p # 0 is a one dimensional subgroup
of SE(3) that can be represented as

cos(f) —sin(d) 0 0
H, = smO(Q) coz(@) (1) pOe Werbd. (16)
0 0 0 1
It is easy to check that the Lie algebra of H, is
0 -1 0 0
Lie(H,) = TiaH, = spang | €, = (1) 8 8 g (17)
0 0 0O
Therefore, based on (14),
hii hiz 0 0O
i = |5 | €
0 0 0 1
there exists 6 = hgy/p such that exp(fe,) = H. For
cos(f) —sin(d) 0 =z
SE(2) = SO(2) x R? = 51“0(9) COSO(Q) (1) g 0eS!, z,yeR},
0 0 0 1

(18)

17



the corresponding Lie algebra is spang{es, €2, e6}. Based on Lemma 5.3,

1 0 0 hy

{0 1 0 ho
VH = 001 0 € SE(2),

000 1

exp(hiser + hages) = H, and otherwise for a general element of SE(2),

hir hia 0 hiy
_|hat ha O hoy

H = o 0 1 0 € SE(2),
0 0O 0 1

there exists 6 = atan2(hay, hq1), where, based on (14), one has

Oh Oh Oh 0. 6oh
exp (966 + (—224 —214 cot(§)> e1 + <—224 Ot(§> — —214> 62)
cos(f) —sin(f) 0 @
sin(f) cos(f) O !
= | [P 0( PO (19)
[0 0 0] 1
where
x [1—cos(d) sin(d) 0] [0 —§ O] [ 4 %uicot(8)
g = | @ 1-eosto) o] [3 0" o |conth) - ik
2 | o 0o o/l0o 0 o0 0
[ 114
= | ha (20)
0/

Hence, the exponential map of SFE(2) is surjective, and since SE(2) x R is
the direct product of two subgroups with surjective exponential maps, its

own exponential map is also surjective.
In the case of

cos(f) —sin(6)
N sin(f)  cos(#
Hp X RZ ~ 0( ) O( )
0 0

18

0 =z

0y |0, z,y € R (21)
1 po| " ’

0 1



the Lie algebra is equal to spang{e,, e1,e2}. If 6 € {2nZ} \ {0}, then

1 00 =z
101 0 y 9
H= 00 1 po € H, x R,
0 00 1

and there does not exist any 7 € spang{e,, e, e2} such that exp(r) = H.
Therefore, for H, x R? the exponential map is not surjective. 0

The following proposition presents closed form formulae for exp(ad,;), for
any ¢ € se(3), and its integral that are used in the Differential Kinematics
of open-chain multi-body systems with displacement subgroups.

Proposition 5.4. For any element & = [w”, wT]T € se(3), where w,w € R3
and w # 0, expressed in the basis {e1,...,es},

w W
ade = {ogxg w} ’

exp@dg):[em(@) r nw,wJ,exp«v)J+%|ﬂ:1exp(m—%)]7 (22

O3x3 exp(w)
where |-, -] is the matriz commutator, exp(@) is evaluated using (15) and,
1
My M,
de)dx = , 23
/0 exp(z ade) dx {03X3 MJ (23)

where,
M, = idy + p25(1 — cos(||w]) + 25 (1 - sin(||w||)>, and

~ ~2 T ~

~ o~ & & ) ww ) ? :
My = W [[w, @], Mi]— 7 (m - Hw||2> cos <W>+<W + W) s <_ '

For the case w = 0,

ids W
explad) = {03:)3 idJ 7
and )
idy /2
de) dzx = . .
/Oexp(xa ¢)dx [03x3 ng}
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PrROOF. Case 1) When w = 0,

O3><3 w
de = )
e |:O3><3 03><3:|

Using the Taylor expansion of the matrix exponential, exp(ade) = Y .2, (adé /i),
and the fact that ad is nilpotent of degree two, i.e., ad; = 0 for ¢ > 2, it is
easy to show the result.

Case 2) To prove the result for w # 0, the following lemma is required.

Lemma 5.5. Vw,w € R? and @ € s0(3),
(i) @ = ww' — |w|*ids [2],
(it) & = —|wl*@ [2],

(111) Gw = —w = w X w,

(iv) ow = [@, 0]

The proof for the above lemma is a straight forward computation. Now,
consider the Adjoint operator corresponding to the element H, Adg, for

ids T
Ig— ol I
[Om 1}es (3).

and its action on £ € se(3). Based on Lemma 5.5,

. (@] W )
¢ = Adpé = [’d?’ _W] m - {“’ YT +ann2}

O3xs  1d3 w w
ot (@l = flwlids) ] [ Cone | [hw
w w lw |

Hence,

(e 9]

ady N1 [ @& i(h@) exp(@) Y, 4k

i=0 i= O3 “ O3x3 exp (@)

- [T ]
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According to the definition of the adjoint operator, one has the equality of
operators adg = Adg-1adg Ady. Based on this equality and the facts that
Adpg-1 = (Ady)™" and exp(ABA™') = Aexp(B)A™!, VA, B € R™™ and
A invertible, exp(ade) = Ady-1 exp(ade)Ady. A straightforward calculation
proves the first part of the proposition. For the second part of the proposition,

1
/ exp(z ade) dx
0

_ /1 [exp(xd)) m [z, 2], exp(z@)] + 8%\#:1 exp(xho?u)} i
0 0353 exp(zw) '

Since the matrix commutator is a bilinear operator, and the integral operator
and partial derivative can commute,

1
/ exp(z ade) dx
0
_ fol exp(z@) dx le”2 [[(I),tb],fol exp(sw) d:v} + a%|u=1 fol exp(zhwu) dz
O3x3 fol exp(zw) dx
Using (15) and substituting h = ﬁfﬁg, one can show the second part of the
proposition. 0

6. Case Study

In this section, the kinematic analysis of a mobile manipulator moving
on a spacecraft is performed to elaborate the computational aspects of the
proposed formulation for Forward and Differential Kinematics of open-chain
multi-body systems. The spacecraft can be considered as a six-d.o.f. moving
base for the mobile manipulator that is shown in Figure 1. The multi-body
system MS(6) = {(B;, A;)|i =0, ...,6, B; C A;} consists of two branches and
six joints. The first branch consists of By to Bs. The second branch contains
Bg and joint six is its last joint. Joint one is a free joint, the second joint
is a nonholonomic three-d.o.f. planar joint, the next joint is a three-d.o.f.
spherical joint and the rest of the joints are one-d.o.f. revolute joints. The
coordinate frames assigned to Ay, ..., Ag at the initial configuration are shown
in Figure 2. In the sequel, the joint parameters are specified, and Forward
and Differential Kinematics maps of M .S(6) are determined. Note that, in the
following, a basis for V; at the initial configuration is denoted by {X;, ¥, Z;},
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Figure 1: A mobile manipulator on a six d.o.f. moving base

and the linear operator 07'jj_1 in the chosen coordinates is represented by the
matrix 0Tj’*l.

6.1. Forward Kinematics

The first joint is a six-d.o.f. holonomic joint between By and B;. The
classic joint parameters are ¢, = [x1, y1, 21, 014, 014,01 .]", where [z1,y1, 21]"
is the position of HY(¢)(O;) with respect to H?(0)(O;) and expressed in Vj,
and (01 4,61 4, GLZ]T is the rotation angles of V; with respect to the axes of V}
at the initial configuration. Therefore, the local coordinate chart ¢, for (),
is

R(01 0, X\)R(01,, VRO, 21) 21,91, 21]T
901((]1):[ (01,2, X1) (Oll,izg 1)R(01.z, Z1) [1yi 1] 7

where R(6, W) is the 3 x 3 rotation matrix corresponding to ¢ radian rota-
tion about the vector W. For this coordinate chart, any element of Lie(Py)
corresponding to the relative pose of By with respect to By is parameterized
with the screw joint parameters s; = [sy 1, ..., s516]", such that

“Tsy = (Ang(())) (didgt1) (dowpr) 51-
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Figure 2: Coordinate frames assigned to Ay, ..., Ag at the initial configuration

With some basic calculations one can show that
8@1

% 0= €1, %h} = €2, %b = €3, %b = €4, i|0 = 65,aﬂd—|0 = Ce,
81‘1 8y1 82’1 801,;5 (’“)HLy 89172

which coincides with the basis selected for se(3) = Lie(F;). For this joint
since Q1 = Py, diget1 and dpg; are equal to the identity matrix. In the basis

{e1, . s}, o
VI (0) = {f; © pzﬂ

the Adjoint operator can be represented by the matrix [27]

" {Ri(O) ﬁZ(O)Ri(O)]
MO 05 RI(0) |

Therefore, “TVs1 = Ad o )51

Joint number two is a three-d.o.f. nonholonomic joint between B; and
Bs. The classic joint parameters can be chosen as ¢u = [2, ¥, 927Z]T, where
[22,2,0]7 is the position of Hj(t)(Oz) with respect to Hj(0)(Oz) and ex-
pressed in Vs, and 6, , is the rotation angle of V5 about Zg. Hence, the local
coordinate chart y for )5 is

R(65.,) R(05.)|xe,vys]"
P2(q2) = 0(152) (6 )[12y2] ;
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where R(6,,) is the 2 x 2 rotation matrix for 6, ,. For this coordinate chart,
any element of Lie(FPy) corresponding to the relative pose of By with respect
to By is parameterized by the screw joint parameters sy = [sa71, S22, 52,3]T
such that

Y

0T 59 = (AdH;(o)) (didst2) (dow2) S2,

where
8@2 aS02 8g02
didg,bz (9_1’2|0 = €1, didgb2 a—y2|o = ey, and didgLQ 39—2,z|0 = €.
Thus,
10 --- 0%
Ty 55 = Adpgey |0 1 0| s

00 --- 1

The third joint is a three-d.o.f. holonomic joint between By and Bs. The
classic joint parameters are g3 = [f34,63,,603.]7, and the local coordinate
chart for Q3 is ¢3(q3) = R(¢937x,Xg)R(G&y,}A/g)R(@g’Z,23). The elements of
Lie(Py) corresponding to the relative poses of B3 with respect to By are
parameterized by the screw joint parameters ss = [s31, S3.2, 3373]T, such that

O3x3
0T3283 = Ang(O) |: Zdi)) :| S3.
Joint 4 is a one-d.o.f. revolute joint, its classic joint parameter is g = 0y .,
and the local coordinate chart for Q4 is ¢4(q4) = R(64.).The line in Lie(Fp)

corresponding to the relative pose of By with respect to Bs is parameterized
by the screw joint parameter sy, such that

0T284 = Ang(O) [O, ceey ].]TS4.
By a simple calculation
03 _ {p?l(()) X" 241
4 — ()Z ’
4
where °Z, is the joint screw axis expressed in Vy. Hence, °T%s, coincides with

the argument of the exponential map in the existing product of exponentials
formula for a revolute joint [1, 2, 25]. Similarly, for the fifth and sixth joints

UTE?SE) = Ang(O) [07 e 1]TS57
0T6436 = Ang(O) [07 XX 1]T367
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respectively.

Therefore, based on (6), the Forward Kinematics map corresponding to
MS(6) is
exp(°TPsy)... exp(°Tiss) HY(0)
exp(°TPsy)... exp(°Tgse) HY(0)|
where exp is the matrix exponential for SFE(3) that can be evaluated by (14)
and s = [sT, ..., vl ]T.

According to the calculation performed in the case of joint four, for a
serial-link multi-body system with revolute and/or prismatic joints, where
the multi-body system consists of one branch, the above formulation for F'K
reduces to the existing product of exponentials formula.

FK(s) =

6.2. Differential Kinematics

Based on Proposition 5.1 and 5.4, the Jacobian maps of Bs and Bg with
respect to By and expressed in Vp, i.e., °J2(s) and °J9(s), can be determined
as 6 x 14 matrices. The nonholonomic constraints at the second joint can be
expressed in terms of the classical joint parameters as

CQ(q2)q2 = [07 1a O]QZ = Oa

which indicates that the mobile base cannot drift side way. The annihilator
of Cy can be selected to be

T
. 100
Cala) = [0 0 1} ’

and therefore using (3b) and (5)

Sin(sgqg) s (COS(5273)+82,3 Sin(szyg)—l) +s (COS(8273)+Sin(82,3)/82,3)
52.3 2,2 53,3 2,1 52,3
_ cos(s2,3)—1 1—cos(s2,3)—s2,3sin(s2,3 cos(s2,3)—sin(s2,3)/s2,3
Sals) = | lenteas)) o Oocontons)mmgin(eas) g, (costs)sintans)ons)
5 2,3 2,3
0 1

Note that when sy 3 = 0,
T
1 0 0
22(82) o |i8272/2 —8271/2 1:|
Finally, according to (13) the modified Jacobian of the multi-body system
MS(6) becomes
= 07%(s) 0
J _ 5 6x13 7
(s) |:06><13 0J5(s)
which can be calculated as a 12 x 26 matrix using Proposition 5.1 and 5.4.
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7. Conclusion

An extension of the product of exponentials formula for Forward and Dif-
ferential Kinematics of generic open-chain multi-body systems with multi-
d.o.f., holonomic and nonholonomic joints was formalized using Lie group
theory and differential geometry. Towards this goal, multi-d.o.f. joints were
classified and the notion of displacement subgroup was generalized. It was
shown that the relative configuration manifolds of such joints were Lie groups,
and the exponential map was surjective for all types of displacement sub-
groups except for one type. The screw joint parameters were defined, and
their relationship with the classic joint parameters was formalized. The non-
holonomic constraints in the Pfaffian form were considered on displacement
subgroups, and by introducing admissible screw joint speeds the Jacobian of
an open-chain multi-body system was modified, accordingly. The proposed
generalized exponential formulation for Forward and Differential Kinematics
is independent of the intermediate coordinate assignment to the bodies and
the choice of the joint parameterization and a basis for the Lie algebra of
the relative configuration manifold. The computational aspects of the de-
veloped formulation were explored through an example where Forward and
Differential Kinematics of a mobile manipulator mounted on a spacecraft
were calculated.
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Figure 1: A mobile manipulator on a six d.o.f. moving base

Figure 2: Coordinate frames assigned to Ay, ..., Ag at the initial configuration
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Figure 1: A mobile manipulator on a six d.o.f. moving base

Figure 2: Coordinate frames assigned to Ay, ..., Ag at the initial configuration
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Table 1: Categories of displacement subgroups

Dim. Subgroups of SE(3)/displacement subgroups
6 SE(3)=S0(3)xR3
free®
4 SE(2) xR
planar+prismatic®
3 SE(2)=S02)xR? SO(3) R3 H, x R?
planar ball (spherical) 3-d.o.f. prismatic 2-d.o.f. prismatic
+ helical®
2 SO(2) xR R2
cylindrical? 2-d.o.f. prismatic
1 S0(2) R H,
revolute prismatic helical
0 {e}
fixed®

@ These two subgroups are the trivial subgroups of SE(3).

b The axis of the prismatic joint is always perpendicular to the plane of the planar joint.
¢ The axis of the helical joint is always perpendicular to the plane of the 2-d.o.f. prismatic
joint.

4 The axis of the revolute and prismatic joints are always aligned.
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