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A B S T R A C T

There has been a growing interest in spacecraft formation flying for space science applications. Such missions
will require an accurate and efficient dynamics model, on-board the flight computer, to calculate and control
the desired relative motion. Hence, an analytical dynamics model which can be applied to eccentric orbits
and includes perturbations can provide an increase in accuracy and efficiency. This paper develops an
accurate analytical solution of relative motion between two spacecraft using classical orbital elements. The
analytical solution is obtained by propagating the orbital elements forward in time, while taking into account
gravitational field up to the fifth harmonic, third-body and drag secular and periodic perturbations, and
calculating the relative motion in the local-vertical–local-horizontal reference frame at each time-step. The
analytical solution was observed to accurately describe the relative motion when compared with a numerical
simulator, yielding errors on the order of meters for separation distances on the order of hundreds of meters.
1. Introduction

Space science missions, such as the mapping of other planets and
moons, require the reduction of costs and an improvement of efficiency
to meet the world’s growing interest in space-related ventures [1].
Formation flying of multiple spacecraft is a key technology for such
missions as it offers lower costs and increased efficiency by reducing
the mass, power demand and size of the spacecraft buses. For example,
European Space Agency’s Proba-3 mission will use two spacecraft flying
in formation in attempt to study the sun by creating an artificial solar
eclipse [2]. However, formation flying has many considerations to be
taken into account when compared to that of single spacecraft missions.
The main considerations are with respect to the guidance system, since
it is responsible for calculating the desired relative motion between
the spacecraft. To ensure accuracy, the guidance system must take
into account perturbations since ignoring orbital perturbations in the
design of the reference trajectories would result in additional propellant
consumption to force the follower spacecraft to follow the reference
trajectory. Furthermore, the dynamics model must be accurate for high
eccentricity values, and large separation distances while remaining
computationally inexpensive for on-board implementation purposes.
Accurate numerical models which take into account perturbations exist;
however, they are computationally expensive and can lead to errors due
to integration tolerances. Therefore, an analytical dynamics model is
required since it satisfies these conditions and does not require numer-
ical integration. Formulations which take into account perturbations,
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such as the effects of gravitational field caused by oblateness of the
earth, third body effects, and drag, can be found in literature. The
gravitational perturbation is particularly significant when modeling
orbits as it causes rotation of the line of apsides and precession of the
line of nodes, along with changes in inclination and eccentricity values.
The third body perturbation is also important when modeling higher
altitude orbits since it also causes rotation of the line of apsides and
precession of the line of nodes. Finally, drag is of concern when mod-
eling low earth orbits (LEO) since drag acts in the opposite direction
to the velocity vector and hence reduces the orbital energy which in
turn reduces the orbital semi-major axis and eccentricity such that the
spacecraft slowly spirals down.

The most used analytical model in formation flying is the Hill–
Clohessy–Wiltshire (HCW) model [3], which provides linearized rel-
ative dynamics based upon exact non-linear differential equations of
motion in the LVLH (local-vertical–local-horizontal) reference frame.
The HCW model, due to the fact they are linearized equations of
motion and time invariant, is adequate for the application of a lin-
ear state feedback controller design such as optimal feedback control
method and linear quadratic regulator method. However, the model
only works for circular Keplerian orbits as it does not take into account
perturbations and simplifications made in the derivation causes it to be
inaccurate for modeling elliptical reference orbits. When applying an
eccentric reference orbit to the HCW model, the errors increase with
vailable online 3 May 2021
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Fig. 1. Perifocal reference frame.
K
e
a
K

l
a
s
r

2

e
K

2

o
f

increasing eccentricity and it has been shown that the effect neglecting
eccentricity in the HCW model greatly outweighs the effect of external
perturbations [4]. Furthermore, the linear-time-invariant (LTI) HCW
equations were extended by Inalhan, et al. [4] to include arbitrary
eccentricity by reformulating the HCW as linear-parameter-varying
(LPV) which enables the use of LPV control techniques, such as model
predictive control. An analytical solution, which was first suggested
by Hill [5] that incorporates Keplerian eccentric orbits and valid for
any time-step, was formulated by Gurfil and Kholshevnikov [6,7]. The
solution uses classical orbital elements as constant parameters to calcu-
late the relative dynamics of a chaser spacecraft (analogous to a simple
rotation matrix approach) instead of cartesian initial conditions used in
the HCW model. The most important advantage of using this approach
is the fact that the orbital elements can be made to vary as a function of
time to include the effects of orbital perturbations [8,9]. Another ana-
lytical solution, proposed by Mahajan, et al. [10], uses linearized state
transition matrices to propagate the relative mean orbital elements
forward in time while taking into account the effects of gravitation
field perturbation up to an arbitrary degree. Additionally, Guffanti
et al. [11] developed state-transition matrix (STM) formulations using
singular, quasi singular and non-singular orbital elements that included
the singly averaged dynamical effects of 𝐽2. The STM formulations
were further developed to include doubly averaged third-body effects
and solar radiation pressure [12]. Recently, Kuiack and Ulrich [13]
developed a novel method in propagating relative motion analytically.
Specifically, linearized short periodic and secular variations of the
orbital elements formulated by Brouwer for the second zonal harmonic
(𝐽2) [14] were implemented into Gurfil and Kholshevnikov’s equa-
tions of motion [6,7]. Using this formulation, Kuiack and Ulrich [13]
implemented a back propagation technique such that a set of initial
conditions for the chaser spacecraft in terms of orbital elements is found
to allow the spacecraft to drift into a desired relative orbital elements.

The main contribution of this paper is extending the work by
43

Kuiack and Ulrich [13] by including third body effects of the sun t
and the moon, drag and gravitational perturbations up to the fifth
harmonic. The third body perturbation linearized equations used were
formulated by Prado [15,16] and Kozai [17,18] formulated linearized
equations for effects of lunisolar perturbations on orbital elements, and
Blitzer [19] formulated equations for drag. Furthermore, Brouwer [14],
Liu [20], and Kozai [21] formulated equations for the gravitational
perturbation up to fifth zonal harmonic (𝐽5). This contrasts from Kuiack
and Ulrich [13], where the authors had only implemented linearized
short periodic and secular variations of the orbital elements formulated
by Brouwer for the second zonal harmonic (𝐽2) [14] into Gurfil and

holshevnikov’s equations of motion [6,7]. Therefore, by including the
ffects of additional perturbations, the work presented in this paper
ims to improve the accuracy of the analytical model developed by
uiack and Ulrich [13].

This paper is organized as follows: Section 2 describes the non-
inear equations of motion formulated by Gurfil and Kholshevnikov,
nd Section 3. describes the perturbing equations. Section 4 presents
imulation results for the newly developed solution and concluding
emarks are provided in Section 5.

. Nonlinear analytical equations of relative motion

For completeness, this section presents the derivation of nonlin-
ar analytical equations of relative motion formulated by Gurfil and
holshevnikov [6,7].

.1. Reference frames

A total of three reference frames are needed to derive equations
f relative motion: the Earth-centered inertial (ECI), the perifocal and
inally the local-vertical–local-horizon (LVLH) reference frames.

The ECI reference frame is denoted by 𝐼 and defined by its or-
⃗ ⃗ ⃗ 𝑇
honormal unit vectors [𝐼𝑥, 𝐼𝑦, 𝐼𝑧] with its origin at the center of Earth.
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The unit vector 𝐼𝑧 is aligned with the Earth’s axis of rotation in the
direction of the North Pole, and 𝐼𝑥 and 𝐼𝑦 lie on the Earth’s equatorial
plane. Furthermore, 𝐼𝑥 points in the direction of the vernal equinox
with 𝐼𝑦 completing the triad such that the reference frame remains fixed
in space and 𝐼𝑦 = 𝐼𝑧 × 𝐼𝑥 (see Fig. 1).

The perifocal reference frame is denoted by 𝑝 and defined by its
orthonormal unit vectors [𝑃𝑥, 𝑃𝑦, 𝑃𝑧]𝑇 with its origin also at the center
f Earth. The unit vector 𝑃𝑧 points in the same direction as the orbit’s
ngular momentum vector normal to the orbital plane, 𝑃𝑥 and 𝑃𝑦 lie on
he orbital plane with 𝑃𝑥 pointing in the direction of the perigee, and
𝑦⃗ completing the triad such that 𝑃𝑦 = 𝑃𝑧 ×𝑃𝑥. For the purposes of this
aper, two perifocal reference frames are used and denoted as  𝑡

𝑝 and
𝑐
𝑝 for the target and chaser spacecraft respectively (see Fig. 2).

Finally, the LVLH reference frame is denoted by 𝐿 and defined by
its orthonormal unit vectors [𝐿⃗𝑥, 𝐿⃗𝑦, 𝐿⃗𝑧]𝑇 with its origin at the target
spacecraft. The unit vector 𝐿⃗𝑧 points in the same direction as the orbit’s
angular momentum vector normal to the orbital plane. 𝐿⃗𝑥 points in the
direction of the target’s inertial position 𝑟𝑡 and 𝐿⃗𝑦 completing the triad
such that 𝐿⃗𝑦 = 𝐿⃗𝑧 × 𝐿⃗𝑥.

2.2. Gurfil and Kholshevnikov’s equations of relative motion

The equations of motion formulated by Gurfil and Kholshevnikov
provides a method of calculating the relative motion of two spacecraft
using each spacecraft’s orbital elements [6,7]. Since this method uses
orbital elements, the calculated relative motion remains accurate for
any value of eccentricity.

First, the relative position vector of the chaser spacecraft with
respect to the target, denoted as 𝜌, is defined as

𝜌 = 𝑟𝑐 − 𝑟𝑡 (1)

where 𝑟𝑐 and 𝑟𝑡 respectively denote the position vectors of the chaser
and target spacecraft. Expressed as components in the LVLH reference
frame, Eq. (1) becomes

𝝆𝐿 = 𝒓𝑐𝐿 − 𝒓𝑡𝐿 (2)

where 𝒓𝑐𝐿 and 𝒓𝑡𝐿 are the position vector components of the chaser and
target spacecraft expressed in 𝐿.

To find the position vector components of the chaser spacecraft in
the LVLH reference frame, two rotation matrices are required. The first
rotation matrix converts the position vector components in  𝑐

𝑝 to 𝐼
using 𝑪𝐼𝑃𝑐 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 ) defined as a 3-1-3 rotation sequence given by

𝑪𝐼𝑃𝑐 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 ) =
⎡

⎢

⎢

⎣

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑠𝜔𝑐

𝑐𝑖𝑐 −𝑐𝛺𝑐
𝑠𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝜔𝑐

𝑐𝑖𝑐 𝑠𝛺𝑐
𝑠𝑖𝑐

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑠𝜔𝑐

𝑐𝑖𝑐 −𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝜔𝑐

𝑐𝑖𝑐 −𝑐𝛺𝑐
𝑠𝑖𝑐

𝑠𝜔𝑐
𝑠𝑖𝑐 𝑐𝜔𝑐

𝑠𝑖𝑐 𝑐𝑖𝑐

⎤

⎥

⎥

⎦

(3)

where 𝛺𝑐 , 𝑖𝑐 and 𝜔𝑐 are the right ascension of the ascending node
(RAAN), inclination, and argument of perigee of the chaser spacecraft,
respectively. The second rotation matrix, 𝑪𝐿𝐼 , converts the position
vector components of the chaser spacecraft in 𝐼 to the  𝑡

𝑃 using
𝑪𝑃𝑡𝐼 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡) given by

𝑪𝑃𝑡𝐼 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡) =
⎡

⎢

⎢

⎣

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑠𝜔𝑡

𝑐𝑖𝑡 𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑠𝜔𝑡

𝑐𝑖𝑡 𝑠𝜔𝑡
𝑠𝑖𝑡

−𝑐𝛺𝑡
𝑠𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝜔𝑡

𝑐𝑖𝑡 −𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝜔𝑡

𝑐𝑖𝑡 𝑐𝜔𝑡
𝑠𝑖𝑡

𝑠𝛺𝑡
𝑠𝑖𝑡 −𝑐𝛺𝑡

𝑠𝑖𝑡 𝑐𝑖𝑡

⎤

⎥

⎥

⎦

(4)

nd from  𝑡
𝑃 to 𝐿 using 𝑪𝐿𝑃𝑡 (𝜃𝑡) given by

𝑪𝐿𝑃𝑡 (𝜃𝑡) =
⎡

⎢

⎢

⎣

𝑐𝜃𝑡 𝑠𝜃𝑡 0
−𝑠𝜃𝑡 𝑐𝜃𝑡 0
0 0 1

⎤

⎥

⎥

⎦

(5)

uch that Gurfil and Kholshevnikov’s equations of motion become
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𝐿 = 𝑪𝐿𝑃𝑡 (𝜃𝑡)𝑪𝑃𝑡𝐼 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)𝑪𝐼𝑃𝑐 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )𝒓𝑐𝑃 − 𝒓𝑡𝐿 (6) o
where 𝜃𝑡, 𝛺𝑡, 𝑖𝑡 and 𝜔𝑡 respectively denote the true anomaly, RAAN,
inclination and argument of perigee of the target spacecraft and 𝒓𝑐𝑃
denotes the position vector components of the chaser spacecraft in  𝑐

𝑝
given by

𝒓𝑐𝑃 =
[

𝑟𝑐 cos 𝜃𝑐 𝑟𝑐 sin 𝜃𝑐 0
]𝑇 (7)

where 𝜃𝑐 is the true anomaly of the chaser spacecraft and 𝒓𝑡𝐿 is given
y

𝑡𝐿 =
[

𝑟𝑡 0 0
]𝑇 (8)

and 𝑟𝑡 and 𝑟𝑐 are calculated using the orbit equation

𝑟𝑡 =
𝑎𝑡(1 − 𝑒𝑡2)
1 + 𝑒𝑡 cos 𝜃𝑡

(9)

𝑟𝑐 =
𝑎𝑐 (1 − 𝑒𝑐2)
1 + 𝑒𝑐 cos 𝜃𝑐

(10)

here 𝑎𝑡 and 𝑒𝑡, and 𝑎𝑐 and 𝑒𝑐 denote the semi major axis and eccen-
ricity of the target and chaser spacecraft respectively.

. Linearized equations for perturbed osculating orbital elements

In the previous section, the equations developed by Gurfil and
holshevnikov [6,7] apply constant orbital elements to calculate the
elative motion of two spacecraft. However, if the changes in orbital
lements due to perturbations can be calculated at every time-step,
hen the equations in the previous section may be modified to calculate
he corresponding relative motion between both spacecraft. Hence,
inearized equations that map the effects of perturbations to the orbital
lements can be used. This section presents the linearized equations for
he third body, gravitational and drag perturbations which will then be
sed in the following equations

𝑎 = 𝑎̄0 + ̇̄𝑎𝑡 + 𝛥𝑎𝑙𝑝 + 𝛥𝑎𝑠𝑝 (11)

𝑒 = 𝑒0 + ̇̄𝑒𝑡 + 𝛥𝑒𝑙𝑝 + 𝛥𝑒𝑠𝑝 (12)

𝑖 = 𝑖0 + ̇̄𝑖𝑡 + 𝛥𝑖𝑙𝑝 + 𝛥𝑖𝑠𝑝 (13)

𝜔 = 𝜔̄0 + ̇̄𝜔𝑡 + 𝛥𝜔𝑙𝑝 + 𝛥𝜔𝑠𝑝 (14)

𝛺 = 𝛺̄0 + ̇̄𝛺𝑡 + 𝛥𝛺𝑙𝑝 + 𝛥𝛺𝑠𝑝 (15)

= 𝑀̄0 + ̇̄𝑀𝑡 + 𝛥𝑀𝑙𝑝 + 𝛥𝑀𝑠𝑝 (16)

here [𝑎̄0, 𝑒0, 𝑖0, 𝜔̄0, 𝛺̄0, 𝑀̄0]
𝑇 denote the initial mean orbital elements,

𝛥𝑎𝑙𝑝,𝛥𝑒𝑙𝑝,𝛥𝑖𝑙𝑝, 𝛥𝜔𝑙𝑝, 𝛥𝛺𝑙𝑝, 𝛥𝑀𝑙𝑝]𝑇 and [𝛥𝑎𝑠𝑝, 𝛥𝑒𝑠𝑝, 𝛥𝑖𝑠𝑝, 𝛥𝜔𝑠𝑝, 𝛥𝛺𝑠𝑝, 𝛥𝑀𝑠𝑝]𝑇

enote the long and short periodic variations of orbital elements, and
is the time elapsed since 𝑡0. In this paper, only gravitational long and
hort periodic effects are included. The terms [ ̇̄𝑎, ̇̄𝑒, ̇̄𝑖, ̇̄𝜔, ̇̄𝛺, ̇̄𝑀]

𝑇
denote

he secular variations of orbital elements and given by

̇̄𝑎 = ̇̄𝑎3𝑟𝑑 + ̇̄𝑎𝑑𝑟𝑎𝑔 + ̇̄𝑎𝑔𝑟𝑎𝑣 (17)

̇̄𝑒 = ̇̄𝑒3𝑟𝑑 + ̇̄𝑒𝑑𝑟𝑎𝑔 + ̇̄𝑒𝑔𝑟𝑎𝑣 (18)

̇̄𝑖 = ̇̄𝑖3𝑟𝑑 + ̇̄𝑖𝑑𝑟𝑎𝑔 + ̇̄𝑖𝑔𝑟𝑎𝑣 (19)

̇̄𝜔 = ̇̄𝜔3𝑟𝑑 + ̇̄𝜔𝑑𝑟𝑎𝑔 + ̇̄𝜔𝑔𝑟𝑎𝑣 (20)

̇̄𝛺 = ̇̄𝛺3𝑟𝑑 + ̇̄𝛺𝑑𝑟𝑎𝑔 + ̇̄𝛺𝑔𝑟𝑎𝑣 (21)

̇̄ = ̇̄𝑀3𝑟𝑑 + ̇̄𝑀𝑑𝑟𝑎𝑔 + ̇̄𝑀𝑔𝑟𝑎𝑣 (22)

here the subscripts ‘3𝑟𝑑’, ‘𝑑𝑟𝑎𝑔’, and ‘𝑔𝑟𝑎𝑣’ denote the contributions

f third body, drag and gravitational up to the fifth zonal harmonic.
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Fig. 2. Local-vertical–local-horizontal reference frame.
3.1. Third body model

The effects of third body perturbations on satellite orbits have been
studied extensively in the past and continue to be an active research
area. Kozai [18] developed the first secular and long-periodic equations
on the effects of luni-solar perturbations on a satellite’s orbital elements
based on the assumption that the distance of the satellite from the
Earth was very small compared to the moon and that the moon’s orbit
is circular. Those equations were re-visited by him to include short
periodic terms [17]. Smith [22] extended Kozai’s theory to include
secular changes for a third body in an elliptical orbit and found that
for NASA’s Echo 1 mission, the perigee radius decreased as much as
100 meters over 25 days.1 The finding demonstrates the importance
of including the third body perturbation when planning trajectories
for highly elliptical orbits. Vallado [23, p. 636–641] also concluded
that third body perturbation causes secular variations about RAAN
and argument of perigee with small effects on mean anomaly, and
causes periodic variations with the eccentricity, inclination, RAAN,
and argument of perigee. Furthermore, Vallado [23, p. 604–612] also
concluded that third body mainly affects high altitude orbits, whereas
gravitational and drag dominate low altitudes and LEO. Luni-solar
effects on orbital elements were also developed by Cook [24] who
also included the effects of solar radiation pressure, Kaula [25] and
Giacagla [26] who also developed secular and periodic variations.

1 https://history.nasa.gov/SP-4308/ch6.htm.
45
Furthermore, Musen, et al. [27] expanded on Kozai’s theory where they
observed that the third body perturbation causes the perigee height of
a satellite to increase with periodic variations over long durations (20
km increase over approximately one month duration) due to third body
effects on eccentricity. Recently, Domingos, et al. [16] and Prado [15],
developed a simplified analytical model for a satellite’s orbital elements
based on the third body disturbing function expanded in Legendre
polynomials up to fourth order. Specifically, the developed analytical
model double averaged the expanded disturbing function over the
satellite’s orbital period and then again over the third body’s. This work
uses Prado’s double averaged model [16] expanded to the second order
for the case of an elliptical third body. Here, these equations will be
used in terms of mean values which are provided by

̇̄𝑎3𝑟𝑑 = 0 (23)

̇̄𝑒3𝑟𝑑 = 15𝐾𝑛′2𝑒
√

1 − 𝑒2
8𝑛̄

[

1 + 1.5𝑒′2 + 15
8
𝑒′4

]

sin2 𝑖 sin 2𝜔̄ (24)

̇̄𝑖3𝑟𝑑 = − 15𝐾𝑛′2𝑒2

16𝑛̄
√

1 − 𝑒2

[

1 + 1.5𝑒′2 + 15
8

]

sin 2𝑖 sin 2𝜔̄ (25)

̇̄𝜔3𝑟𝑑 = 3𝐾𝑛′2

8𝑛̄
√

1 − 𝑒2

[

1 + 1.5𝑒′2 + 15
8
𝑒′4

]

[

(5 cos2 𝑖 − 1 + 𝑒2)

+5(1 − 𝑒2 − cos2 𝑖) cos 2𝜔̄
]

(26)

̇̄𝛺3𝑟𝑑 = 3𝐾𝑛′2 cos 𝑖
√

[

1 + 1.5𝑒′2 + 15 𝑒′4
]

[5𝑒2 cos 2𝜔̄ − 3𝑒2 − 2] (27)

8𝑛̄ 1 − 𝑒2 8

https://history.nasa.gov/SP-4308/ch6.htm
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̇̄𝑀3𝑟𝑑 = −𝐾𝑛′2

8𝑛̄

[

1 + 1.5𝑒′2 + 15
8
𝑒′4

]

[(3𝑒2 + 7)(3 cos2 𝑖 − 1)

+ 15(1 + 𝑒2) sin2 𝑖 cos2 𝜔̄]
(28)

here 𝑖, 𝑒, 𝜔̄, and 𝑛̄ are the mean inclination, eccentricity, argument
f perigee, and orbital motion of the satellite and where 𝐾 and 𝑛′ are
iven by

= 𝑚′

𝑚′ + 𝑚0
(29)

𝑛′ =
√

𝜇′

𝑎′3
(30)

here 𝐾 is the mass ratio of the third body with respect to orbiting
ody, in this case the Earth, 𝑚′ is the mass of the third body, 𝑚0 is the
ass of the central body, and 𝑛′, 𝑒′, and 𝑎′ are the mean orbital motion,

eccentricity and semi-major axis of the third body, respectively.
These equations provide the changes in orbital elements due to a

third body for general orbital elements. Roscoe et al. [28] expanded
on Prado’s model to provide a transformation for third body averaged
model to osculating elements. This was done because the third body
averaged model produces inaccurate results whenever long durations
(1000s of days) and larger time-steps are used, due to the effect of dis-
crepancies in initial conditions. However, since smaller time-steps (on
the order of seconds) and shorter durations (on the order of 10 orbits)
are required, the equations developed by Prado used in this paper are
sufficient to model third body effects on spacecraft formations.

3.2. Drag model

Although atmospheric drag is extensively studied, an exact or ac-
curate model is yet to exist. One of the main reasons is the fact that
density is difficult to model mainly due to the effects of solar wind
activity on the atmosphere. However, analytical approximations of the
effects of drag on orbital elements exist in literature based on the ex-
ponential model for density. The first analytical model was formulated
by Izsak [29] where the effects were separated in terms of periodic
and secular variations. Izsak concluded that the greatest effects of drag
are on the semi-major axis, eccentricity, argument of perigee and mean
anomaly for which all undergo periodic variations and the semi-major
axis, eccentricity and mean anomaly undergo secular variations. Xu,
et al. [30] and Watson, et al. [31] also developed an analytical solution
for drag, while Danielson [32] developed a semi-analytic solution
and Martinusi et al. [33] developed a first order accurate analytical
solution.

This paper focuses on the work of Lawden [19] who developed
secular solutions for drag based on the exponential atmospheric model.
These solutions will herein be used in terms of mean orbital elements
and are provided as
̇̄𝑎𝑑𝑟𝑎𝑔 = −𝑛̄𝛿𝑎̄2𝜌[𝐵0 + 2𝑒𝐵1

+ 0.75𝑒2(𝐵0 + 𝐵2) + 0.25(𝑒3)(3𝐵1 + 𝐵3)] exp(−𝑐),
(31)

̇̄𝑒𝑑𝑟𝑎𝑔 = −𝑛̄𝛿𝑎̄𝜌[𝐵1 + 0.5𝑒(𝐵0 + 𝐵2)

− 0.125𝑒2(5𝐵1 + 𝐵3) −
1
16

𝑒3(5𝐵0 + 4𝐵2 − 𝐵4)] exp(−𝑐),
(32)

̇̄𝑖𝑑𝑟𝑎𝑔 = −
0.25𝑎̄𝜔𝐸𝛿𝜌

√

𝑄
sin(𝑖)[𝐵0 − 2𝑒𝐵1 + (𝐵2 − 2𝑒𝐵1) cos(2𝜔̄)] exp(−𝑐)

(33)

̇̄𝛺𝑑𝑟𝑎𝑔 =
0.25𝑎̄𝜔𝐸𝛿𝜌

√

𝑄
(𝐵2 − 2𝑒𝐵1) sin(2𝜔̄) exp(−𝑐) (34)

̇̄𝜔𝑑𝑟𝑎𝑔 = − ̇̄𝛺𝑑𝑟𝑎𝑔 cos(𝑖) (35)
̇̄𝑀𝑑𝑟𝑎𝑔 = 0 (36)

where 𝑛̄, 𝑒, 𝑎̄, and 𝜔̄ are the mean orbital motion, eccentricity, semi-
major axis and argument of perigee of a spacecraft respectively and
46

𝜔𝐸 is angular velocity of Earth. The density at the perigee 𝜌, modified
Bessel function of the first kind 𝐵𝑗 with argument 𝑐 and the constants
𝑐, 𝑄 and 𝛿 are given by

𝜌 = 𝜌0 exp
(

−
ℎ𝑝 − ℎ0

𝐻

)

(37)

ℎ𝑝 = 𝑎̄(1 − 𝑒) − 𝑅𝐸 (38)

𝐵𝑗 (𝑐) = ( 𝑐
2
)
𝑗

∞
∑

𝑘=0

( 𝑐2 )
2𝑘

𝑘!𝛤 (𝑗 + 𝑘 + 1)
(39)

𝑐 = 𝑎̄𝑒
𝐻

(40)

𝑄 = 1 −
2𝜔𝐸 (1 − 𝑒)1.5

𝑛̄
√

1 + 𝑒
cos(𝑖) (41)

𝛿 =
𝑄𝐴𝐶𝐷

𝑚
(42)

where 𝜌0 is the atmospheric density in kg/m3 and 𝐻 is the scale height
t a reference altitude ℎ0, ℎ𝑝 is altitude of perigee, 𝑄 is the factor for

rotation of Earth’s atmosphere (between 0.9–1.1), 𝐴 is exposed area
in m2 to the direction of fluid flow and 𝐶𝐷 is the coefficient of drag
nd 𝑚 is mass of the spacecraft in kg. It should be noted when using
hese equations for drag, 𝜌 must be multiplied by a factor of 1000 since
he units for distance and speed are in km and km/s for spacecraft
pplications.

.3. Gravitational model

Finally, the last linearized model in this paper is the gravitational
erturbation up to the fifth zonal harmonic. Recently, Kuiack and
lrich [13] developed a model which only includes the second zonal
armonic in terms of its secular and short periodic variations based
ff of Brouwer’s [14] gravitational equations. Vinti [34] expanded
n Brouwer’s [14] and Kozai’s [21] work to include the effects of
he residual fourth zonal harmonic. In addition, an analytical relative
ynamics for a 𝐽2 perturbed elliptical orbit was formulated by Hamel
nd Lafontaine [35] but only included secular variations of RAAN, ar-
ument of perigee and mean anomaly. Liu [20] expanded on Brouwer’s
nd Kozai’s work to include secular variations of eccentricity and
nclination, and concluded that their effects are small (about 0.5% more
ccurate). This paper combines the secular equations reformulated by
iu [20], and periodic equations formulated by Brouwer [14] and
ozai [18] with the secular solutions given by

̇̄𝑎𝑔𝑟𝑎𝑣 = 0 (43)

̇̄𝑒𝑔𝑟𝑎𝑣 = − 3
32

𝑛̄𝐽2
2
(

𝑅𝐸
𝑝̄

)4
sin2(𝑖)[14 − 15 sin2(𝑖)]𝑒(1 − 𝑒2) sin(2𝜔̄)

− 3
8
𝑛̄𝐽3

(

𝑅𝐸
𝑝̄

)3
sin(𝑖)[4 − 5 sin2(𝑖)](1 − 𝑒2) cos(𝜔̄)

− 15
32

𝑛̄𝐽4

(

𝑅𝐸
𝑝̄

)4
sin2(𝑖)[6 − 7 sin2(𝑖)]𝑒(1 − 𝑒2) sin(2𝜔̄)

(44)

̇̄𝑖𝑔𝑟𝑎𝑣 = 3
64

𝑛̄𝐽2
2
(

𝑅𝐸
𝑝̄

)4
sin(2𝑖)[14 − 15 sin2(𝑖)]𝑒2 sin(2𝜔̄)

+ 3
8
𝑛̄𝐽3

(

𝑅𝐸
𝑝̄

)3
cos(𝑖)[4 − 5 sin2(𝑖)]𝑒 cos(𝜔̄)

+ 15 𝑛̄𝐽4

(

𝑅𝐸
)4

sin(2𝑖)[6 − 7 sin2(𝑖)]𝑒2 sin(2𝜔̄)

(45)
64 𝑝̄



Acta Astronautica 185 (2021) 42–57Y. Chihabi and S. Ulrich

w
t
r

𝑛

r

𝛥

̇̄𝜔𝑔𝑟𝑎𝑣 = 3
4
𝑛̄𝐽2

(

𝑅𝐸
𝑝̄

)2
[4 − 5 sin2(𝑖)]

+ 9
384

𝑛̄𝐽2
2𝑅𝐸

4

𝑝̄4
[56𝑒2 + (760 − 36𝑒2) sin2(𝑖)

− (890 + 45𝑒2) sin4(𝑖)] − 15
128

𝑛̄𝐽4
𝑅𝐸

4

𝑝̄4
[64 + 72𝑒2

− (248 + 252𝑒2) sin2 𝑖 + (196 + 189𝑒2) sin4(𝑖)]

(46)

̇̄𝛺𝑔𝑟𝑎𝑣 = −
3𝐽2𝑅𝐸

2𝑛̄ cos 𝑖
2𝑝̄2

+
3𝐽22𝑅𝐸

4𝑛̄ cos 𝑖
32𝑝̄4

[12 − 4𝑒2 − (80 + 5𝑒2) sin2(𝑖)]

+
15𝐽4𝑅𝐸

4𝑛̄ cos 𝑖
32𝑝̄4

[8 + 12𝑒2 − (14 + 21𝑒2) sin2(𝑖)]

(47)

̇̄𝑀𝑔𝑟𝑎𝑣 = 𝑛̄ +
3𝑛̄𝐽2𝑅𝐸

2
√

1 − 𝑒2

4𝑝̄2
[2 − 3 sin2(𝑖)]

+
3𝑛̄𝐽22𝑅𝐸

4

512𝑝̄4
√

1 − 𝑒2
[320𝑒2 − 280𝑒4 + (1600 − 1568𝑒2 + 328𝑒4) sin2(𝑖)

+ (−2096 + 1072𝑒2 + 79𝑒4) sin4(𝑖)]

−
45𝑛̄𝐽4𝑅𝐸

4𝑒2
√

1 − 𝑒2

128𝑝̄4
[−8 + 40 sin(𝑖) − 35 sin2(𝑖)]

(48)

here 𝐽2 and 𝐽4 are the second and fourth zonal harmonics respec-
ively, 𝑅𝐸 is the mean radius of the Earth, and 𝑝̄ and 𝑛̄ are the semi-latus
ectum and mean orbital motion of the satellite given by

𝑝̄ = 𝑎̄(1 − 𝑒2) (49)

̄ =
√

𝜇
𝑎̄3

(50)

and where 𝑎̄ and 𝑒 are the mean semi-major axis and eccentricity,
espectively and 𝜇 is the gravitational constant of the Earth.

The long periodic solutions are given by

𝑎𝑙𝑝 = 0 (51)

𝛥𝑒𝑙𝑝 =
{1
8
𝜆′2𝑒(1 − 𝑒2)

[

1 − 11 cos2(𝑖) − 40 cos4(𝑖)[1 − 5 cos2(𝑖)]−1
]

− 5
12

𝜆′4
𝜆′2

𝑒(1 − 𝑒2)[1 − 3 cos2(𝑖) − 8 cos4(𝑖)[1 − 5 cos2(𝑖)]−1]

}

cos(2𝜔)

+

{

1
4
𝜆′3
𝜆′2

(1 − 𝑒2) sin(𝑖) + 5
64

𝜆′5
𝜆′2(1 − 𝑒2)

sin(𝑖)(4 + 3𝑒2)×

+
[

1 − 9 cos2(𝑖) − 24 cos4(𝑖)[1 − 5 cos2(𝑖)]−1
]}

sin(𝜔)

− 35
384

𝜆′5
𝜆′2

𝑒2(1 − 𝑒2) sin(𝑖)×

[1 − 5 cos2(𝑖) − 16 cos4(𝑖)[1 − 5 cos2(𝑖)]−1] sin(3𝜔)

(52)

𝛥𝑖𝑙𝑝 = −
𝑒𝛥𝑒𝑙𝑝 (53)
47

(1 − 𝑒)2 tan(𝑖)
𝛥𝜔𝑙𝑝 =
{

− 1
16

𝜆′2[(2 + 𝑒2) − 11(2 + 3𝑒2) cos2(𝑖)

− 40(2 + 5𝑒2) cos(𝑖)4[1 − 5 cos2(𝑖)]−1 − 400𝑒2 cos6(𝑖)[1 − 5 cos2(𝑖)]−2]

+ 5
24

𝜆′4
𝜆′2

[(2 + 𝑒2) − 3(2 + 3𝑒2) cos2(𝑖)

− 8(2 + 5𝑒2) cos(𝑖)4[1 − 5 cos2(𝑖)]−1

−80𝑒2 cos6(𝑖)[1 − 5 cos2(𝑖)]−2]
}

sin(2𝜔)

+

{

1
4
𝜆′3
𝜆′2

[ sin 𝑖
𝑒

−
𝑒 cos2(𝑖)
sin(𝑖)

]

+ 5
64

𝜆′5
𝜆′2

[(
(1 − 𝑒2) sin 𝑖

𝑒
−

𝑒 cos2(𝑖)
sin(𝑖)

)(4 + 3𝑒2) + 𝑒 sin(𝑖)(26 + 9𝑒2)]

× [1 − 9 cos2(𝑖) − 24 cos4(𝑖)[1 − 5 cos2(𝑖)]−1]

− 15
32

𝜆′5
𝜆′2

𝑒 cos2(𝑖) sin(𝑖)(4 + 3𝑒2)

×[3 + 16 cos2(𝑖)[1 − 5 cos2(𝑖)]−1 + 40 cos4(𝑖)(1 − 5 cos2(𝑖))−2]
}

cos(𝜔)

+

{

− 35
1152

𝜆′5
𝜆′2

[𝑒 sin(𝑖)(3 + 2𝑒2)

−
𝑒3 cos2(𝑖)
sin(𝑖)

][1 − 5 cos2(𝑖) − 16 cos4(𝑖)[1 − 5 cos2(𝑖)]−1]

+ 35
576

𝜆′5
𝜆′2

𝑒3 cos2(𝑖) sin(𝑖)

× [5 + 32 cos2(𝑖)[1 − 5 cos2(𝑖)]−1

+80 cos4(𝑖)[1 − 5 cos2(𝑖)]−2]
}

cos(3𝜔)

(54)

𝛥𝛺𝑙𝑝 =
{

−1
8
𝜆′2𝑒

2 cos(𝑖)
[

11 + 80 cos(𝑖)2
[

1 − 5 cos2(𝑖)
]−1

+200 cos4(𝑖)
[

1 − 5 cos2(𝑖)
]−2] + 5

12
𝜆′4
𝜆′2

𝑒2 cos(𝑖)×
[

3 + 16 cos(𝑖)2
[

1 − 5 cos2(𝑖)
]−1

+40 cos4(𝑖)
[

1 − 5 cos2(𝑖)
]−2]} sin(2𝜔)

+

{

1
4
𝜆′3
𝜆′2

𝑒 cos(𝑖)
sin(𝑖)

+ 5
64

𝜆′5
𝜆′2

𝑒 cos(𝑖)
sin(𝑖)

(4 + 3𝑒2)

[

1 − 9 cos2(𝑖) − 24 cos4(𝑖)
[

1 − 5 cos2(𝑖)
]−1]

+ 15
32

𝜆′5
𝜆′2

𝑒 cos(𝑖) sin(𝑖)(4 + 3𝑒2)

×
[

3 + 16 cos2(𝑖)
[

1 − 5 cos2(𝑖)
]−1

+40 cos4(𝑖)(1 − 5 cos2(𝑖))−2
]}

cos(𝜔)

+

{

− 35
1152

𝜆′5
𝜆′2

𝑒3 cos(𝑖)
sin(𝑖)

[

1 − 5 cos2(𝑖) − 16 cos4(𝑖)
[

1 − 5 cos2(𝑖)
]−1]

− 35
576

𝜆′5
𝜆′2

𝑒3 cos(𝑖) sin(𝑖)

×
[

5 + 32 cos2(𝑖)
[

1 − 5 cos2(𝑖)
]−1

+80 cos4(𝑖)
[

1 − 5 cos2(𝑖)
]−2]

}

cos(3𝜔)

(55)
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𝜆

F c
𝛥𝑀𝑙𝑝 =
{1
8
𝜆′2𝑒(1 − 𝑒2)

3
2
[

1 − 11 cos2(𝑖) − 40 cos4(𝑖)[1 − 5 cos2(𝑖)]−1
]

− 5
12

𝜆′4
𝜆′2

(1 − 𝑒2)
3
2
[

1 − 3 cos2(𝑖) − 8 cos4(𝑖)[1 − 5 cos2(𝑖)]−1
]

}

sin(2𝜔)

+

{

−1
4
𝜆′3
𝜆′2

(1 − 𝑒2)
3
2

𝑒
sin(𝑖) − 5

64
𝜆′5
𝜆′2

(1 − 𝑒2)
3
2

𝑒
sin(𝑖)(4 + 9𝑒2)×

[1 − 9 cos2(𝑖) − 24 cos4(𝑖)[1 − 5 cos2(𝑖)]−1]
}

cos(𝜔)

+ 35
384

𝜆′5
𝜆′2

𝑒(1 − 𝑒2)
3
2 sin(𝑖)×

[

1 − 5 cos2(𝑖) − 16 cos4(𝑖)[1 − 5 cos2(𝑖)]−1
]

cos(3𝜔)

(56)

where 𝜆′2, 𝜆
′
3, 𝜆

′
4, and 𝜆′5 are given by

′
2 =

𝐽2𝑅𝐸
2

2𝑎2(1 − 𝑒2)2
(57)

′
3 =

−𝐽3𝑅𝐸
3

𝑎3(1 − 𝑒2)3
(58)

′
4 =

−3𝐽4𝑅𝐸
4

8𝑎4(1 − 𝑒2)4
(59)

′
5 =

𝐽5𝑅𝐸
5

𝑎5(1 − 𝑒2)5
(60)

inally, the short periodic variations are calculated as follows

𝛥𝑎𝑠𝑝 =
𝐽2𝑅𝐸

2

𝑎

{

(𝑎
𝑟

)3
− 1

(1 − 𝑒2)3∕2

+
[

−
(𝑎
𝑟

)3
+ 1

(1 − 𝑒2)3∕2
+
(𝑎
𝑟

)3
cos(2𝜔 + 2𝜃)

]

3 sin2(𝑖)
2

}

(61)

𝛥𝑒𝑠𝑝 =
𝐽2𝑅𝐸

2

4

{

−2

𝑎2𝑒
√

1 − 𝑒2
+

2𝑎(1 − 𝑒2)
𝑒𝑟3

+

[

3

𝑎2𝑒
√

1 − 𝑒2
−

3𝑎(1 − 𝑒2)
𝑒𝑟3

−
3(1 − 𝑒2) cos(𝜃 + 2𝜔)

𝑝2
−

3 cos(2𝜃 + 2𝜔)
𝑎2𝑒(1 − 𝑒2)

+
3𝑎(1 − 𝑒2) cos(2𝜃 + 2𝜔)

𝑒𝑟3

−
(1 − 𝑒2) cos(3𝜃 + 2𝜔)

𝑝2

]

sin2(𝑖)
}

(62)

𝛥𝑖𝑠𝑝 =
𝐽2𝑅𝐸

2 sin(2𝑖)
8𝑝2

[3 cos(2𝜔+2𝜃) + 3𝑒 cos(2𝜔+ 𝜃) + 𝑒 cos(2𝜔+3𝜃)] (63)

𝛥𝛺𝑠𝑝 =
𝐽2𝑅𝐸

2 cos(2𝑖)
4𝑝2

[6(𝜃 −𝑀 + 𝑒 sin 𝜃) − 3 sin(2𝜔 + 2𝜃)

− 3𝑒 cos(2𝜔 + 𝜃) − 𝑒 cos(2𝜔 + 3𝜃)]
(64)

𝛥𝜔𝑠𝑝 =
3𝐽2𝑅𝐸

2

2𝑝2
{(

2 − 5
2
sin2 𝑖

)

(𝜃 −𝑀 + 𝑒 sin 𝜃)

+
(

1 − 3
2
sin2 𝑖

)

[

1
𝑒

(

1 − 𝑒2

4

)

sin 𝜃 + 1
2
sin(2𝜃) + 𝑒

12
sin(3𝜃)

]

− 1
𝑒

[ 1
4
sin2 𝑖 +

( 1
2
− 15

16
sin2 𝑖

)

𝑒2
]

sin(𝜃 + 2𝜔)

+ 𝑒
16

sin2(𝑖) sin(𝜃 − 2𝜔)

− 1
2

(

1 − 5
2
sin2 𝑖

)

sin(2𝜃 + 2𝜔)

+ 1
𝑒

[ 7
12

sin2 𝑖 − 1
6

(

1 − 19
8

sin2 𝑖
)

𝑒2
]

×

sin(3𝜃 + 2𝜃) +3 sin2 𝑖 sin(4𝜃 + 2𝜔) + 𝑒 sin2 𝑖 sin(5𝜃 + 2𝜔)
}

(65)
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8 16
𝛥𝑀𝑠𝑝 =
3𝐽2𝑅𝐸

2
√

1 − 𝑒2

2𝑒𝑝2
{

−
(

1 − 3
2
sin2 𝑖

)

×
[

(1 − 𝑒2

4
) sin 𝜃 + 𝑒

2
sin(2𝜃) + 𝑒2

12
sin(3𝜃)

]

+ sin2 𝑖
[ 1
4

(

1 + 5
4
𝑒2
)

×

sin(𝜃 + 2𝜔) − 𝑒2

16
sin(𝜃 − 2𝜔) − 7

12

(

1 − 𝑒2

28

)

sin(3𝜃 + 2𝜃)

−3𝑒
8

sin(4𝜃 + 2𝜔) − 𝑒2

16
sin(5𝜃 + 2𝜔)

]}

(66)

Since the short periodic variations are functions of the true anomaly,
𝜃, a way of computing it is required. Gurfil and Kholshevnikov [6]
proposed to numerically integrate for the time derivative of the true
anomaly. However, the purpose of this paper is to provide a fully
analytical solution. Many solutions to obtain the true anomaly from the
mean anomaly, eccentric anomaly and the orbit’s eccentricity exist in
literature. Vallado [23, p. 80–81] illustrates many of these methods,
including a method that uses modified Bessel functions of the first
kind paired with the eccentricity and mean anomaly to solve for the
true anomaly. Kuiack and Ulrich [13] provided a simple analytical
approximation for the true anomaly in terms of the eccentric anomaly.
The simple recursive solution is given by

𝐸 = 𝑀 + 𝑒 sin(𝑀 + 𝑒 sin(𝑀 + 𝑒 sin(𝑀 +⋯ + 𝑒 sin(𝑀)))) (67)

os 𝜃 = cos𝐸 − 𝑒
1 − 𝑒 cos𝐸

(68)

sin 𝜃 =

√

1 − 𝑒2 sin𝐸
1 − 𝑒 cos𝐸

(69)

𝜃 = tan−1 sin 𝜃
cos 𝜃

(70)

where 𝐸 is the eccentric anomaly. This is a recursive solution based
on the Newton–Raphson Iteration Technique2 which implies an infinite
series. Therefore, the expression will become truncated based on the
desired accuracy.

3.4. Procedure to obtain relative motion solution

This section presents the procedure, summarized in steps, to obtain
the relative motion solution by using the perturbed equations presented
in the previous sections.

1. Two sets of Keplerian osculating orbital elements are first initial-
ized: [𝑎𝑐0 , 𝑒𝑐0 , 𝑖𝑐0 , 𝜔𝑐0 , 𝛺𝑐0 , 𝜃𝑐0 ]

𝑇 and [𝑎𝑡0 , 𝑒𝑡0 , 𝑖𝑡0 , 𝜔𝑡0 , 𝛺𝑡0 , 𝜃𝑡0 ]
𝑇 .

2. The mean anomaly of each spacecraft, 𝑀𝑐0 and 𝑀𝑡0 , are then
initialized by using Eqs. (67)–(70) and the true anomalies of each
spacecraft.

3. The initial osculating orbital elements and mean anomalies are
used with Eqs. (51)–(66) to calculate long and short periodic
variations due to gravitational field perturbation.

4. Equations (11)–(16) are then rearranged to solve for the initial
mean orbital elements for both spacecraft, i.e

𝑎̄0 = 𝑎0 − 𝛥𝑎0𝑙𝑝 − 𝛥𝑎0𝑠𝑝
𝑒0 = 𝑒0 − 𝛥𝑒0𝑙𝑝 − 𝛥𝑒0𝑠𝑝
𝑖0 = 𝑖0 − 𝛥𝑖0𝑙𝑝 − 𝛥𝑖0𝑠𝑝
𝜔̄0 = 𝜔0 − 𝛥𝜔0𝑙𝑝 − 𝛥𝜔0𝑠𝑝

𝛺̄0 = 𝛺0 − 𝛥𝛺0𝑙𝑝 − 𝛥𝛺0𝑠𝑝

𝑀̄0 = 𝑀0 − 𝛥𝑀0𝑙𝑝 − 𝛥𝑀0𝑠𝑝

2 http://web.mit.edu/10.001/Web/Course_Notes/NLAE/node6.html.

http://web.mit.edu/10.001/Web/Course_Notes/NLAE/node6.html
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5. The mean orbital motion and mean semi-latus rectum for each
spacecraft, 𝑛̄𝑐 , 𝑝̄𝑐 , 𝑛̄𝑡, and 𝑝̄𝑡, are calculated using Eqs. (49) and
(50).

6. The mean orbital elements [ ̇̄𝑎𝑐 , ̇̄𝑒𝑐 , ̇̄𝑖𝑐 , ̇̄𝜔𝑐 , ̇̄𝛺𝑐 , ̇̄𝑀𝑐 ]
𝑇

and [ ̇̄𝑎𝑡, ̇̄𝑒𝑡,
̇̄𝑖𝑡, ̇̄𝜔𝑡, ̇̄𝛺𝑡, ̇̄𝑀𝑡]𝑇 can now be propagated using the initial mean
values from the previous step and Eqs. (23)–(48). The accuracy
of the solution can further be improved by re-calculating the
mean rates at every time-step.

7. The long and short periodic variations for every time-step are
then calculated using Eqs. (51)–(66) and mean orbital elements
calculated in step 6. The periodic variations are then added
with the mean orbital elements to obtain the osculating orbital
elements at each time-step.

8. Using propagated osculating mean anomalies, the osculating
true anomalies are also propagated using Eqs. (67)–(70).

9. The orbit radii of each spacecraft, 𝑟𝑐 and 𝑟𝑡, can then be calcu-
lated using Eqs. (9) and (10).

10. Finally, the relative motion in LVLH is calculated using Eq.
(6) with Eqs. (3)–(5), and (7)–(8) evaluated with the perturbed
osculating orbital elements.

4. Numerical simulations

This section presents a comparison of results obtained using the
equations developed in this paper against a numerical propagator that
integrates the exact nonlinear differential equations of motion in 𝐼
to verify the accuracy of the model. Specifically, effects of adding
perturbations to the analytical model were compared for LEO and HEO
formations. Furthermore, the full analytical model is applied to the
Proba-3 mission and is compared against the numerical propagator, and
a sensitivity analysis of the model is performed by varying eccentricity
and formation size.

The numerical propagator used in all simulation results presented
here integrates the inertial two-body equation of motion to which
the exact inertial perturbing accelerations are added. Specifically, per-
turbing accelerations due to gravitational field through the expansion
of gravitational potential function up to degree and order 180 [36],
the exact third body effects of the sun, moon and solar system plan-
ets through using the inertial coordinates provided by JPL Planetary
Ephemeris,ocean and solid Earth tidal effects, relativity [36], solar
radiation pressure, and drag were calculated [23] then converted from
inertial to LVLH reference frame. The solver used for the numerical
propagator for all cases was selected as a ODE45 with a relative and
absolute tolerance of 1 × 10−9. For the drag model, it is assumed
that both spacecraft maximum surface area is always perpendicular
to the flow direction and that the atmosphere rotates with the Earth,
and constant coefficient of drag for both spacecraft of 2.3 is used.
The mass and surface area are 211 kg and 1.77 m2, and 339 kg and
3.34 m2 for the chaser and target spacecraft, respectively [2]. For the
solar radiation pressure model, a constant surface area equal assumed
to be the same as the drag model (i.e: a spherical spacecraft) with
a coefficient of reflectivity of 2. These values are used for all cases
presented.

For the proposed analytical solution’s third body model only the
effects of the sun and the moon were considered. The Earth was as-
sumed to be in a circular orbit around the sun and moon’s eccentricity is
constant at 0.0536. The Solar and Lunar data were provided by NASA’s
Jet Propulsion Laboratory Horizons website based off measurements
made on July 1, 2018.3 In addition, the analytical model ignores the
orbit inclination, RAAN and argument of perigee of the sun and the
moon.

The osculating orbital elements for the LEO example are initialized
as 𝑎 = 7106.14 km, 𝑖 = 98.3◦, 𝜔 = 0◦, 𝛺 = 270◦, and 𝜃 = 0◦ for both

3 https://ssd.jpl.nasa.gov/horizons.cgi.
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spacecraft, whereas 𝑒𝑡 = 0.05 and 𝑒𝑐 = 0.05+0.001 [13]. Fig. 3 shows the
results obtained by both the full analytical model and numerical propa-
gator for the initial conditions over 10 orbits. The relative position error
is defined as the difference, in the LVLH reference frame, between the
analytical model and numerical propagator. The full analytical model
produces bounded errors for the radial and in-track directions, whereas
the error increases with time in the along-track direction. Figs. 4–6
show results of the analytical model after the effects of third body, drag,
and gravitational short and long periodic variations were removed from
the analytical model. Fig. 5 the errors that is obtained when Kuiack
and Ulrich’s [13] analytical model was compared against the numerical
propagator. Specifically, Fig. 6 shows that removing the effects of long
and short periodic variations cause a drastic increase in errors about
all three axes and becomes unbounded.

Figs. 7–10 show the results of removing perturbations from both the
numerical propagator and the analytical model. Fig. 7 shows the results
assuming a Keplerian orbit, while Fig. 9 shows the effects of J2–J5
gravitational perturbation model and Fig. 10 shows luni-solar third-
body and drag effects. The errors obtained for the Keplerian case is a
result of the numerical integration tolerances, which can be observed
when comparing Figs. 7 and 8. The errors in Fig. 9 emphasize that the
analytical model considering the gravitational perturbations produces
bounded errors. Fig. 10 shows that although the analytical equations
for drag and third-body accurately predicts the relative motion, the
solution in the along-track direction diverges with time.

For the HEO case, the osculating orbital elements are initialized as
𝑎 = 36944 km, 𝑖 = 59.0◦, 𝜔 = 188◦, 𝛺 = 84.0◦, and 𝜃 = 0◦ for both
spacecraft, whereas 𝑒𝑡 = 0.811 and 𝑒𝑐 = 𝑒𝑡 + (5×10−5) for the target and
chaser spacecraft respectively [2]. This initialization is an estimated
representation of the Proba-3 case. Fig. 11 shows the full analytical
model while Figs. 12–15 show the results of omitting third body,
drag and gravitational periodic effects. Specifically, Fig. 14 shows the
errors that is obtained when Kuiack and Ulrich’s [13] analytical model
was compared against the numerical propagator. The error growth
increased slightly when third body and drag effects were removed from
the analytical model, with drag having the larger contribution. This is
due to the fact that, at the perigee, the spacecraft encounter higher
drag forces as a result of the high velocity. Error growth increased
dramatically when the periodic variations due to gravitational field
were omitted.

Figs. 16–18 show results for formation sizes between 100 and
80 000 meters by varying the chaser eccentricity of the Proba-3 case
using the full analytical model. Specifically, the errors in Figs. 16–17
were shown to be significantly large for short relative distances which is
likely due to the perturbations not taken into account within the analyt-
ical model. In terms of Fig. 18, errors for the first three orbits remained
relatively small for all three directions and attained a maximum error
of 1200 meters for a separation distance of 80 000 meters in the along-
track direction. Furthermore, it was observed that accuracy increases
as the initial separation in eccentricity increases. This implies that, if
initial conditions for each spacecraft were carefully selected, the model
would provide more accurate results. Fig. 19 shows the results for
a combined in-plane and out-of-plane initialization using separations
in eccentricity and inclinations for a target initialized with the same
orbital elements as Proba-3. On the other hand, Fig. 20 shows the
results for separations in all six classical orbital elements. By comparing
Figs. 19–20 with Fig. 18, the analytical solution maintains accuracy in
all three directions of relative motion while showing bounded errors.

Figs. 21–23 show results obtained by the full analytical model by
varying Proba-3 target eccentricity values between 0.01 and 0.6. By
comparison with Fig. 20, it was observed that errors increase signif-
icantly with increasing eccentricity, and error spikes start to appear
beyond an eccentricity of 0.6. The time rate of change of true anomaly,
𝜃̇, is inversely proportional to spacecraft’s position, 𝑟, and is given by

𝜃̇ = ℎ (71)

𝑟2

https://ssd.jpl.nasa.gov/horizons.cgi
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Fig. 3. LEO full analytical model.

Fig. 4. LEO analytical model: Third body = 0 and drag = 0.

Fig. 5. LEO analytical model: Third body = 0, drag = 0 and gravitational long periodic variations = 0.
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Fig. 6. LEO analytical model: Third body = 0, drag = 0 and gravitational short & long periodic variations = 0.

Fig. 7. LEO analytical & numerical model: Two-body.

Fig. 8. LEO analytical & numerical model (relative tolerance 1 × 10−14): Two-body.
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Fig. 9. LEO analytical & numerical model: J2–J5.

Fig. 10. LEO analytical & numerical model: Third-body and drag.

Fig. 11. PROBA-3 full analytical model.
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Fig. 12. PROBA-3 analytical model: Third body = 0.

Fig. 13. PROBA-3 analytical model: Third body = 0 and drag = 0.

Fig. 14. PROBA-3 analytical model: Third body = 0, drag = 0 and gravitational long periodic variations = 0.
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Fig. 15. PROBA-3 analytical model: Third body = 0, drag = 0 and gravitational short & long periodic variations = 0.

Fig. 16. 𝑒𝑐 = 𝑒𝑡 + 0.000002.

Fig. 17. 𝑒𝑐 = 𝑒𝑡 + 0.00001.
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Fig. 18. 𝑒𝑐 = 𝑒𝑡 + 0.0001.

Fig. 19. 𝑒𝑐 = 𝑒𝑡 + 0.0001&𝑖𝑐 = 𝑖𝑡 + 0.1◦.

Fig. 20. 𝑎𝑐 = 𝑎𝑡 − 0.01 km, 𝑒𝑐 = 𝑒𝑡 + 0.0001, 𝑖𝑐 = 𝑖𝑡 + 0.1◦, 𝜔𝑐 = 𝜔𝑡 + 0.1◦, 𝛺𝑐 = 𝛺𝑡 − 0.1◦, & 𝜃𝑐 = 𝜃𝑡 − 0.1◦.
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Fig. 21. 𝑒𝑡 = 0.01.

Fig. 22. 𝑒𝑡 = 0.2.

Fig. 23. 𝑒𝑡 = 0.6.
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where ℎ is the orbit angular momentum. As a result, the rate of
change of true anomaly undergoes larger variations as eccentricity
increases. Hence, the analytical model will result in higher errors
since linear approximations of perturbed orbital elements cannot fully
capture the effects of the increasing non-linearities between spacecraft’s
eccentricities and positions on their respective orbits.

5. Conclusion

This paper presented a new analytical method for obtaining the
relative motion between spacecraft that is applicable to many types
of orbits by taking into account perturbations caused by a third body,
drag and gravitational field up to the fifth harmonic. Specifically,
this paper integrates previously published results that formulated the
effects of these perturbations as a function of orbital elements with
spacecraft formations, such that an analytical solution that predicts
spacecraft relative motion was developed. Previous analysis found in
literature addressed the problem of relative motion for long-term ana-
lytical propagation; however, the solution presented in this paper was
specifically derived for sophisticated guidance and control applications
where smaller duration and time-steps are essential in the design. The
new method was then validated against a numerical simulator that
included effects of gravitational field, third body effects of the sun,
moon and solar system planets, ocean and solid Earth tidal effects,
relativity and drag. When the analytical solution was compared to the
numerical simulator, the relative motion yielded relatively small errors.
However, the numerical simulator did not include the effects of solar
radiation pressure as part of the ground truth. The solution presented
in this paper involved calculating new orbital elements for each space-
craft at every time-step for both the target and the chaser spacecraft
which are then used in the non-linear equations of motion to calculate
relative motion. Future work will focus on including solar radiation
pressure as well as short and long periodic variations due to drag. The
accuracy of analytical solution can further be improved by including
the inclination, right ascension of the ascending node and argument of
perigee of within the third-body model. Furthermore, state-transition
matrices based on the newly-developed equations of relative motion
will be sought for guidance and control design purposes.
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