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A variant of Lyapunov vector fields is presented for tracking trajectories within tumbling and accelerating

reference frames. This extension is computationally light, and is acceleration constrained rather than velocity

constrained, making it suitable for real-time use in spacecraft. A general stability analysis proves globally

asymptotic stability given a set of conditions that are analogous to those of standard Lyapunov vector fields.

A special case of this novel path-planning law (referred to as a cascaded Lyapunov vector field) is closely studied,

and a simple set of conditions guaranteeing bounded acceleration commands for perfect tracking are derived.

A design procedure is presented. Finally, a full design example for a spacecraft proximity inspection mission is

presented. The simulations demonstrate stable behavior while respecting acceleration and path constraints.

Furthermore, all constraints are met by judicious design of the path-planning field, without the need for

computationally expensive algorithms running in real-time.

I. Introduction

I NRECENTyears, autonomous flight algorithms have become an
increasingly popular area of research. Driven by factors such as

the development of unmanned aerial vehicles (UAVs) and increasing
autonomy needs for spacecraft, these algorithms span high-level
decision making, path planning, state estimation, low-level flight
control, and many other topics. At a minimum, any well-designed
autonomous algorithm will meet performance requirements while
respecting the physical capabilities of the controlled vehicle. Tomeet
these constraints, control designers often make use of optimization
in-the-loop type algorithms such as model predictive control (MPC)
[1–5] or inverse dynamics-based trajectory planning [6]. However, as
is well-discussed in [7], computational load is a significant challenge
when implementing algorithms such as on-board spacecraft in real-
time. Methods with lighter computational requirements are usually
not naturally equipped to handle constraints.
In this context, one computationally simple yet effective path-

planning method that has arisen for UAVs is the kinematics-based
Lyapunov vector field (LVF). As is well known, the typical use for
a Lyapunov function is to prove the stability of a given system.
Lyapunov vector fields, however, invert this process, and instead
begin with a desirable Lyapunov function, and then use its properties
to create guidance and control laws that are inherently asymptotically
stable. Generally, LVFs map each given position in space to a desired
velocity. Therefore, constraints such as velocity or curvature limita-
tions can be addressed directly by judicious design of this mapping.
Furthermore, path constraints can be directly addressed by shaping
the LVF to avoid undesirable regions. For example, Hough and
Ulrich [7] and Scorsoglio and Furfaro [8] defined path constraints
within LVFs to avoid misalignment during spacecraft docking.
Lawrence [9] first introduced LVFs for standoff stationary-target

tracking, and a general mathematical construct for deriving simple
three-dimensional position-based LVFs for stand-off tracking was
later presented by Lawrence et al. [10]. Beyond this general con-
struction, Lawrence et al. [10] also presented some expanded LVF
capabilities compared to previous applications, such as the ability to

track “warped-circular” patterns, and a switching algorithm for way-
point path planning. This work was then expanded upon by Frew
et al. [11] for two UAVs performing phase-shifted cooperative stand-
off tracking of a moving ground vehicle with perturbations from
wind.
Several authors have studied how [9–11] can be altered to bound

the flight paths curvature. For example, Pothen and Ratnoo [12]
proposed a curvature parameter that is a function of radial distance,
causing a more direct path with bounded curvature characteristics
both inside and outside of the stand-off radius. Extending upon [12],
Sun et al. [13] proposed a set of more complex parameters, and
performed an offline search to numerically select the curvature
parameter, which minimized convergence time without violating
the maximum turn rate. Very recent work by Che et al. [14] has
further studied cooperative standoff tracking of moving targets (sim-
ilar to the problem studied in [11]) in combination with curvature
analysis. Specifically, the authors focused on optimizing the curva-
ture parameter for minimum convergence time with a different algo-
rithm compared to [13]. Moreover, Che et al. [14] better defined the
target state-estimation subsystem of the UAV flock, and an interact-
ing multiple model-based unscented Kalman filter was proposed.
While UAV standoff tracking has been studied extensively, some
authors have expanded LVFs beyond this application. For example,
LVFs and other related vector fields have been proposed for UAV
obstacle avoidance [15,16].
More recently, LVFs have been recognized as an attractive

method for spacecraft, due to the ability to handle constraints with
little computational load [7,8]. However, this change of application
has required significant alterations to the existing literature. For
example, all works relating to UAVapplications have been subject
to a constant (or nearly constant) inertial velocity constraint for
remaining in steady flight. With spacecraft maneuvers, however,
maintaining a constant velocity becomes unnecessary, and in fact
impractical. One obvious example is that of docking, where desired
relative velocity between the controlled spacecraft and uncontrolled
target should converge to zero upon contact. Indeed, rather than
being constrained by velocity, spacecraft are limited by their accel-
eration. Themost important distinction, however, is the requirement of
spacecraft to track trajectories that are defined with respect to rotating
or tumbling reference frames. This requirement significantly compli-
cates respecting the spacecraft acceleration constraints, as the accel-
eration experienced from the rotation of the trajectory must also be
compensated.
Scorsoglio and Furfaro [8] used an LVF-based relative motion

guidance for docking in a cislunar space environment. Quite uni-
quely, Scorsoglio and Furfaro [8] use an extreme learning ma-
chine (ELM) approach, such that the controlled spacecraft learns an
LVF that can perform docking while meeting thrust constraints and
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avoiding obstacles. Because an artificial intelligence approach is
taken, the authors are also able to include fuel optimizations,
which is not conventionally considered with LVFs. One important
assumption used in [8], however, is that the target spacecraft is
well-controlled, and therefore has a constant attitude with refer-
ence to a slowly rotating orbital reference frame. To compensate
for the rotation of this reference frame without violating thrust
constraints, the authors include the slowly evolving nonlinear dy-
namics equations directly in their training. However, it is unclear
whether this method of training thrust limitation by inclusion of
known reference-frame dynamics can be extended to include the
tumbling of a spacecraft with arbitrary inertial properties and
initial conditions.
In previous work by Hough and Ulrich [7], a different approach is

taken to the docking problem by developing an LVF for a tumbling
target based on body-fixed coordinates. The two spacecraft are
assumed to be in nearly identical orbits when the docking procedure
initializes, and therefore the acceleration differences due to gravity
are considered negligible compared to the control inputs. It is as-
sumed that the chaser spacecraft can obtain basic information about
the target through observation, such as themaximumangular velocity
and angular acceleration norms. Through a classical Lyapunov con-
struction, asymptotic stability is guaranteed to the docking port. A
maximum relative velocity and a radius of application are solved such
that, when distance to the docking port is less than the radius of
application, the trajectory combined with compensation of the rotat-
ing reference frame cannot exceed the chaser thrust limitations.
Outside this radius, the chaser simply ignores the attitude of the tar-
get and contracts inward at constant speed. Clearly, the behavior
inside and outside of the radius of application represent two diffe-
rent path-planning modes. However, there does not presently exist
any obvious method to transition between these two modes while
still meeting acceleration constraints and guaranteeing stability. Of
course, such transitional trajectories are already possible to generate
and track using someof themethods previouslymentioned (MPCand
inverse-dynamics based trajectory planning are both well-capable).
However, to the authors’ knowledge there do not exist any well-
analyzed methods specifically designed for low computational po-
wer. Suchwork certainly does not presently exist in the framework of
Lyapunov vector fields.
In this work, a variant to LVFs is introduced, herein referred to

as a cascaded Lyapunov vector field (CLVF). In particular, this
work extends LVFs to the case where the final desired trajectory is
defined in a generally tumbling and accelerating reference frame,
and the controlled vehicle is subject to acceleration constraints
rather thanvelocity constraints. The CLVF is therefore significantly
more applicable to spacecraft applications compared to conven-
tional LVFs.
The remainder of this work is organized as follows: Sec. II reviews

necessary theory from existing LVF literature. Then, Sec. III intro-
duces the vector notation used in this work, and gives the problem
formulation for this work. The general structure of CLVFs is then
introduced in Sec. IV, and global asymptotic stability is proven, given
a new set of conditions analogous to those required for standard
LVFs. Conditions under which the required tracking acceleration is
bounded are also derived in Sec. IV. Section V proposes a design
procedure for the CLVF, and provides a design example for a space-
craft inspection mission. After performing the design, the CLVF per-
formance is analyzed for several different acceleration constraints.
Finally, Sec. VI presents the conclusions.

II. Review of Lyapunov Vector Field Theory

For completeness, this section reviews the theory and use of LVFs
to date. Specifically, Sec. II.A will review the fundamental-level
theory of LVFs, based on [10]. Section II.B will then review a design
case for a UAV performing stand-off tracking on a stationary target.
This review is designed to familiarize the reader with LVFs and is not
intended to be comprehensive beyond what is necessary for further
developments. Further details can be found in [9,11–16] and the
works referenced therein.

A. General Lyapunov Vector Field Theory

Consider a dynamic closed-loop system

_x � f�x� (1)

where x ∈ Rn is a state vector. Additionally, design a Lyapunov

function of the states given by V�x� ∈ R, where it is required that

V ≥ 0. An attractorA ⊂ Rn is defined as the setA � fxjV�x� � 0g.
To prove globally asymptotically stable guidance, there are four

conditions of the Lyapunov function V [10]:
A1) V�A� � 0; otherwise V�x� > 0.
A2) V is radially unbounded; as kxk → ∞, V → ∞.
A3) V is continuously differentiable, and ∂V∕∂x is only 0 within A.
A4) V is solely a function of x (i.e., not an explicit function of time).
The LVF h�x� is then given as the sum of two components:

h�x� � c�x� � s�x� (2)

where c�x�: Rn → Rn always points toward the attractor, and

s�x�:Rn → Rn is always perpendicular to the gradient of V. That
is, the following conditions must be met:
B1)

c�x� � −Γ�x�∂V
∂x

T

B2)

∂V
∂x

s�x� � 0

whereΓ�x� ∈ Rn×n is a positive definitematrix with respect to the set

A. That is, Γ�x; ⋅� is symmetric, and the quadratic product

q � �x − A�TΓ�x��x − A� (3)

is positive everywhere, except for when x ∈ A, where q � 0. In this
product, �x − A� is used to represent the shortest vector connecting

the attractor A to the point x. Almost invariantly, Γ�x� is the identity
matrix multiplied by a positive-definite scalar function. Asymptotic

stability of x to the set A can then be guaranteed by the following

straightforward proof, given in several of the references [10,12].
Theorem 1:Assuming perfect tracking of the LVF guidance given

by Eq. (2) and constraints A1–A4, B1, and B2, the state vector x is

globally asymptotically stable to the set A.
Proof 1: Given condition A4, the time derivative of V is found by

_V � ∂V
∂x

_x (4)

By assuming perfect tracking of the trajectory described by the LVF,

_V � ∂V
∂x

�c�x� � s�x�� (5)

Using constraints B1 and B2, this simplifies to

_V � −
∂V
∂x

Γ�x�∂V
∂x

T
(6)

Constraints A1–A3 then complete the proof. □

Note that because LVFs are path planners, some control method is

required to track the desired path. The following acceleration con-

troller is proposed by Lawrence et al. [10]:

�x�x;h� � −β� _x − h� � _h (7)

where β ∈ R is a strictly positive parameter. Asymptotic tracking of

the LVF is then given by the following:
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Theorem 2: Under the acceleration law given by Eq. (7), the time

derivative of the controlled states, _x, is globally asymptotically

convergent to the LVF, h�x�.
Proof 2: To begin, we define an error Lyapunov functionW as

W � � _x − h�T� _x − h�
2

(8)

which clearly meets A1–A4, where tracking error is the state. A time

derivative ofW then results in

_W � � _x − h�T� �x − _h� (9)

and substitution of Eq. (7) results in

_W � −β� _x − h�T� _x − h� (10)

which completes the proof. □

B. Lyapunov Vector Fields for Unmanned Air Vehicles

Let us now present a design example for UAV standoff tracking of

a stationary target, based on [10]. To begin, define a vector n̂ ∈ R3

that is normal to the desired circular trajectory. Further, the controlled

state is selected as the position vector r ∈ R3, and r � 0 is defined to
be directly above the target at the desired altitude. The next step is to

select a Lyapunov function on which to construct the LVF. One

option is [10]

V�r� � 1

2
�rTn r̂n�2 �

1

2
�rTt r̂t − η�2 (11)

where η ∈ R > 0 is the desired circular radius, ^f⋅g denotes a vector of
unit magnitude in the direction of f⋅g, and subscripts t and n denote

the tangent and normal components with reference to the normal

vector n̂. That is,

rn � n̂n̂Tr (12)

rt � �I − n̂n̂T�r (13)

where, throughout this work, I will refer to the identity matrix of

appropriate dimension. Note that V � 0 if and only if rn � 0 and

rt � η, defining the attractor A (it will be common notation to use

nonbold letters to refer to norms, i.e., rn � krnk and rt � krtk).
Analyzing Eq. (11), it is clear that the conditions A1–A4 are met.

Equation (11) can be used to build the following path-planning law:

h�r� � −Γ�r�∂V
∂r

T
� s�r� (14)

where h�r� is the desired velocity, Γ�r� is positive definite (and
usually a multiple of the identity) matrix, and s�r� is the circulation
term, as it will cause the UAV to fly in a circle upon arrival to the
attractor. Options for Γ�r� and s�r� that keep the UAV flying at a
constant speed are

Γ�r� � 1

α�r� I (15)

s�r� � γ
n̂×rt
α�r� (16)

where γ ∈ R denotes a curvature parameter (well-studied in
[12–14]), f⋅g× denotes the skew-symmetric construction of f⋅g used
for computing cross-products, and α is a normalization parameter
given by

α�r� � 1

v
�r2n � �rt − η�2 � r2t γ

2�1∕2 (17)

where v ∈ R > 0 is the constant desired speed. By shifting param-
eters such as γ or v, various “shapes” of LVF can be formed, resulting
invarying trajectories toward and around the desired circle of radius η
as seen in Fig. 1.

III. Problem Formulation

Section III.A introduces the notation used for the remainder of this
work. Then, Sec. III.B provides motivation for why the present LVF
theory is not well suited for generally rotating and translating refer-
ence frames, and defines the desired characteristics of the proposed
variant.

A. Reference Frame and Vector Definitions

To begin, let us define a body-fixed reference frame B that is fixed
to the target position and orientation, and an inertial reference frame
I. The origin of B relative to the origin of I is given by the vector

d�t� ∈ R3. The controlled vehicle position relative to the origin of

I is denoted rw�t� ∈ R3, and relative to the origin of B is denoted

r�t� ∈ R3. The rotation matrix that converts B coordinates into I
coordinates is given by CIB�t� ∈ R3×3. Finally, the angular velocity
of B relative to I is exactly equal to the angular velocity of the rigid
target, denotedωBI�t�. There is an attractorAc that is stationarywhen
viewed from B. The desired position within the attractor is described
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a) Lyapunov vector field with f  = 0.1 b) Lyapunov vector field with f  = 0.5

Fig. 1 Lyapunov vector fields with η � 3, n̂ in z direction.
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by the time-varying vector o�t� ∈ R3 that, by definition, must have a
magnitude such that the tip of the vector is on the surface Ac. Lastly,
let us define the angle between r�t� and o�t� as θ�t�. A diagram of
these definitions is given in Fig. 2.
Note that for the remainder of this paper, the argument of timewill

typically be omitted. Furthermore, when expressing vectors in a
noninertial reference frame, a superscript will denote the reference
frame being used.

B. Tracking Lyapunov Vector Fields in Rotating Reference Frames

Suppose that the controlled vehicle has some desired trajectory
defined in B. If LVFs are to be used, then the attractor Ac must be
defined as a constant set of coordinates inB, and the desired trajectory
mustmove throughAc. IfωBI is slow enough, it may be reasonable to
define theLVFdirectly inB. That is, the guidancewould be defined as

hB � cB�rB� � sB�rB� (18)

The required acceleration to track this field is then given as

_h � �d� CIB�ω×
BIω

×
BIr

B � _ω×
BIr

B � 2ω×
BIh

B � _hB� (19)

Immediately, there is the issue that as krk → ∞, k _hk → ∞ provided
thatωBI≢0 and thatωBI is not perfectly parallel to r. Unless the target
rotation is assumed to be very slow, as is the case in [8], tracking this
LVF will quickly saturate thrusters. Therefore, simply taking the
existing LVF framework and applying it within a tumbling reference
frame in an ad-hoc manner is not a good solution.
In this paper, the authors propose a variant of the LVF, herein

referred to as the cascaded Lyapunov vector field (CLVF). The
purpose of this variant is to suitably adjust the existing LVF frame-
work for use in spacecraft. That is, the resulting field should consider
the maximum acceleration constraints, and the field should naturally
apply when the final desired trajectory is defined in a tumbling
reference frame. Furthermore, the very attractive quality of simplic-
ity, characteristic of the LVF framework, should be preserved as
much as possible.

IV. Cascaded Lyapunov Vector Fields

A. Structure

To begin, let us define a Lyapunov function Vc that meets A1–A4
for the state r. The CLVF is given the familiar high-level structure:

h�r� � c�r� � s�r� � _d (20)

where _d is the time derivative of the target position, c�r� has the

structure

c�r� � −Γc�r�
∂VT

c

∂r
(21)

and s�r� is subject to B2 for the Lyapunov functionVc. Therefore, the

CLVF is in fact an LVF, and inherits the globally asymptotic stability

properties to the attractor Ac. Let us depart from standard LVFs by

defining a desired trajectory withinAc and provide the term s�r�with
the following structure:

s�r;o� � a�r;o� � g�r; _o� (22)

where g:R3 × R3 → R3 is a velocity function responsible for tracking

the attitude of the reference frame B, and a:R3 × R3 → R3 is a

function referred to as the “alignment” component of velocity with

the structure

a�r; o� � −Γa�r; o�
∂VT

a

∂r
(23)

whereVa is a Lyapunov function of θmeeting constraints A1, A3, and

A4, and its attractor is the single desired trajectory point o�t�. Note that
Va does not meet A2 as θ exists in a bounded set �0; π� and therefore
does not require global stability properties. The matrix Γa ∈ R3×3 is

not necessarily positive definite, but must be positive semidefinite. In

particular,Γa�r; o� can have a nontrivial null space anytime r ando are
parallel or antiparallel. Lastly, let usmandate the followingproperty for

g�r; _o�:

∂Va

∂r
g�r; _o�jr∈Ac

� −
∂Va

∂o
_o (24)

The resulting path planner is therefore an LVF with a second LVF-

like structure embedded in the s�r;o� term, meant to converge a

spacecraft to a specific trajectory defined inside of the attractor Ac.

B. Stability

Note that stability of r to the attractor Ac following the path-

planner Eq. (20) follows directly from Theorem 1. What is left,

therefore, is to prove asymptotic stability to the trajectory-tracking

point θ � 0.
Theorem 3: Assuming perfect tracking to the CLVF guidance

given by Eq. (20), the vector r is asymptotically stable to the point

o�t�, which is the attractor for a Lyapunov function Va meeting A1,

A3, and A4 for the state θ.
Proof 3: Taking the time derivative of Va gives

_Va � dVa

dθ
_θ (25)

or equivalently, using the fact that θ is a function of r and o

_Va � ∂Va

∂r
_r� ∂Va

∂o
_o (26)

Assuming perfect tracking, this leads to the expression

_Va � ∂Va

∂r
�c�r� � a�r; o� � g�r; _o�� � ∂Va

∂o
_o (27)

Invoking the structure of c�r� and a�r; o� leads to

_Va � −
∂Va

∂r
Γa�r; o; ⋅�

∂Va

∂r
T � δ�r� (28)

where δ�r� is a disturbance term given byFig. 2 Reference frame and vector definitions.
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δ�r� �
�
∂Va

∂o
_o� ∂Va

∂r
g�r; _o�

�
−
∂Va

∂r
Γc�r�

∂VT
c

∂r
(29)

note that independently of this proof, Theorem 1 mandates that

r → Ac. Also, noting Eq. (24) and the fact that ∂VT
c ∕∂r � 0 on Ac

yields

δ�Ac� � 0 (30)

Further, given that Γa has a trivial null-space everywhere except θ �
0 and θ � π, it can be said that for any θ that does not equal 0 or π,
there is a contour of Vc that will eventually be reached such that���� ∂Va

∂r
Γa�r; o; ⋅�

∂VT
a

∂r

���� > kδ�r�k (31)

because r will be sufficiently close to Ac and therefore δ�r� will be
sufficiently close to 0. At this point, _Va will become negative, and

therefore _Va becomes negative semidefinite in r. To prove that _Va

indeed becomes negative definite, let us show that ∂Va∕∂r cannot
become 0 anywhere except the points where θ � 0 or θ � π. First,
given that Va is a function of θ only, it is straightforward to solve the
Jacobian ∂Va∕∂r as

∂Va

∂r
� dVa

dθ

∂θ
∂r

� dVa

dθ

�
r̂T cos θ − ôT

r sin θ

�
(32)

Setting this Jacobian to 0 and rearranging, the following condition
arises:

r̂ cos θ � ô (33)

which is impossible for any value of θ other than 0 or π. Noting that
_Va�θ� < 0 everywhere within Ac except for these two points, it is
clear that θ � π becomes an unstable equilibrium point because

V�θ�, and therefore θ will decrease away from π. By the same argu-
ment, θ � 0 becomes an asymptotically stable equilibrium point as
r → Ac. □

C. Simplifying Assumptions

For the remainder of this work, a set of simplifying assumptions
will be applied to the CLVF, which will ease the process of finding an
upper acceleration bound. These assumptions are as follows:
C1) The attractor Ac is spherical with a radius α ∈ R > 0. The
desired trajectory point can therefore be expressed as o�t� � αô�t�.
C2) The origin of the reference frame B is centered in the sphereAc.
C3) The matrices Γa�r; o� and Γc�r; o� are identity matrices multi-
plied by scalar functions.
C4) The function g�r; _o� is set such that g�r; _o� � g�r; θ�ω×

OI r̂,
where g�r; θ�:R × R → R is globally Lipschitz continuous in both

arguments and is nonnegative, and ωOI ∈ R3 is the angular velocity
of the vector o with respect to the inertial frame I (the component of
ωOI along o is always 0). Also, g�r; θ� is such that on the attrac-
tor g�α; θ� � α.
C5) The function Vc�r� is a function of distance to the attractor only.
That is, Vc�r� � Vc�r�
Note that each of the assumptions C1–C3 and C5 are almost

universally applied in work pertaining to LVFs. Assumption C4 is

just a specific form tomeet the constraint given byEq. (24), so long as
Ac is spherical. The intuition for C4 is that on the attractor,
g�r; _o� � ω×

OIr, which would exactly track the rotation of frame B.
Using C3, let us begin by rewriting these matrices in the form

Γc�r� �
sc�r; θ�

kdVc∕drk
I (34)

Γa�r; ô� �
sa�r; θ�

k∂Va∕∂rk
I (35)

where sc�r; θ� and sa�r; θ� are yet-unselected speed functions that are
globally Lipshcitz in both r and θ. For now, it is of no concern what
the Lipschitz constant of either function is; this property is only
important for constraining total CLVF acceleration. To meet positive
definiteness, the function sc�r; θ� is strictly positive, except on Ac

where sc�α; θ� � 0. Similarly, to meet the criteria onΓa�r; �, sa�r; θ�
may be designed such that

lim
θ→0

sa�r; θ� � lim
θ→π

sa�r; θ� � 0 (36)

but is strictly positive otherwise. The CLVF can now bewritten in the
form

h�r;ωOI; ô; _d� � sc�r; θ�ĉ�r� � sa�r; θ�â�r̂; ô�
� g�r; θ�ω×

OI r̂� _d (37)

where

ĉ � −
�∂Vc∕∂r�T
k∂Vc∕∂rk

(38)

â � −
�∂Va∕∂r�T
k∂Va∕∂rk

(39)

Note that by using the assumption thatVc is a function of the distance
from the attractor only, and setting ĉ to the null vector 0when krk �
α to avoid singularities in the solution, ĉ equates to

ĉ �

8>><
>>:
−r̂; krk > α

r̂; krk < α

0; otherwise

(40)

Next, using the term ∂θ∕∂r from Eq. (32), we note that

���� ∂θ∂r
���� �

�
∂θ
∂r

∂θ
∂r

T
�
1∕2

� �1 − cos2θ�1∕2
r sin θ

� 1

r
(41)

such that â can be defined as

â � −r
∂θ
∂r

T
(42)

to have unitymagnitude. To avoid singularities at θ � 0 and θ � π, â
can be therefore be computed as

â �
8<
:
ô − r̂ cos θ

sin θ
; 0 < θ < π;

0; otherwise

(43)

which also leads to the following useful relationship between ô, â,
and r̂:

ô � r̂ cos θ� â sin θ (44)

Lastly, we rewrite the product sc�r; θ�ĉ as

sc�r; θ�ĉ � vc�r; θ�r̂ (45)

where vc is the contraction direction velocity function, as it encodes
direction along the vector r. That is,

vc�r; θ� �
(
sc�r; θ�; r < α

−sc�r; θ�; otherwise
(46)

The main benefit of expressing the contraction velocity in this way is
that we can then define a third unit vector
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ê � r̂×â (47)

which will be useful in the acceleration analysis. If instead the vector
ĉ were used to define ê with a cross-product, then the direction of ê
would changewhenever the sphere r � αwas crossed.With this new
unit vector ê being defined, it is useful to note that for every r except
the line where θ � 0 or θ � π, the following identity holds:

r̂r̂T � ââT � êêT � I (48)

The final special form of the CLVF to be used for analysis in the
remainder of this work is then

h�r; ô;ωOI; _d� � vc�r; θ�r̂� sa�r; θ�â� g�r; θ�ω×
OI r̂� _d (49)

and the stability constraints placed on the more general CLVF can be
translated to the following smaller set of conditions on vc�r; θ�,
sa�r; θ�, and g�r; θ�:
D1) sgn�vc�r; θ�� � sgn�α − r�, and vc�α; θ� � 0.
D2) g�r; θ� ≥ 0, and g�α; θ� � α.
D3) It is allowed that limθ→0 sa�r; θ� � limθ→π sa�r; θ� � 0, but
sa�r; θ� > 0 otherwise.

D. Upper Boundedness of the Required Tracking Acceleration

In the analysis that follows, we construct the necessary conditions
on vc�r; θ�, sa�r; θ�, and g�r; θ� to guarantee that the CLVF bounds
the acceleration required for tracking to some value umax ∈ R > 0.
For the time being, there is no concern as for exactly what value umax

is, but only that this bound exists. Later, a numerical CLVF parameter
search will allow the user to select umax to any feasible value.
Because only Lipschitz continuity (rather than continuous differ-

entiability) is assumed, let us analyze a discrete change in the CLVF,
assumed to have occurred over some finite period of time Δt.

Δh � Δc� Δa� Δg� Δ _d (50)

Of course, if the acceleration magnitude is constrained by
umax ∈ R > 0, then by definition the CLVF is Lipschitz continuous
in time such that

kΔhk ≤ umaxkΔtk (51)

is always true. The simplest way to ensure this condition is to

mandate that each of the subfunctions c, a, g, and _d are themselves
Lipschitz continuous in time, which is the strategy employed here.
Assuming that h is Lipschitz continuous, there is a “weak” deriva-

tive of h; that is, _h can be expressed as a bounded piecewise-
continuous function made up ofK ∈ Z continuous functions on their
own time intervals �ti−1; ti�, and that the discrete difference Δh can
alternatively be expressed [17]

Δh �
XK
i�1

Z
ti

ti−1

_h dt (52)

where, for the remainder of this work, bounds will be dropped, with

the understanding that
P

∫ _h dt represents the integral of a bounded

piecewise-continuous function ( _h in the example above) to form a
bounded discrete step.
Let us therefore express the first term in Eq. (50) as

Δc � Δ�vc�r; θ�r̂� �
XZ

� _vc�r; θ�r̂� vc�r; θ� _̂r� dt (53)

The time derivative _vc can be expressed (on the intervals where it is
continuous) as

_vc�r; θ� �
∂vc
∂r

_r� ∂vc
∂θ

_θ (54)

Because vc�r; θ� is already assumed to be Lipschitz continuous in

both r and θ, _vc�r; θ� is bounded if _r and _θ are bounded.When perfect
tracking of the CLVF is assumed, the following expressions on the

intervals of continuity for _r and _θ can be derived:

_rj _r�h � dr

dt

����
_r�h

� dr

dr
�h − _d�

� r̂T�vc�r; θ�r̂� sa�r; θ�â� g�r; θ�ω×
OI r̂� � vc�r; θ� (55)

so _rj _r�h is bounded if vc�r; θ� is bounded. Next, for _θ

_θj _r�h �
�
∂θ
∂r̂

dr̂

dr
_r� ∂θ

∂ô
_̂o

�����
_r�h

�
�
−ôT

sin θ

��
I − r̂r̂T

r

�
�vc�r; θ�r̂

� sa�r; θ�â� g�r; θ�ω×
OI r̂� �

�
−r̂T

sin θ

�
�ω×

OIô�

� −
sa�r; θ�

r
�

�
1 −

g�r; θ�
r

�
ωT

OI ê (56)

where Eqs. (44), (47), and (48) have been used in the final step. Note
the fact that Eq. (48) does not apply at θ � 0 or θ � π is not of
concern, as crossing one of these points causes discontinuities in the
derivative, and therefore these points are excluded from the integrals

of Eq. (54). Obviously, it is necessary thatωOI is bounded; otherwise

it is impossible to track. Therefore _θj _r�h is bounded if sa�r; θ�∕r and
g�r; θ�∕r are bounded. That is, if r → 0, then it is required that
sa�r; θ� → 0 and g�r; θ� → 0 at least as fast as r.
Because vc�r; θ� is bounded, proving that _̂rj _r�h is bounded will

prove that Eq. (53) is the integral of a piecewise continuous bounded

function, and therefore c�r; ô� � vc�r; θ�r̂ is Lipschitz continuous in
time. Taking the derivative of r̂ yields

_̂rj _r�h � dr̂

dr
_rj_r�h �

�
I − r̂r̂T

r

�
�vc�r; θ�r̂� sa�r; θ�â

� g�r; θ�ω×
OI r̂� �

sa�r; θ�â� g�r; θ�ω×
OI r̂

r
(57)

which is already bounded by the conditions thatωOI , sa�r; θ�∕r, and
g�r; θ�∕r are bounded.
Next, let us examine the conditions required for a�r; ô� �

sa�r; θ�â to be Lipschitz time continuous. Analogous to the previous
developments, we begin with

Δa � Δ�sa�r; θ�â� �
XZ

�_sa�r; θ�â� sa�r; θ� _̂a� dt (58)

Noting that _rj _r�h and _θj _r�h are already bounded and that sa�r; θ� is
assumed to be Lipschitz in r and θ, it immediately follows that
_sa�r; θ�j _r�h is bounded (and indeed, so is _g�r; θ�j _r�h). Therefore it

is sufficient to show that the product sa�r; θ� _̂aj _r�h is bounded. To

show this, let us derive the time derivative of â:

_̂a � ∂â
∂r̂

_̂r� ∂â
∂ô

_̂o (59)

where

∂â
∂r̂

� dâ

d�ôr̂T r̂ − r̂r̂T ô�
∂�ôr̂T r̂ − r̂r̂T ô�

∂r̂

�
�
I − ââT

sin θ

�
�2ôr̂T − r̂ôT − r̂T ôI� (60)

and similarly

∂â
∂ô

�
�
I − ââT

sin θ

�
�I − r̂r̂T� (61)
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Substituting Eq. (57) into Eq. (59) and simplifying yields

_̂aj _r�h � −sa�r; θ� − g�r; θ�ωT
OI ê

r
r̂� g�r; θ� cos θωT

OIâ

r sin θ
ê

� ωT
OI�r̂ sin θ − â cos θ�

sin θ
ê (62)

Therefore, the product sa�r; θ� _̂aj_r�h is bounded only if sa�r; θ�∕
sin θ is bounded (which also implies that sa�r; θ� is bounded). There-
fore, if θ → 0 or θ → π, then it is required that sa�r; θ� → 0 at least as
quickly as sin θ → 0.
Lastly, let us solve for constraints that ensure that g�r; ô;ωOI� is

Lipschitz time continuous. Again, assuming a bounded piecewise

continuous derivative

Δg � Δ�g�r; θ�ω×
OI r̂�

�
XZ

� _g�r; θ�ω×
OI r̂� g�r; θ� _ω×

OI r̂� g�r; θ�ω×
OI
_̂r� dt (63)

where _g�r; θ�j _r�h is already bounded, _ωOI must be bounded to be

trackable, and _̂rj _r�h is already bounded. Therefore, g is Lipschitz

continuous if g�r; θ� is bounded. Because _d is the motion of a real

object, it is also Lipschitz continuous. Furthermore, it is assumed for

the use of CLVFs that �d is relatively small compared to the accel-

eration capabilities of the controlled vehicle. Therefore, to guarantee

an upper acceleration boundumax on perfect tracking of the simplified

CLVF given by Eq. (49), it is sufficient that the following conditions

are met:
E1) vc�r; θ� is bounded and is globally Lipschitz continuous in r
and θ.
E2) g�r; θ� is bounded and is globally Lipschitz continuous in r and
θ. Furthermore, g�r; θ�∕r is bounded.
E3) sa�r; θ� is bounded and is globally Lipschitz continuous in r and
θ. Furthermore, sa�r; θ�∕r and sa�r; θ�∕ sin θ are bounded.

E. Feed-Forward Acceleration Equations

Here, let us find feed-forward acceleration equations for theCLVF.
The purpose of these equations is twofold. Firstly, these equations

can be used to bound the acceleration limit umax. Secondly, these

equations can be used as a feed-forward acceleration to help track

the CLVF.
Utilizing the chain rule on Eq. (49), we arrive at the following

general feed-forward acceleration expression on the intervals where

h is differentiable:

_h�r; ô;ωOI; _d� � _vcr̂� vc
_̂r� _saâ� sa

_̂a� _gω×
OI r̂� g _ω×

OI r̂

� gω×
OI
_̂r� �d (64)

where arguments have been dropped for notational simplicity.

Assuming that the CLVF is tracked by the controlled spacecraft,

_h�r; ô;ωOI; _d�j _r�h � � _vcj _r�h�r̂� vc�_̂rj _r�h� � �_saj _r�h�â
� sa� _̂aj _r�h� � � _gj _r�h�ω×

OI r̂� g _ω×
OI r̂

� gω×
OI� _̂rj _r�h� � �d (65)

After substituting Eq. (57) and Eq. (62) into Eq. (65) and simplifying,

Eq. (65) can be put into the following form:

_h�r; ô;ωOI; _d�j _r�h � ϕ1�r; θ�r̂� ϕ2�r; θ�â� ω×
OIΩ1�r; ô�

� Ω2�r; ô;ωOI� �
g2�r; θ�

r
ω×

OIω
×
OI r̂

� g�r; θ� _ω×
OI r̂� �d (66)

where

ϕ1�r; θ� � _vc�r; θ�j _r�h −
s2a�r; θ�

r
(67)

ϕ2�r; θ� � _sa�r; θ�j _r�h �
sa�r; θ�vc�r; θ�

r
(68)

Ω1�r; ô� �
�
_g�r; θ�j _r�h �

g�r; θ�
r

vc�r; θ�
�
r̂

�
�
sa�r; θ� �

g�r; θ�
r

sa�r; θ�
�
â (69)

Ω2�r; ô;ωOI� � sa�r; θ�
�
1 −

g�r; θ�
r

��
r̂ωT

OI ê −
cos θ

sin θ
êωT

OIâ

�
(70)

Note that if g�r; θ� � r (which of course does not meet the accel-

eration constraint E2), then Eqs. (69) and (70) reduce to

Ω1�r; ô� � 2vc�r; θ�r̂� 2sa�r; θ�â (71)

Ω2�r; ô;ωOI� � 0 (72)

By observation of the other terms, it is clear that a selection of

g�r; θ� � r reduces the equations to the familiar form of feed-

forward accelerations used for tracking within a rotating reference

frame. Indeed, tracking the rotating reference frame upon arrival to

Ac is the purpose of D2. Likewise, although not mandated, a well-

designed set of functions g�r; θ� and sa�r; θ� will approach 0 as

r → ∞. Therefore, very far from the target, Eq. (66) simply becomes

_h�r; ô;ωOI; _d�j _r�h � � _vc�r; θ�j _r�h�r̂� �d (73)

which is a contraction in the inertial frame. Therefore, for values of r
between∞ and α, Eq. (66) is an acceleration-bounded feed-forward
equation designed to transition from an inertial contraction into a

body-fixed trajectory.

F. Tracking the CLVF with Saturation

Provided that no saturation occurs, Eq. (7) proposed by [10] is still

a globally asymptotically stable controller for tracking CLVFs by the

same proof (Theorem 2 in this paper). However, although Eqs. (66–

70) may be used to ensure that k _hk_r�h (acceleration under perfect

tracking) is bounded, there is no guarantee that k _hk (time derivative

of the CLVF during general motion) is bounded. Furthermore,

because this controller uses a constant gain β, for sufficiently large

tracking error the acceleration commands will saturate. Therefore, it

isworthwhile to study the effects of saturation onTheorem2. First, let

us assume that the actual acceleration controller is given by

�r �

8><
>:
u; kuk ≤ umax;�
umax

kuk
�
u; otherwise

(74)

where u is still defined as

u � −β�_r − h� � _h (75)

Let us return to the control Lyapunov function W given by Eq. (8)

with the time derivative given by Eq. (9). Substituting Eq. (74) into

Eq. (9) assuming saturation gives

_W � −β
�
umax

kuk
�
�_r − h�T�_r − h� − � _r − h�T

�
1 −

umax

kuk
�
_h (76)

which has the potential to become positive if
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�
1 −

umax

kuk
�
k _hk > β

�
umax

kuk
�
k _r − hk (77)

At this point, recall that one of the assumptions motivating CLVFs is
that the controlled vehicle is initialized reasonably far away from
the target, and therefore tracking the target attitude is unreasonable.
If g�r; θ� and sa�r; θ� are well-designed, it can be assumed that
g�r; θ� → 0 and sa�r; θ� → 0 as r → ∞. Therefore, for a sufficiently
large distance

h�r; o;ωOI; _d� ≈ vc�r; θ�r̂� _d (78)

In the spacecraft case, so long as the target and chaser begin with a
separation distance that is far less than the orbital radius, a non-
rotating reference frame fixed to the target spacecraft’s center ofmass

can be approximated as inertial from the chasers perspective, and _d �
0 in this reference frame. Furthermore, it is known from E1 that
vc�r; θ� is bounded. It is reasonable to assume that kvc�r; θ�k is
maximized for large distances, and therefore _vc�r; θ� ≈ 0. Therefore,

knowledge of CLVF applications leads to the reasonable assumption
that when the controller is initialized, the controlled vehicle will be
distant from the target, and

_h ≈ 0 (79)

regardless of velocity errors that may be present at initialization.
Therefore, under standard initialization conditions, saturated thrust-
ers result in the following approximate time-derivative of the control
Lyapunov function:

_W ≈ −umax� _r − h�T� _r − h� (80)

For reasonable values of umax, it may be assumed that the error
dynamics decay below saturation levels well before the chaser and
target are close enough together that Eq. (79) becomes a poor
assumption.

V. Design Procedure and Simulations

In this section, a full CLVF design is performed for a spacecraft
performing a close-proximity inspection of a spinning target. The
design is repeated for various values ofumax, and results are presented
for three different sets of initial conditions. The design procedure
employed is as follows:
1) Design the functions vc�r; θ�, sa�r; θ�, and g�r; θ� according to

the desired behavior while meeting stability constraints D1–D3 and
acceleration constraints E1–E3. Leave some parameters in these
functions unknown.
2) Using Eqs. (66–70), solve for an acceleration bound as a

function of the unknown parameters from step 1.
3) Using the acceleration bound function from step 2, perform a

parameter optimization such that the bounded acceleration is less
than or equal to umax.
Note that, for simplicity, the parameter optimization shown in

this paper is a simple line search, where only total acceleration is
constrained. This could, however, be easily expanded. For exam-
ple, velocity could be constrained by placing upper bound con-
straints on the parameters kc and ka. Furthermore, other metrics
such as fuel usage, maneuver time, or maximum jerk could all be

considered by estimating these quantities as functions of the

CLVF parameters and including penalties in an optimization cost

function.

A. Scenario Description

For simplicity of presentation, let us assume in the following that

the chaser spacecraft approaches the target spacecraft in the plane

defined by the target spin vector (note that the full three-dimen-

sional case follows completely analogously). The goal of the chaser

is to contract to a radius of α � 10 m, and repetitively inspect each

of the four sides of the target while it spins. Example time-lapse

images of this trajectory are presented in the target body-fixed frame

in Fig. 3.

The chaser spacecraft is set to observe each side of the target

for 30 s. Between these 30 s pauses, the desired angle between

the chaser and the target increases by π∕2 rad over a 30 s period.

That is, the rotation of the desired trajectory in the body-fixed

frame is

ωOB�t� �
8<
:
0.0 rad∕s; during inspections

�0.01047td − 0.00034907t2d� rad∕s; when changing inspection angle
(81)

where td is the time that has elapsed since departing the previous

inspection angle. The spin rate of the target spacecraft is con-

stant, defined as

ωBI � 0.1 rad∕s (82)

B. Design of the CLVF

Let us now perform the design procedure according to the steps

outlined at the start of this section.

a) Inspection of side 1

c) Inspection of side 3

b) Inspection of side 2

d) Inspection of side 4

Fig. 3 Desired inspection trajectory.
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1. Design of Speed and Distance Functions

The following function is selected for g�r; θ�:

g�r� �
8<
:
r; r < α

α2

r
; otherwise

(83)

which clearly meets the requirements of D2 and E2. This function

also has the property that g�∞� � 0, which is beneficial for fuel

expenditure. Furthermore, this selection will simplify finding an

acceleration bound, as when the chaser is tracking perfectly and

approaching from outside of the attractor, it can be seen that

_g�r�j _r�h � −
g�r�
r

vc�r; θ� (84)

which cancels a term in Eq. (69). Next, following the constraints of

D3 and E3, let us select sa�r; θ� as

sa�r; θ� �

8>><
>>:
ka

r

α
sin θ; r < α

ka
α

r
sin θ; otherwise

(85)

where, following the design procedure step 1, ka is an unselected

strictly positive parameter. Likewise, let us select the velocity func-

tion that meets D1 and E1 as

vc�r� �
8<
: kc

α − r

b
; kα − rk < b

kcsgn�α − r�; otherwise
(86)

where kc and b are unselected strictly positive parameters. Therefore,

by the constraints D1–D3 the CLVF will inherit asymptotic stability,

and by E1–E3 there will be an upper bound on the required accel-

eration for perfect tracking. By finding a suitable ka, kc, and b, the
upper bound on tracking acceleration for this field can adjusted to

meet umax.

2. Finding a Function for the Upper Bound in Terms of ka, kc, and b

In general, the acceleration bound when approaching from the

inside of the attractor A will not be equal to the acceleration bound

when approaching from the outside. Because it is assumed that the

chaser spacecraft approaches from the outside, this is the bound we

will search for.
To begin, let us make some simplifications to Eq. (66). First, the

selection of g�r� will cancel a term in Eq. (69) as previously dis-

cussed. Secondly, because both spacecraft experience roughly equal

acceleration due to gravity, the acceleration of the target is approxi-

mated by �d ≈ 0. Lastly, because the scenario is planar, ωOI will be

entirely along the ê direction. Making these simplifications and

rearranging, Eq. (66) reduces to

_h�r; ô;ωOI; _d�j _r�h �
�
_vcj _r�h −

�sa � gωOI�2
r

�
r̂

� �_saj _r�h �
savc
r

� g _ωOI�â (87)

where arguments are dropped for simplicity. After some straightfor-

ward time derivatives of each function (assuming perfect tracking)

and substitution into Eq. (87), the following somewhat conservative

bound is attained:

k _hk _r�h <

��
k2c
b
� �ka � αωmax�2

α

�
2

�
�
k2a
2α

� kaωmax � α _ωmax

�
2
�
1∕2

(88)

whereωmax and _ωmax are the maximum norms of the vectorsωOI and
_ωOI , respectively. That is, for the general tumbling case

ωmax � kωB
BI � CBOωO

OBkmax (89)

_ωmax � k _ωB
BI � CBO _ωO

OBkmax (90)

Alternatively, given that the chaser spacecraft has an acceleration
limit umax, wewant to find a set of parameters �ka; kc; b� such that the
following inequality is satisfied:

umax ≥
��

k2c
b
� �ka � αωmax�2

α

�
2

�
�
k2a
2α

� kaωmax � α _ωmax

�
2
�
1∕2

(91)

It is useful to note that over the domain where ka, kc, and b are all
strictly greater than 0, Eq. (91) forms a convex set, and therefore any
of the widely known convex search algorithms can be used in the
selection of parameters.

3. Selection of Parameters According to the Acceleration Limit umax

For simplicity, a line search is used as the parameter selection
algorithm; details beyond what is presented here for this algorithm,
including alternative versions of the line search, can be found in [18].
Note that a more well-designed convex optimization method would
result in better parameter selections, which can generally be used to
reduce fuel consumption, reduce convergence time, and add jerk
penalties or any other cost penalties. These more advanced optimi-
zations, however, are beyond the scope of this work. Initial search
values for the parameters are taken as ka � 0.5 m∕s, kc � 0.0 m∕s,
and b � 5 m. The line-search direction was arbitrarily selected as

�Δka Δkc Δb � � � 0.1 0.1 −0.5 �γ (92)

where γ is some varying step size. This line is searched until a
combination �ka; kc; b� is found such that Eq. (91) holds with equal-
ity. Of course, if the bound described by Eq. (91) is loose, then the
actual acceleration required may be far less than umax. Therefore, to
take full advantage of the available thrust, the designer should use all
available information to find a bound that is as tight as possible. Of
course, some looseness in the bound does provide margin before the
thrusters saturate, which may be advantageous in many practical
scenarios. By considering multiple values for umax, Table 1 summa-
rizes the resulting parameters from the line search.

C. Results

For each acceleration constraint and corresponding para-
meter selections from Table 1, three different initial conditions
are tested (listed in Table 2). These conditions vary the chaser

Table 1 Parameter selection for spacecraft with
varying acceleration constraints

umax, m∕s2 ka, m∕s kc, m∕s b, m

5.0 1.454 0.9537 0.2315
3.0 1.414 0.9139 0.4303
1.0 1.0495 0.5495 2.253
0.7 0.7226 0.2336 3.832

Table 2 Initial conditions

Case
Initial

position, m

Initial velocity,

m∕s2
Initial target
angle, rad

Initial trajectory
angle, rad

1 �−20 30 �T � 0 0 �T 0 π

2 � 20 −15 �T �−0.8 −0.5 �T −π∕4 0

3 � 30 15 �T � 0 0 �T 0 0
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vehicles initial position and velocity, and also vary the initial

angle of the target in the world frame, and the initial angle of ôB

relative to the x vector of the target body-fixed frame. In every

case, the controller gain value was selected as β � 0.05 s−1,
corresponding to a velocity error decay time constant of 20 s.

This small value is selected because after the chaser is tracking

the CLVF, most of the control input is handled by the feed-

forward acceleration equations. In a scenario with perturbations

and imperfect measurements, a larger bandwidth for β may be

desired dependent on the tracking-accuracy needs, just as is

done for standard controller design.

Figures 4–7 show the resulting acceleration, convergence in r,
and convergence in θ for each acceleration constraint and set of

initial conditions. For case 1, time-lapse images of the chaser space-

craft with an acceleration constraint of umax � 5 m∕s2 and umax �
0.7 m∕s2 are provided, respectively, in Figs. 8 and 9.

a) Acceleration norm over time - Case 1

c) Acceleration norm over time - Case 2

e) Acceleration norm over time - Case 3 f) Convergence of r and p  over time - Case 3

d) Convergence of r and p  over time - Case 2

b) Convergence of r and p  over time - Case 1

Fig. 4 Maximum acceleration constraint: umax � 5.0 m∕s2.
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As intended, for each case the actual acceleration stays within the
vehicle acceleration constraint umax. Furthermore, the expected
behavior of convergence in r followed by convergence in θ occurred
for every value ofumax and under every tested set of initial conditions.
However, for higher values of umax the parameter search resulted in
CLVFswhere therewas potential for more agile maneuvering, result-
ing in faster convergence. Intuitively, this means that vehicles with
higher acceleration capabilities have a broader parameter selection to
choose from, giving the opportunity for a design tradeoff between

maneuver duration and fuel expenditure. Indeed, the time-lapse

images in Figs. 8 and 9 show that the umax � 5 m∕s2 vehicle selects
a path that converges much faster than the umax � 0.7 m∕s2 vehicle
under identical initial conditions. Of course, finding a tighter bound
than Eq. (91)would result in a larger set of permissible parameters for
anygivenumax, resulting inmore design options and potentially fuller
use of the vehicles’ acceleration capabilities.
By comparing the acceleration norm results under different initial

conditions for the same set of CLVF parameters (e.g., Figs. 4c and 4e),

a) Acceleration norm over time - Case 1

c) Acceleration norm over time - Case 2

e) Acceleration norm over time - Case 3

b) Convergence of r and p  over time - Case 1

d) Convergence of r and p  over time - Case 2

f) Convergence of r and p  over time - Case 3

Fig. 5 Maximum acceleration constraint: umax � 3.0 m∕s2.
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it is clear that the CLVF approach does not always use the full
acceleration capabilities of the controlled vehicle. Rather, this
approach designs the field such that under worst-case conditions
the total acceleration commands can never rise above the constraints
set by the vehicle. Sometimes, particularly good conditions will
occur, and the chaser will use very little of the acceleration capa-
bilities, such as in Fig. 6a. Unfortunately, it is possible that, in some
design cases, there may be some small set of worst-case scenarioswith
quite high acceleration commands, but yet, a very low likelihood of

occurring. In these particular cases, the current technique of finding
an absolute bound results in an “overdesigned” field that very infre-
quently uses the full acceleration capabilities. Of course, an improved
parameter selection procedure could likely circumvent this issue.
It should also be noted that, in certain cases, modest spikes in

acceleration occurred while converging to the attractor (such a spike
in acceleration is visible in the path of Fig. 8 as a relatively sharp turn
at the attractor, and corresponds to the spike seen in Fig. 4a). This can
be solved by including some penalty on jerk in the optimization that

a) Acceleration norm over time - Case 1

c) Acceleration norm over time - Case 2

e) Acceleration norm over time - Case 3

b) Convergence of r and p  over time - Case 1

d) Convergence of r and p  over time - Case 2

f) Convergence of r and p  over time - Case 3

Fig. 6 Maximum acceleration constraint: umax � 1.0 m∕s2.
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solves for the field parameters kc, ka, and b. This would, of course,
require a more sophisticated optimization compared to the line-

search method, used in this work for simplicity.

VI. Conclusions

The cascaded Lyapunov vector field has been introduced to

extend Lyapunov vector fields for use in spacecraft, with significant

alterations to be suitable for use in generally rotating reference

frames, and under acceleration constraints rather than velocity
constraints.
A general stability analysis proved globally asymptotic stabili-

ty given a set of conditions that are analogous to those of stand-
ard Lyapunov vector fields. Particular study of a special cascaded
Lyapunov vector field with broadly applied assumptions such as
a spherical attractor, a centered target, and velocity components
that align with the Lyapunov function gradients was performed,
and sufficient conditions to guarantee an upper acceleration bound
were derived.

a) Acceleration norm over time - Case 1

c) Acceleration norm over time - Case 2

e) Acceleration norm over time - Case 3

b) Convergence of r and p  over time - Case 1

d) Convergence of r and p  over time - Case 2

f) Convergence of r and p  over time - Case 3

Fig. 7 Maximum acceleration constraint: umax � 0.70 m∕s2.
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Furthermore, a particular design strategy for cascaded Lyapunov
vector fields was developed, and an example of this design strate-
gy was performed successfully for a spinning target spacecraft in-
spection mission. Simulations showed that the combined cascaded
Lyapunov vector field guidance and control was successfully able to
satisfy the path and acceleration constraints under various different
acceleration capabilities and initial conditions. Importantly, these
constraints were met without the use of any computationally heavy
in-the-loop algorithms. It is also noteworthy that examples that
include time-dependent trajectories within the attractor have been
presented. While such trajectories are not prohibited by the general
Lyapunov vector field theory, the authors are not aware of any cases
where they have been used previously, and the inclusion of a second

alignment field provides an explicit method for including time-
dependent trajectories.
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